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THE 

PREFACE. 

J^ H E enfuing Worky or at lead the greatejl 
part of ity was originally compofed for my 
own ufe in the Royal Academy: And it is 
upon a prefumption that it may alfo be of 
fervice to others^ efpecially thofe employed in a 
like public way of teaching^ that it nonjtf 
appears in the World. 

T^e Work itfelf conjifts ofjix * dijiin£l parts^ 
or traSls ; each of which I J}) all here give fomt 
account of. 

T^he firjl part contains u number of AJge-- 
braical Problems y with their Solutions *, de- 
fgned as proper exercifesfor young beginners. 
In the courfe of thefe Problems and Solutions 
(whereof the greater part will appear to be 
new) the art of managing equations^ and 
the various methods of Jubjiitution are taught 
^and illujirated. 

rhe 



• The lixth part, relating to the Do(5lrinc of Annuitiet, 
is omitted in this Edition, and added to the Author's Trcaiifc 
on that fubjeft, 
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ii PREFACE. 

^he fecond part comprehends a variety of 
Geometrical Problems with their Solutions^ 
both by Algebra and alfo independent of ity 
from principles purely Geometrical. In this 
part the learner will find a large field to 
exercife his indufiry in: he will moreover 
have the opportunity of comparing the two- 
methods of folution together^ and from thence 
obferving^ that fometimes the one has the ad^ 
vantagey and fometimes the other ; that^ in 
fome cafes they both proceed upoti the very 
fame properties^ and in others^ upon quite 
different ones : and it may be further re^ 
marked from hence (which will be of fome 
ufe to know) thaty when quantities are given 
in magnitude only, the j^lgebraie method 
generally claims the preferencCy in point of 
eqfe and expr.ditiony at leafi^, whereas the 
advantage is almofi always on the fide of the 
geometrical efeSiiony when the pofitions of 
points and linesy and the quantities of angles 
are given. 

There isy however y one particular^ or twoy 
in this party that may be thought to fiand in. 
need of fome apology. 

In the firfi placey the frequent ufe of fym-- 
hotsy common to the Algebraic notationy mayy 
perhapSy be looked upon as repugnant to the 
rigour and firOinefs of Geometry. But it is 
not the ufe of fymhols (which fome^ morefcru^ 

pulous 
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PREFACE. lii 

puhns than difceming^ have condemned) hut 
iheideat annexed to them^ that render the con^ 
jideratton Geometrical, or UngeometricaL In 
pure Geometry regard is always had to the"" 
ahfolute quantity offime one of the three kinds 
ef extenfonj ohflraBedly €onjidered\ dnd^ 
nvhate^tr Jymbols are ufed here^ are to he 
conjidered as exprefjvve of the quantities them- 
fehes^ and not as any meafures^ or numerical 
values of them. 7hus by Ax B, taken In a 
geometrical fenfe^ we have an idea^ not cfthe 
produSi of two numbers (as in the algebraic 
notation)^ but of a real, redlangular^ [pace 
comprehended under two right-lines^ repre-^ 
fented by A aud B, and two others equal to 

them. So J Ukewife^ ~4~ ^^ ^^^ '^ ^^ under- 

food here in the Light of an algebraic 

fra^iofiy but as a right-line^ which is fourth 

proportional to three other right-lines^ repre^ 

fented ^y A, B and 0.-7"^^ diftifi^iions 

are abfolutely necejfary to thofe who would 

have an accurate idea of thefubjeSi. 

l^he fecond particular <, above hinted at^ re- 
lates to the quotations ; wherein I have r^ 
ferred to my own Elements of Geometry y and 
not to thofe of Euclid^ fo univerfally known 
and ejlablijked* . But for this there were two 
reafom : Firji^ thofe perfonsy for whofe in- 
fru^ion thefe fleets are^ in a more particular 

manner^ 
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manner^ defigned^ are taught the frfi prin^ 
ciples of Geometry from other Elements than 
thofe* of Euclid ; - and^ fecondly^ a number of 
fropofitions are ufed here that are only to be 
met with in vfodern authors. 

In the third part the Theory of Gunnery^ j 
or the Motion ojProjeSlileSj is conjideredj ex^ 
cltifive of the conic SeSions ; and the practical 
Jblutions of the Jeveral cafes depending on the 
theory (as well thofe where the objeSi is 
elevated or deprejjed as where it isfituate in 
the plain of the horizon) are given ^ at large^ 
by plane trigonometry. 

The fourth part exhibits a neWy and very 
comprehenfioe method for extruding the roots 
of algebraical Equations ; whereby the num^ 
her fought may be determined^ to any propofed 
degree of exadlnefsy without the trouble of 
repeating the- operation^ as in the common way^ 
by converging Series's. 

The fifth part gives fome account of the 
Nature of Fluxions y together with the. inve/ii^ 
gation of the fundamental rules ; and may 
be of ufcy not only to ieginnerSy but alfo to 
fuchj whoy though tolerably well verfed in the 
praSiife and application of Fluxions^ have 
ncverthelefs but an imperfe£i idea of the fir fi 
principles of this difficult branch offcience. 

May, 17^2. 

MEMOIRS 
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MEMOIRS of the LIFE d«^. WRITINGS 
of the AUTHOR. 



M. 



LR. THOMAS SIMPS6n was born at Marht 
Bofworth^ in the county of Leictfter^ Augull the 20th, 
O. S. 1 7 10. His father was a fluff- weaver in tha^ 
town ; and, though in tolerable circumftances, yet, 
intending to bring up his fon Thomas, to his own 
bufinefsv he took lb little care of his education, that 
he was only taught to read Englifli. But nature had 
fiirniihed him with talents and a genius for very dif- 
ferent purfuits, which led him afterwards to the higheft 
Tank in the mathematical and philofophical fciences. 

Young Simpfon very foon gave indications of his 
turn for ftudy in general, by eagerly reading all books 
he could meet with, teaching himfelf to write, and 
embracing every opportunity he could find of deriving 
knowledge from other perfons. Thomas's father ob- 
ferving him thus to negle61: his bufinefs, by fpending 
his time in reading what he thought ufelefs books, and 
following other fuch like purfuits, ufed all his endea- 
vours to check fuch proceedings, and to induce him to 
follow his profeflion with flcadinefs and be^-ter eftedl. 
But after many flruggles for this purpofe, the drfferences 
thus produced between them at length rofe to fuch a 
height, that our Author quitted his father's houfe 
entirely. ^ 

Upon this occafion he repaired to Nuneaton, a town 
at a fmall diftance from Bofworth, where he went to 
lodge at the houfe of a taylor's widow, of the niwne of 
Swinfield, who had been left with two children, a 
daughter and a fon, by her hufband, of whom the 
fon, who was the younger, being but about two 
years older than Simpfon, had become his intimate 
friend and companion. And here he continued fome 

a time 
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( ii ) 

time, working at his trade, and improving hit know- 
ledge by reading fuch books as he could procure. 

Among feveral other circumflances which, long before 
this, gave occadon to fliew our Author's early thirft 
for knowledge, as well as proving a frefh incitement 
to acquire it, was that of a large folar eclipfe, which 
took place on the nth of May, 1724. This pheno- 
menon, fo awful to many who are ignorant of the 
caufe of it, llruck the mind of young Simpfon with a 
ftrong curiofity to difcovcr the reafon of it, and to be 
•blc to predift the like furprifing events. It was how- 
ever five or fix years before he could obtain his dcfire, 
which at length was eratified by the following accident. 
After he had been iome time at Mrs. Swinfield's, at 
Nuneaton, a travelling pedlar canje that way, and 
took a lodging, at the fame houfe, according to his 
ufual cuftom. This man, to his profeflion of an 
itinerant merchant, had joined the more profitable One 
oPa fortune-teller, which he performed by means of 
judicial aftrology.- Every one knows witn what re- 
gard perfons of fuch a caft are treated by the inhabitants 
of country villages ; it cannot be furprifing therefore 
that an untutored lad of nineteen fhould look upon 
this man as a prodigy, and, regarding him in this 
light, fhould 'endeavour to ingratiate himfelf into his 
favour ; in which he fucceeded fo well, that the fage 
was no lefs taken with the quick natural parts and 
genius of his new acquaintance. The pedlar, intending 
a journey to Briflol fair, left; in the hands of young 
Simpfon an old edition of Cocker's Arithmetic, to 
which was fubjolned a (hort Appendix on Algebra, 
and a Book upon Geniturcs, by Partridgefthe almanac 
maker. Thefe bobks he had perufed to fo good pur- 
pofe, during the abfence of his friend, as to excite his 
amazement upon his return ; in confequence of which 
he fet himfelf about eredling the following genethliacal 
type, igi order to a prefage of Thomas's future for- 
tune* 

Thomas 
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( iii ) 




This pofition of the heavens having been maturely 
conridevcd fecundum arteniy the wizard, with great con- 
fidence, pronounced, that •* within two years time 
Simpfon would turn out a greater rp an than himfelf." 

In fadl, our Author profited fo well by the encourage- 
ment and afliftance of the pedlar, afforded him from 
time to time when he occafionally came to Nuneaton, 
,that, by the advice of his friend, he at length made 
an open profeffion of cafting nativities himfelf ; from 
which, together with teaching an evening fchool, he 
derived a pretty pittance, fo that he gteatly neglefted 
his weaving, to which indeed he had never mapifefted 
any very great attachment, and foon became the oracle 
of Nuneaton, Bofworth, and the environs. Scarce a 
courtfhip advanced to a match, or a bargain to a fale, 
without previoufly confujting the infallible Simpfon 
about the confequenccs. But hel{Jing folks to ftolen 
goods, he always dcdarcd above his Ikill; and that as to 
a 2 life 
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life and death he had no power : ^11 Chofe called lawful 
queftions he readily refolvcd, provided the perfons were 
certain as to the horary Jata df the borofccJpe: and,, 

. he has often declared^ with fuch fuccefs, that if ftpm 
very cogent reafons" he had not been thoroughly con- 
vinced of the vain foundation and fallacioufnefs of his 

...art, he never fhould have dropt it^ as he afterwards 

. found himfelf in confcience bound to do. 

About this time he married the widow Swinfield, in 
^whpfe houfe he lodged, though flie was then almoft old 

.' enough to be his grandmother, being upwards of fifty 
years of age, and having been looked upon as an old 

. jivaid before her firft marriage^ and yet her youngefl 

. child was two years older than Simpfon himfelf. After 
this the family lived comfortably enough together for 
fome .ihort time, Simpfon occafionally working at his 
bufmcfs of a weaver in the day-time, and teachi^ng an 
evening fchool or telling fortunes at night ; the family 
being alfo fartheV affifted by the labours of young' 
Swinfield, who had i)een brought up in the profeifion ♦ 
ot his father. But this tranquillity wa^ foon inter- 
rupted, and our Author driven at once fr<^m his home 
and the profcffion of aftrology, by the ' following 
accident. A young woman in the neighbourhood had 
long wiflied to hear or know fomething of her Jover, 
who hrd been gone to fea ; but Simpfon had put her 
x>ft from time to time, till the girl grew at laftfo im- 
portunate, that he' could deny her no longer. He 
alkcd her if flie would be afraid if he fliould raife the 
devil, thinking \o deter her ; but (he declared flie 
feared neither ghbft nor devil, fo he was obliged to 
comply. The fcepe of aflion pitched upon was a 
barn, and young Swinfield was to a6t the devil or 
.ghofl, who being* concealed under fome flraw in a 
corner of the barn, was, at a fignal given, to rife 
flowly out from among the ftraw, with his face marked 
fp that the girl might not know him. Every thing 
, being in order, the girl came at the time appointed ; 
wheii Simpfon, atfter cautioning her not to be afraid, 

began 



Digitized by VjOOQIC 



. began mtitteriof fomc myftical words,, and chalking 
round about them, til]» on the fignal given, up rifes the 
taylor flow aod (bkmn, to the great terror of the poor 
girl, who, b^^ore ihe had feen half his fhoulders, fell 
into vioknt fits, crying out it was the very image of 

: her lover ; and the cffc£t upon her was fo dreadful, 
tb^. it was thought either death or madnefs muft be 
the confequence. So that poor Simpfon was obliged 
immediately to abandon at x>nce both his home and the 
pro^ffion of a conjuror. 

. Upon this occafion it would feem he fled to Derby, 
where he remained fome two or three years, inilrufting 

• pupils in an evening fchooi, and working at his trade 
by day. Here too he wrote a fong on occafion of the 
parliamentary eledlioh at this place^ in the year X733t 
in favour of the Cavendifli family; and it is probable 
he continued here till about the year 17^5 or 1736, as 
I have been informed by the late Mr. Whitehurft, who 
then knew our Author, having alfo come to fettle at 
Derby about the fame time with him. 

It would feem indeed that Simpfon had an early turn 

. for verfifying, both from the circumftance of the fong 
abdvementioned, and from his firft two mathematicjJ 
queftiions that were publiftied in the Ladies Diary, 
which were both in a fet of verfes, not ill written for 
the occafion. Thefe were printed in the Diary for 
1736, and therefore mufl: at lateft have been written 

. in the year 1735. Thefe two queftions, being at that 
time pretty difficult ones, ihew the great progrefs he 

' liad even then made in the mathematics ; and from an . 
cxpreffion in the firft of them, viz. where he mentions 
Jiis refidence as being in latitude 52* it appears he was 
not then come up to London, though he muft have 
done fo very foon after. 

Together with his .aftrology he had foon furniflied 
himfelf with enough of arithmetic, algebra, and gee>- 
metry to be qualified for looking, into the Ladies 
Diary (of which he had afterwards for feveral years 
thedire(5tion), by which he came to underftand that 
/ there 
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flicrc was :i ftill highcf branch of the mathematics 
knowledge than any he had yet been acquainted with ; 
and this was the method of Fluxions. But our young 
analyft was quite at a lofs to difcover any Englim 
author whe had written 'on the fubjefk, except Mr. 
Hayes ; and his work being a folio, and then pretty 
fcarce, exceeded hi« ability of purchadng : however, 
Hn acquaintance lent him Mr. Stone*s Fluxions^ which 
H a tranflation of the Marquis de VHofpitaTs Analyfe 
dts Infiniment Pettis : by this one book, and his own 
penetrating talents, he was, as we (hall prefently fee, 
'Enabled ih a very few years to compofe a much more 
accurate trcatife on this fubjcft than any that had ^ 
Isefore appeared in our language. 

After he had quitted aftrology and its emoluments, 
fie Was driven to hardfhips for the fubfiftence of his 
femily, while at Derby, notwithftanding his other 
induftrious endeavours in his own trade by day, and 
t?eaching pupils at evenings. This determined him 
to repair to London, which he did in 1735 or 1736, 
as* before faid, leaving the family behind, his wife 
being then pregnant with her firft child by our Author, 
which was contrary to the expeftation of every one, 
being then about fifty-five years of age, for which 
reafon her neighbours ufed to fay, •* there goes Sarah 
the wife of Abraham.*' 

On his firft coming to London, Mr. Sjmpfon 
wrought for fome time at his bufinefs in Spitalfields, 
and taught mathematics at evenings, or any fpare 
hours. His induftry turned to fo good account, that 
he returned down into the country, and brought up 
hia wife and three children, flie having produced her 
firft child in his abfence. The number of his fcholars 
incrcafing, and his abilities becoming in fome meafurc 
known to the public, he was encouraged to make 
propofals for puhlifliing by fubfcription, A new Ireatife 
of Fluxions: wherein the Dire^ and Inverfe Method are 
■demonjirated after a new^ clear ^ and concife Marnier ^ with 
^ir Application to Phyjics and AJlronomj : alfo the Do^rine 

of 
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^f Infinttt Series and Reverting Series univerfaUy^ at$ 
amply explained^ Fluxlonary and Exponential Equations 
folved: together with a Variety of new and curum 
Problems. 

When Mr. Simpfon firft propofed his intentions of 
publifliing fuch a work, he did not know of any 
Engliili book, bounded on the true principles of Flux* 
ions, that contained any thing material, efpecially 
the praflical part ; and though there bad been fome 
very curious things done by feveral learned and in- 
genious gentlemen, the principles were neverthelefs 
left obfcure and defe^ive, and all that had been done 
by any of them in infinite feries^ very inconfiderablc. 

The book was publifliedf in 4to, In tlie year I737t 
although the author had been frequently interrupted 
from furnifliing the prefs fo faft as he could have 
wifhed, through his unavoidable attention to his pupils 
for his immediate fupport. The principles of fluxions 
treated of in this work, are demonflrated in a method 
accurately true and genuine, not cflentially different 
from that of their great inventor, being entirely ex- 
pounded by finite quantities. In the firll and lecond 
parts are given a great many nev/, and fome very- 
curious examples in the folutions of problems, rendered 
plain to ordinary capacities. 

The fecond part treats of Infinite Series. And here 
nothing is propofed without demonftration, and every 
thing is illuftrated by eafy examples. New rules arc 
alfo laid down for finding the forms of feries, without 
taking in any of the fuperfluous terms. 

The third part contains a familiar method of finding 
and comparing fluents, illuftrated with fome ufeful 
and eafy applications. 

In the fourth part is ftiewn the ufe of fluxions ia 
fome of the moft fublime branches of Phyjics and 
Ajironomy\ where, befides feveral things done in a 
method quite different from any thing to be met with 
in other authors^ there are fome very ufeful fpccu- 

lations 
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I 

lations relating to the do<9rinc of Pendulum* and 
Centripetal Forces. 

To this is added a fupplement ; being a colleftion 
of mifcellaneous problems, independant ofthe foregoing 
four parts ; and containing, among other matters, an 
inveiligation of the Areas of Spherical Triangles ; the 
Curve of Purfuit ; the Paths of Shadows ; the Motion 
of Projedtiles in a Medium ; and the manner of finding 
the Attradlive Force of bodies of different forms, 
aSing according to a given law. 

In 1740, Mr. Simpfon publifhcd a Treatife on The 
Nature and Laws of Chance y in 410. To which is 
annexed, Full and clear Inve/iigations sf two important 
Problems added in the 7d Edition of Mr, De Moivre's 
Book on Chances , as alio two I^ew Methods for the 
Summation of Series. 

Our Author's next publication was a 4to volume 
of Ejfays on feveral curious and interejting Subje^s in 
Speculative and Afixed Mathematics ; printed in the fame 

J ear 1740 : dedicated to Francis Blake, Efq.'finc» 
ellow of the Royal Society, and our Author's good 
friend and patron. 

The firft of thefe EfTays ihews the Theory ofthe 
apparent Place of the Stars (commonly called their 
Aberration) arifmg from the progreffive Motion of 
Light, and of the Earth in its Orbit ; with practical 
Kules for computing the fame, communicated by Dn 
Bevis. » 

The 2d treats of the Motion of Bodies affefted by 
projedtile and centripetal Forces , in which the moft 
confiderable Matters in the firft Book of Newton's 
Principia are clearly inveftigated. 

The 3d is a Solution of Kepler's Problem, with a 
concife pradical Rule. 

The 4th treats of the Motion and Paths of Projec- 
tiles in refifting mediums ; determining the moft im- 
portant particulars upon this head, in the ad Book of 
the Principia. 

The 
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The 5th confiders the Refiftahces, Velocities, and 
Times of vibration of pendulous Bodies in Mediums. 

The 6th .contains a new Method of Solution of all 
Kinds of algebraical equations in numbers, more general 
than ever before given. 

The 7th is concerning the Method of Increments^ 
with examples. 

The 8th is a concife Inveftigation of a Theorem for 
finding the Sum of a Scries of Quantities, by Means of 
their Differences, 

The 9th is a general Way of inveftigating the Sum 
of a recurring Series. 

The lOth is a' new and general Method for finding 
the Sum of any Series of Powers, whofe Roots are in 
arithmetical Progreffion; being alfo applicable to Series 
of other Kinds. 

The nth relates to angular Seftions, with fome 
remarkable Properties of tke circle. 

The 1 2th fliews an cafy and expeditious Method of 
reduciog a compound Fra£bion to fimplc ones. 

The 13th, or laft, which contains a general Qua- 
drature of hyperbolical Curves, is a problem that had 
cxercifed the Ikill of feveral eminent Mathematicians. 
None of the folutionfl before publiihed extended farther 
than to particular cafes, except one, which is in the 
Philofophical Tranfadions, without demonftration, by 
Mr. Klingenftierna, . profeidbr of mathematics at Upfal. 
This is inveftigated by Mr. Simpfbn in two different 
ways ; and the general conftrudtion is rendered re- 
markably eafy, fimplc, and fit for pradlice. And, on 
this head it would fecm that Mr. Klingenftierna was 
well pleafed with what Mr. Simpfon had done ; for 
being afterwards appointed fecretary #to the Royal 
Academy at Stockholm, as a mark of his efteem, he 
procured a diploma, to be tranfmitted to him, by 
which he was conftituted a member of that learned 
body. . 

Our Author's next work was. The Do^rlne of 
Annuities and Rj^verjims^ deduced from general and evident 

b Principles: 
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Principles: with ufeful Tables j Jhewtng the Values of 
Single and Joint Ltves, bfc. in 8vcr, 1742. This was 
followed, m 1743^ by an jtppendixy contaimng fome 
Remarks on a late Book on the fame SuhjeH (by Mr. Abr. 
De Moivre, F. R. S.) with Jnfwers to fome perfonal and 
malignant JReprefentations in the Preface thereof , To 
this anfwer Mr. Dc Moivre never thought fit to reply. 
A new edition of this wofk has lately been publlmcd, 
augmented with the tradk upon the fame fubjcft that 
was printed in our Author's Sele^ Exercifes. 

In 1743 alfo was publifhed his Mathematical Differ^ 
tationson a Variety of Phyjical and jfnalytical Subjeiis^ in 
4to ; containing, among other particulars, 

A Demonftration of the true Figure which the 
Earth, or any Planet, muft acquire from its rotation 
about an Axis. A general Inveftigation of the Attrac- 
tion at the Surfaces of Bodies nearly fpherical. A 
Determination of the Meridional Parts, and the 
Lengths of the feveral Degrees of the Meridian, ac- 
cording to the true Figure of the Earth. An Inveftif- 
gation of the Height of the Tides in the Ocean. A 
new Theory of Aftronomical Refradtions, with exaA 
Tables deduced from the fame. A new and very 
cxaft Method for approximating the Roots of Equa- 
tions in Numbers ; which quintuples the number of 
Places at each Operation. Several new Methods for 
the fummation of Series. Some new and very ufeful 
Improvements in the In'verfe Method of rluxiohs. 
The work being dedicated to Martin Folkes, Efq. 
prefident of the Royal Society. 

His next book was A Treatife of Algebra^ wherein 
the fundamental Principles are dimortftratedy and applied to 
the folution of a Variety of Problems. To which he 
added, The Cenjiruffion of a great Number of Geometrical 
Problems^ wiih the Method of refolving them numerically. 

This work, which was defigned for the ufe of young 
beginners, was infcribed to William Jones, Efq. 
F. R. S. and printed in 8vo, 1745. And a new 
edition appeared in I755> ^^^ additions and improve- 
ments^ 
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ments f among which was a new and general Method 
of rcfolving all Biquadratic Equations, that arc coin^ 
plete, or having all their terms. This edition was 
dcdicatad to Jajmes Earl of Morton, F. R. S. 
Mr. Jones being then dead. The work has gone 
through feveral other editions fince that time: the 
6th, or laft, was in 1790. • 

His next work was, Elements of Geometry^ wkb their 
jlpplication to the Menfuration of Superfices and Solids^ to 
the determination of Maxima arid Minimay and to the Con^ 
Jiru^ion of a great Variety of geometrical Problems : firft 
publiflied in 1747* in 8vo. And a fecond edition 'of 
the fame came out in 1760, with great alterations and 
additions, being in a manner a new work, d^ilgned for 
young beginners, particularly for the gentlemen edu* 
cated at tne Royal Military Academy at Woolwich, 
and dedicated to Charles Frederick, Efq. Sur« 
veyor General of the Ordnance. And other editions 
have appeared fince. * 

Mr. Simpfon met with fome trouble and vexation 
in confequence o^" the firft edition of his Geometry. 
Firfl, from fome reflexions made upon it, as to the 
accuracy of certain parts of it, by Dr. Robert Simfon, 
the learned profefTor of mathematicks in the Univerfity 
•f Glafgow, in the notes fubjoined to his edition of 
Euclid's Elements. This brought an anfwer to thofe 
remarks from Mr. Simpfon, in the notes added to the 
2d edition as above; to fome parti of which Dr. 
Simfon again replied in his notes on the next edition 
of the faid Elements of Euclid. 

The fecond was by an illiberal charge of having 
flolen his Elements from Mr. MuUer, the profefTor 
of fortification and artillery at the fame academy at 
Woolwich, where our Author was profefTor of geometry 
and mathematics. This charge was made at the end 
• of the preface to Mr. MuUer's Elements of Mathema- 
ticsi in two volumes, printed in 1748, in thefe words: 
b 2 " Ther€ 

* A regular lift of the Author's rublications will be given 
at the end* 
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<« There has lately been publiihcd a book under the 
'* tifle of Elements of Plane Geometry, dcfigncd for 
** the Ufe of Schools, which is an ihcorrcS Copy of 
<* the firft eight Sfc(5Hons of this Work, knt the pre- 
*' tended Author upon a particular Occafion, and 
•' printed in a fpiirious manner, without ^ my know*- 
<* ledge or confent ; an A6lion too fcandalous for 
«* any Man of honour to be guilty of. The Editor 
•^ imagined, I fuppofe, that the changing fofrie pro- 
<' politions, and mangling the demonftrations of others, 
<* was a fufficient Difguife to make it pafs for his own 
** performance ; but how far this will juftify fuch a 
** piece of pyracy, muft be left to the judgement of 
<« the public.'* 

To this extraordinary charge, Mr. Simpfon, m the 
preface to the 2d edition, replies, " Were I to attempt 
^* to defcribe the ideas excited in my mind by the 
** fmgular modefty of this important and folemn 
*< appeal to the puMick, I fliould be at a lofs for fit 
** words to exprcft them without tranfgrefCng the 
" bounds of decency. But I hope that T have not 
** deferved fo ill of the publidk, to be thought capable 
<< of aSing fo very hiimble a part, as that of copying 
*' from this author, ^A of mangling his demonftra- 
*< tions, in order to make them paS for nty own.'^ 
<* That a manufcript of his (containing between 20 
** and 30 of the principal Theorems in Geometry, 
** extremely ill digefted) came mto fny hands, is in^ 
•« deed true ; but it was not lent me^ but forced upon 
** me, by bimfelf (the very-firft night after my removal 
<« to Woolwich) in virtue of an /7r/;V/^ in the original 
•< rules and inftru6lions for the Academy ; whereby it 
" is ordered, that the fecond mafter fhall teach geo- 
*« liietry under the direftion of the firft mafter. But 
" this well intended article, which has been rhade 
<< fubfervient to the purpofes of ignorant tyranny, 
<« and daring calumny, has fince, in confequence of 
<* a publick examination, been annulled by an exprefs 
<* order of the Mafter-Gencral of the Ordnance,-— I 
<* could mention fome particulars, fupported by good 

« authority, 
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<* authority, that occurred in the courfe of that /x- 
*' amination, which would but ill agree with the m- 
** portance he aflumes in his confident accufaticns; 
*< but I do not think it worth while : This gentlenan 
** has, himfelf, by his different publications, fo veil 
•' convinced the world of his abilities, as to rioder 
*' any farther comment on that head intirely u;ne- 
" ceflary and ineffeftual." And happy it was foithc 
Academy that the Board of Ordnance relieved the 
Profeffor of Mathematicks from any control of that 
of Fortification, confidering what fort of profflbrs 
have fucceeded Mr. Mullcr, and probably may a;ain ; 
for whatever he might be in other refpedls, he ws not 
altogether unacquainted with the mathematical fcinces. 

In 1748 came out Mr, Simpfon's Trigonometry ^ Plane 
and Spherical, with the Conjlru^ion and Applicdion of 
Logarithms^ 8yo. This little book contains feveral 
things new and ufeful. 

In 1750 came out, in two vo!umes, 8^0, The 
Do^rine and Application of Fluxiorit, containing, hefdes 
what is common on the Subje^, a Nwiber of new Im- 
provements in the Theory, and the Soktion of c Variety of 
new and very interefting Problems in afferent Branches of 
the Mathematics.-^ln the preface, tie author offers this 
t© the worI4 as a new book, rVher than a fecond 
edition of that which was publifhei in 1737, in which 
he acknowledges, that, befidcs <rrors of the prefs, 
there are feveral obfcurities and <efe(Sh, for want of 
experience, and the many difdvantages he then 
laboured under, in his firft fally. 

The idea and explanation hee gjven of the firft 
principles of Fluxions, are not euentially different 
from what they are in his* formei treat ife, though ex- 
prefled in other terms. The conftleration of time in- 
troduced into' the general definition, will, he fays, 
perhaps be difliked by thofe who weiid have fluxions 
to be mere velocities, : but the advantage of confidering 
them othcrwife, viz. not as the velocities themfelvcs, 
but as magnitudes they would uniformly generate in 

a given 
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a given timey appears to obviate any obje^ion oti 
th(t head. By taking fluxions as mere velocities, the 
imgination is confined as it were to a point, add 
wittoot proper care infenfibly involved in metyphyiical 
dif&ulties. But* according to this other mode of ex^ 
plaiing the matter, left caution in the learner is 
neciflary, and the higher orders of fluxions are ren- 
dc;rd much more^cafy and intelligible. Befldes, though 
SirXaac Newton dennes fluxions to be the velocities 
of i^otions, yet he has recourfe to the increments of 
moments generated in equal particles of time, in order 
to itermine thofe velocities ; which he afterwards 
tcac^s to expound by finite magnitudes of other 
lind^ This work was dedicated to Geouge Eari* 

of MACCLESFIELD. 

In ^752 appeared, in 8vo, the Seleil Exercifes for 
y^g Proficients in the Mathematics. This neat volume 
contaiis, A great Variety of algebraical Problems, 
with thir Solutions* A fele<Sk Number of Geometrical 
Problems, with their Solutions, both algebraical and 
geometrkral. Tke Theory of Gunnery, independant 
of the Cmic Se<9ions. A new and very comprehen* 
five Method for finding the Roots of Equations in 
Numbers. A flicrt Account of the firft Principles of 
Fluxions. Alfo the Valuation of Annuities for fingle 
and joint Lives, vAth a Set of new . Tables, £au- more 
cxtenfive than aji] extant. This Jaft part was de- 
figncd as a fupplemait to his DoiSkrinc of Annuities and 
Keverfions ; but bong thought too fmall to be pub- 
liihed alone, it w:s inferted here at the end of the 
Seledl Exercifes ; rom whence however it has beea 
removed in the laft editions, and referred to its proper 
place, the end of he Annuities, as before mentioned. 
The examples that are given to each problem in this 
laft piece, are according to the London bills of mor- 
tality; but the folutiqns are general, and may be 
applied with equal facility and advantage to any other 
table of obfervations. The volume is 'dedicated to 
John Bacon, Efq. F. R. S. ' ^ 

, Mr. 
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Mr. Simpfon-s M/cellanetus TraffSf printed in 4to^ 
1757, was his laft legacy to the public : a moft valuable 
bcqtieft, whether we confidcr the dignity and impor- 
tance of the fubjeftsy or his fublime and accurate 
manner of treating them. 

The firft of thefe papers is concerned in determining 

the Precejflon of the Equinox^ and the different Afotions of 

the *Earth^5 Axisj arijing from the Attra6fton of the Sua 

and Moon. It was drawn up about the year 1752, in 

confequence of another on the fame fubjefl:, by M. 

dc Sylvabelle, a French gentleman. Though this 

gentleman had gone through one part of the fubjefl 

with fuccefs and perfpicuity, and his conclufions 

were perfcdlly conformable to Dr. Bradley's obferva- 

tions ; it nevcrthelefs appeared to Mr. Simpfon that 

he had giteatly failed in a very material part, and that 

indeed the only very difficult one; that is, in the 

determination of the momentary alteration of the 

f>oiition of the earth's axis, caufecl by the forces of 

the fun and moon ; of which forces, nhe quantities, 

but nol the effefts, are truly inveftigated. . The fecond 

paper contains the Inveftigation of a very exaft 

Method or Rule for finding the Place of a Planet in 

its Orbit, from a corrcdbien of Bifhop Ward's circular 

Hypothefis, by Means 'of certain Equations applied to 

the Motion about the upper Focus of the Ellipfe. By 

this Method the Refult, even in the Orbit of Mercury, 

may be found within a Second of the Truth, and that 

without repeating the Operation. The third ihews the 

Mariner of transferring the Motion of a Comet from a 

parabolic Orbit, to an elliptic one; being of great 

Ufe, when theobferved Places of a (new) Comet 

are found to differ fenfibly from thofe computed on 

the Hypothefis of a parabolic Orbit. The fourth is 

an Attempt to fliew, from mathematical Principles, 

the Advantage arifing from taking the Mean of a 

Number of Obfervations, in praftical Aftronomy; 

wherein th« Odds that the Refult in this Way, is 

more exa6t than from one fingle Obfervation, is 

evinced 
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evinced, and the Utility of the Method in Praftictf* 
clearly made appear. The fifth contaip^ the Deter- 
mination of certain Fluents, and the Refolutioii ot 
feme very ufeful Equations, in the higher Orders of 
Fluxions, by Means of the Meafures of Angles and 
Ratios, and the right and verfed Sines of circular Arcs. 
The 6th treats of the Refolution of algebraical Equa*- 
tions, by the Method of Surd-divifors ; in which -the 
Grounds of that Method, as laid down by Sir Ifaac 
Newton, are inveftigated and explained. The 7th ex- 
hibits the Inveftigation of a general Rule for the Refo- 
lution of Ifoperimetrical Problems of all Orders, with 
fome Examples of the Ufe and Application of the faid 
Rule. The 8th, or laft part, comprehends the Refo- 
lution of fome general and very important Problems 
in Mechanics and Phyfical Aftronomy ; in which, 
among other Things, -^ the principal Parts of the 3d 
and 9th Sedlions of the firft Book of Sir Ifaac Newton's 
Principia, are dcmonftrated in a new and . concife 
Manner. But what may perhaps beft recommend this 
excellent trafl:, is the application of the general equa- 
tions, thus derived, to the determination of the Lunar 
Orbit. 

According to what Mr/gimpfon had intimated at 
the conclufion of his Dodlrine of Fluxion's, the greatefk 
part of this arduous undertaking was drawn up in the 
year 1750. About that time M. Clairaut, a very 
eminent m'athematician of the French Academy, had 
ftarted an objeftion againft Sir Ifaac Newton's 
general law of gravitation. This was a motive to 
induce Mr. Symplon (among fome others) to endea- 
vour to difcover whether the motion of the moon'0 
apogee, on which that objection had its whole weight 
and foundation, could not be truly accounted for, ' 
without fuppofing a change in the received law of 
gravitationjj from the inverfe ratio of the fquares of 
the diftances. The fuccefs anfwered his hopes, and 
induced him to look farther into other parts of the 
theory of the moon's motion, than he hard at firil 

intended : 
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itttended: but before he had completed his defign, 
M. Clairaat arrived ia England, and made Mr, Simpfon' 
a vifit ; from wfiom he learnt, that he had a little 
before printed a piece on that fubjeft, a copy of which 
Mr. Simpfon afterwards received as a prefent, and 
found in it the fame things demonftrated, to which 
lie himfelf had direded his enquiry, befides fcveraL 
others. 

The facility of the method Mr. Simpfon fell upon, 
and the extenfivenefs pf it,' will in fomc meafure appear 
from this, that it not only determines the motion of 
the apogee, in the fame manner, and with the fame 
cafe, as the other equations, but utterly excludes all 
that dangerous kind of terms that hsfd embarrafled the 
• greateft mathematician^, and would, after a great 
numlj'er of revolutions, entirely change the figure of 
the moon's orbit. From whence this important con- 
Icquence is derived, that the moon's mean motion, and 
the greateft quantities of the feveral equations, will 
remain unchanged, unlefs difturbed by the interven- 
tion of fome foreign or accidental caufe. Thefe trails 
arc infcribed to the Earl of Macclesfield, Prefix 
dent of the Royal Society. 

Befides the forgoing, which are the whole of the 
regular books or treatiies that were publifhed by Mr, 
Simpfon, he wrote vrnd compofed feveral other papers 
and fugitive pieces, as follow. 

Several papers of his were read at the meetings of thei 
Royal Society, and prihted in their Tranfadtions : 
but as moft, if not all of them, were afterwards in- 
fertcd, with alterations or additions, in his printed 
volumes, it is needlefs to take any farther notice of 
them here. 

He propofed, and refolved many queftions in the 
Ladies Diaries, 5fc. fometimes under his own name, 
, as in the years 1735 and 1736 ; and fometimes under 
feigned or fidlitious names ; fuch as, it is thought^ 
Hurlotfarumbo, Kubernetes, Patrick O'Cavenah, Mar- 
maduke Hodgfon, Anthony Shallow, Efq. and probably 
feveral others; fee the Diaries for the years 1735, 
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1736, 42, 43,^ 53, 54, 55' 56* Sh 58* 59» and 60. 
Mr. Simpfon was alfo the editor or compiler of the 
Diaries from the year 1754 till th# year 1760, both 
inchifive, during which time he raifed that work to 
the greateft degree of refpeft. He was fucceedcd in 
the editorfliip by Mr. Edw. Rollinfon. See my 
Diarian Mifcellany, vol. 3* 

It has alfo been commonly fuppofed that he was 
the real editor of, or had a principal ihare in, two 
other periodical works of a mifcellaneous mathemi^tical 
nature ; viz. the Mathematician, and Turner's Ma- 
thematical Exercifes,. two volumes, in 8vo, which 
came out in periodical numbers, in the years 1750 
and 1 75 1, &c. The latter of thefe feems efpecially to 
have been fet on foot to afford a proper place for 
, expofing the errors and abfurdities of Mr. Robert Heath, 
the then conduftor of the Ladies Diary and the Palla- 
dium ; and which controverfy between* them ended in 
the difgrace of Mr. Heath, and expulfion from his oflSce 
of editor to the Ladies Diary, and the fubftitution of 
Mr. Simpfon in his ftead, in the year 1753- 

In the year 1760, when the plans propofed for 
crefting a new bridge at Blackfriars were in agitation, 
Mr. Simpfon, among pther gentlemen, was confuked 
npon the beft form for the arches, by the New-bridge 
Committee. Upon this occafion he gave a preference 
to the femicircular form ; and, befides his report to 
the Committee, fome letters alfo appeared, by himfelf 
and others, on the fame fubje£t, ,in the public news- 
papers, particularly in the Daily Advertifer, and in 
Lloyd's Evening Poft. And the fame were alfo col-, 
lefted in the Gentleman's Magazine for that year, 
page 143 and [44. 

it is probable that this reference to him, gave 
occafion to the turning his thoughts more ferioufly 
to this fubjedl, fo as to form the defign of compofing 
a regular treatife upon it : for his family have often 
informed me that he laboured har4 upon this work for- 
fomc time before his death, ~ and was very anxious to 
have completed it, frecjuently remarking to them, that 

this 
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thi$ work, when publifhed, would procure him more 
credit than any of his former publications. But he 
lived not to put the. finifliing hand to it. Whatever 
he wrote upon this fubjedt, probably fell, together 
with all his other remaining papers, into the hands of 
Major Henry Watfon, of the Engineers, . in the fervice 
of the India Company, being in all a large cheft full 
of papers. This gentleman had been- a pupil of Mr. 
Simpfon's, and had lodged in his houfe. After Mr. 
Simpfon's death, Mr. Watfon prevailed' upon the 
widow to let him have the papers, promifing either to 
give her a fum of money for them, or elfe to print 
and publifli them for her benefit. But nothing of the 
kind was ever done ; this gentleman always declaring, 
when urged on this point by myfelf and others, that 
no ufe could be made of any of the papers, owing to 
the very imperfeft ftate in which he faid they were 
left, And yet he perfifted in his refufal to give them 
up again. 

From Mr. Simpfon's writings, I now return to 
himfelf. Through the intereft and foIicitations,of the 
beforementioned William Jones, Efq. he was, in 
1743, appointed profeffor of mathematics, then vacant 
by the death of Mr. Derham, in the Royal Academy 
at Woolwich ; his warrant bearing date Auguft 25th. 
And in 1745 he was admitted a fellow of the Royal 
Society, having been propofed as a candidate by 
Martin Folkes, Efq. Prefident, William Jones, Efq. 
Mr. George Grahaan, and Mr. John Machin, Secretary ; 
all very eminent mathematicians. The prefident and 
council, in confideration of his very moderate circum- 
ftances, were pleafed to excufe his admiffion fees, and 
likewife his giving bond for the fettled future payments. 

At the academy he exerted his faculties to the 
utmoft, in inftru6iing the pupils who were the im- 
mediate objefts of his duty, as well as others, whom 
the fuperior officers of the ordnance permitted to he 
boarded and lodged in his houfe. In his* manner of 
teaching he had a peculiar and happy addrefs ; a 
certain dignity and perfpicuity, tempered with fuch a 
c z degree 
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degree of mildnefs, as engaged both the attention, 
cftccm and friendlhip of his fcholars ; of which the 
good of the fervicc, as well as of the community, 
was a neccflary confequence. 

It muft be acknowledged however, that his mildnefs 
and eafinefs of temper, united with a more inadlive 
Aate of mind, in the latter years of his life, rendered 
his fervices lefs ufeful ; and the fame very eafy difpofi* 
tion, with an innocent, unfufpe<9:ing flmplitity, and 
playfulnefs of mind, rendered him often the dupe of 
the little tricks of his pupils. Having difcovered that 
he was fond of liftening to little amufing ftorief, they 
took care to furnifh themfclves with a itock ; fo that, 
having negle£led to learn their leilbns perfe6l, they 
would get round him in a croud, and, inflead of de« 
monftrating a proportion, would amufe him with 
fome comical ftory, at which he would laugh and 
ihake very heartily, cfpecially if it were tin£lured 
with fomewhat of the ludicrous or fmutty ; by which 
device they would contrive imperceptibly to wear> 
mit the hours allotted for inftruftion, and fo avoid 
the trouble of learning and repeating their lefTon. 
They tell alfo of various tricks that were pra(S^ifed 
iipon him in confequence of the lofs of his memory in 
a great degree, in the latter ftage of his life. 

Indeed it may feem ftrange that a tall, large, and 
feemingly ftrong-bodicd man (for fuch was the ap- 
pearance and figure of Mr. Simpfon), fhould at fifty 
years old, 'without ficknefs, have all his faculties quite 
worn out, and die of extreme old age. But, notwith- 
ftanding his bulk and figure, he was really of no very 
ftrong conftitution of body, having; originally been 
framed with weak nerves : befides which, there were 
two other, principal caufes for his prematura decay : 
the firft of thefe was his very clofe and uninterrupted 
application to ftudy, almoft continually by night 
and" by day, which produced an excraordinary ex- 
haling of his fpirits, without allowing him time to 
relieve and recruit them by proper air and exercifc, 
and to enjoy the converfaticn of his friends: the 
other was the want of proper nourifhment, and the 

cruelty 
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cruelty of a wafteful wife and family, whofc extrava- 
gaihce kept him always poor and drudging to fupply 
their voracious demands, and withheld from him the 
nourifhment proper for his comfortable exiftence* 
Indeed the many ftorles I have been told of her ill 
temper, and barbarous treatment of a man fo gentle^ 
mild and placid, as Mr. Simpfon was, are quite 
fliocking, by which his very ufeful and valuable life 
was doubtlefs fhortencd by many years : while fhe was 
revelling with her family and goflips in the parlour, he 
was baniihed to the garret> to toil at his book, with 
no ©ther fupper than the thin jiiilk from which Ihe 
had fkimmed the cream for her tea, and accompanied 
with an order that he Ihould not be feen below for 
the night. She would break open his cupboard to rob 
him of his cordial, and pick his pockets of the trifle 
he had faved'to fpend with his friends; and numberlefs 
other unnatural adtions. 

It has been faid that Mr. Simpfon frequented law 
company, with whom he ufed to guzzle porter and 
gin: but it muft be obferved that* the mifconduft of 
his faipilyput it out of his power to keep the company 
of gentlemen, as well as to procure better liquor. 

In the latter ftage of his exiftence, when his life 
was in danger, exercife and a proper regimen were 
prefcribed him, but to little purpofe ; for he funk 
gradually into fuch a lownefs of fpirits, as often in 
a manner deprived him of his mental faculties, and 
at laft rendered him incapable of performing his duty, 
or even of reading the letters of his friends ; and fo 
trifling an accident as the dropping of a tea-cup would 
flurry him as much as if a houfe had tumbled down. 

The phyiicians advifed his native air for his re- 
recovery; and in. February, 1761, he fet out, with 
much reluAance (believing he Ihould neyer return) 
for Bofworth, along with fome relations. The journey 
fiatigued him to fuch a degree, that upon his arrival he 
betook himfelf to his chamber, where he grew con- > 
tjnually worfe and worfe, to the day of his death, 
which happened the 14th of May, in the fifty-firil 
year of his age. 

Upon 
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Upon this occafion a ncfle^iion forces itfelf upon me, 
concerning the infalubrity of the fituation and refi- 
dence of the profeffor of mathematics at WooJwich, 
and the fimilarity of its eflFedts upon the whole fuc- 
ceffion of profeflors, Mr. Simpfon, Mr. John Lodge 
Cowley^ and myfelf,' who every one of vis, each after 
the other, entered upon our appointments at an early 
age, and with the beft profpefts of health and long 
l3e, that a vigorous conftitution, founded by a virtuous 
education at a diftance from the capital, could pro- 
mife. Yet, fuch is the clofenefs of the profeflbr's 
stpartments, and the almoft impofTibility of his taking 
proper air and exercife, joined to the natural fedentary 
habits of a ftudious profeffion, that it has uniformly 
reduced us all in a fimilar manner to the brink of the 
grave, and nearly in the fame fpace of time. Mr. 
Simpfon was gradually reduced by it to a condition 
too low before he changed his fituation> and ended his 
valuable labours after ieventeen years refidencc. * Mr. 
Cowley, after twelve years, was fo ^reduced, as not 
to be able to refidc and perform his duty any longer ; 
when, being fuperannuated on a pcnfion, he •retired 
to a fituation of better air, and where he could eafily 
have proper exercife ; which prefently had the beft 
cffeft in reftoring his health, and he is now, after 
'almoft twenty years, in as healthy and robuft a con- 
dition as any man whatever. In like manner, fuc- 
ceeding Mr. Cowley, I began my career with a clofc 
application to ftudy, to which I was induced both by 
inclination, and the want of company and exercife : 
but foon found an alteration in my health, which 
gradually declined, till, at the end of thirteen years, 
1 was unable to continue my refidence any longer, 
and obliged to retire to a more elevated fituation, at 
a fraall diftance, from whence, by walking always to 
the academy and back again, my health and ftrength 
gradually improved; *and as this experiment evinced 
the benefit of the change I had been compelled to 
make, his Grace the Mafter General of the ordnance, 
and the principal oflScers of that board, have been 
pleafed to permit my refidence in the like fituation 

ever 
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ever fincc, wbidi is now more than fix years, and 
with the fame manifeft benefit to my health and 
adivity. 

But to return to our Author. At his death, Mr. 
Simpfon left in being, befides his widow, her daughter 
and fon by her firft hufband, and his own daughter 
and fon, the latter of whom was born after his removal 
to London. The two daughters had married officers 
of artillery, and young Simpfon had been prefented 
with a commiffion in the fame corps ; but all or rooft 
of them fpending and ending their lives \n a manner 
that might be expedted from an education under fueh 
a mother : young Simpfon lived to have a company 
in the Royal Artillery ; but. on account of a befottea 
habit of drunkennefs, and other mifconduft, he was 
broke ; and feveral years after my fettlement at Wool- 
widi, he was wandering about as a vagabond, and a 
fcandal to all that knew him : having not lieard of 
him for feveral years, I fuppofe he has died a miferabk 
death. The daughters likewife are both dead. A-s to 
Mr. Simpfon's widow, the King, at the inftances of 
Lord Vifcoiint Ligonier, the then Matter General, in 
confideration of Mr. Simpfon's great merits, was gra- 
cioufly pleafed to grant her a handfome penfion for 
life, together with apartments adjoining to the aca-. 
demy ; a favour that had never been conferred on any 
before. Here fhe lived, and her fon Swinfield, the 
taylor, and his wife, along with her, in the fame 
apartments, for many years after my fettling at Wool- 
wich ; and from one or other of whom I have at 
different times been informed of the particulars above 
related, with many others. She died only December 
the 14th, 1782, at the great age of one hundred and 
two. Her fon Swinfield is ftill living, and refides ia 
Woolwich, fupported by a weekly allowance from 
fome relations, who are in very genteel circumftances; 
he is now about eighty-four vears of age, and looks fo 
well, that he may probably flill exiit feveral years 
longer. 

Royal .Academy, ffoolwlchy C. H. 

July%%, 1792. 
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*rhc following BOOKS ir6 all wfitWn ly Mr. if HOMAS 
SIMPSON, F. R. S. and printed for F. WINGRAVE, 
Succeffor to Mr. NOURSE, in the Stiand. 

1. The Elements of Geometiy ; with their Application 
to the Menfuration of Superfices and Solids ; to the Deter* 
mineifiOH of the Maxima and Minima of Geometrical Quan- 
tities,, and to the Conftrudtion of a great Variety of Geome- 
tncal Piobknw, 8vo, fourth edit, 59. 

2, Trigpnomctfy, Plane and Spherical, with the Con- 
firu£tion and Application to Logarithms, third edit. 8vo, is 6d, 

3, A Treatife of Algebra: wherein the fundamental 
Principles are fully ami clearly demonfirated, and applied to 
the Solution of a great Vanety of Problems, and to a Numi* 
ber of other ufeful Enquiries, fizth edit. Svo, 6s«* 

4. The Dc;drine and Application of Fluxions j con- 
taining (beiides what is common on the Subjedl) a Number 
of new Improvements in the Theory, and the Soluti^ of 
a Vanety of new and very intercfting Problems in different 
Sranchcs of the Mathematics, 2 vols, 8vo, fecond edit. 129. 

5- Sclcd Excrcifes for young Proficients in the Mathe* 
mat'csy 8vo, new edit, 6s. 

6. Eflays on feveral cuiious and uiefpl Subje^ls in fpecu* 
lative and mixed Mathematics ; in which the mofi difficult 
Problems of the Firft and Second Books of Newton** Prin* 
cipia are explained, 4to, 6s. 

7. Mathematical Differtations on a Variety of phyfical 
and analytical Subjeds, 410, 7s. 

8* NJiicellaneous'Trads on fome curious and very in-* 
terefting*Subje6^s in Mechanics, Phyfical Aftronomy, and 
fyeeulative Mathematics, 4to, 7s. 

9. The Dodrine of Annuities and Reverfions, deduced 
jfrom general and evident Principles ; with ufeful Tables^ 
fliewiiig the Values of fingle and jomt Livet, &c. fecond 
edit '8vo. 3s. 

10. A Supplement to the above, which contains all the 
learned Author has written on this Subject, 8vo, new edit* 
2^ 6d. 

11. The Nature and Laws of Chance, contaitiing the 
Solutions of a great Number of abftrufe and important 
Probleirs, after a new, general, and confpicuous Manner; 
and illuftrated With a great Variety of Examples, a new 
edit. 8vo. %9» 
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PART 1. 
CONTAINING 

with their Solutions* ' 

DESIGNED 
jfs proper Exercifes for young Beginners. 



QUESTION L 



Number is that^ which being doubled and l6 
* added to the P^rodu^y the Sum Jhall be i88? 

Let X reprefent thfe required number ; 
then 2;r will denote the double thereof ; , 
and To 2a? + i6=.i88, by the quefliom 
Thcrefore;2.v= 1 88^ l6= 1 72, by tranfpojhion* 

And, x:=:ll^=^i6y' by divijion, . , 



.QUESTION II. 

To find that Numbly which being added to 56, the Trebtt 
of the required Number JhalJ be produced. 

If X be put for the number fought, 
then 3;^ will be the treble thereof: 
and therefore 3^=^ + 56, by the quefiion*^ 
Hence 2^^=56, by tranf^ofition^ 

And ;ir=4-^i8, tydivifion. 

B QXJESTION 
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QUESTION III. 

The Sum of 155/. was raifed (for a certain Purpofe) If 
three different PerfonSy A, B, and C ; whereof B ad-* 
vanced 15/. more than A ; and C, 2cL more than B • 
How much did each contribute ? 

Let X be the number of pounds advanced by A. 
Then ;r+ 15 is the number of pounds advanced by ^1 
and AT-f 35 the number of pounds advanced by C. 
Therefore 3*4. 50^:155, by the quejlion. 
Whence 3;if=i05, 
and :r=35. 

From which it alfo appears that B contributed 50/. uA 
C 70/. 

QUESTION IV. 

A Gentleman (by Will) left 550/. to be divided ammg four 
Servants^ A, B, C, and u ; whereof B was to have 
twice as much as A; C as much as A and B \ and D 
as much as C and B. How much had each f 

Let X be the number of A's pounds. 
Then ix is the number of B's pounds, 
alfo yt is the number of C's pounds^ 
and 5;!? the number of D's pounds : 
therefore 11*= 550, by queftion. 

And, confequently, x=z^^z=z^o* 

From which the reft of the fliares are eafily determined, 

QUESTION V. 

It is required to divide the Number 92 into four fuch PartSy 
that thefirji may exceed thefecondby 10, the thirdly 18, 
and the fourth by 24- 

Let X be the Jirft part. 
r*-io1 
Then< *— 18 [will be the other parts* 
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And 4Af— 52:^92, hy the queftion* ' 
Hence 4^= 144 ; 

4 

QUESTION VI. 

jt certain Sum of Money was Jhared among five Perfons^ 
A, B, C, D, andt,; whereof B received 10/. iefs 
than A ; C 16/. more than Bj D 5/, le/s than C ; 
and E 15/. more than D. Moreover it appeared that 
E received as natch as both A and B. frhat was the 
whole Sumjharedf and how mudh did each receive P 

Let X be the fhare of A« 
Then 



{^-10-1 rB, 

x+ 6 (will bej G, 
JP+ I (that ot I D, 
y+i6J LE: 



therefore x + 1 6=24?— 10, iy the quejlion. 

Whence 26=;r. 
From which i^ appears that 26, i6, 32* 27, and 42 
(pounds) were the refpeftive fhares; and that the 
whole fum was 143/. 

QUESTION VIL 

?i find that Number^ whereof the Double increafed by 
24, fhall as much exceed 80, as the Number it f elf is 
. below 100. 

Let X be the required number. 
Then 2;r+24— 80=100— ;r, by the que/lion. 
Whence 2;f4-^= 100—24+80, 
that is 3^== 1 56; 

and therefore ;<=.li-.= 52, 
3 

B 2 QUESTION 
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QUESTION ViII. 

What 'two Numbers are thofcy whereof the Dtfferenct «< 
7 and the Sum 33. 

Let ;c be the lefler number, 
then ^+7 will be tlie greater, 
^nd 2Ar + 7=33. 
Therefore 2^=33-7=26, 

and x=^^iZ= the lefler. 

2 
Whence ;v+7=20= the greater. 

QUESTION IX, 

To divide the Number 75 into twofuch PartSj that 3 tmet 
the greater may exceed ^ times the leffer by 15, 
If ;f be the greater part, 

then n^-x will be the lefler 1 , , ^. 

' ^ \ by the quejlion^ 

and3;c=7S-^x7 + i5 3 

th^tis, 3^=525-7^+15 > 

therefore 10^=540* and Ar=54. ' 

■From whence the lefler part (75-*) ^^ found =2i. 

.QUESTION X. 

. A, after mnning lO Guineas of B, had as much Money, 
as B and 6 Guineas more ; and betwixt them both they^ 
* had forty Guineas. What Money had each atfrfl ? 

Let X be the gu'mcas that A began with ; 
then 40 -;v, are the guineas that B began with : 
therefore, after play, 
A had, A- + 10 guineas; 
and B, 30 -» guineas. 
Whence ^^ + 1 o = 30 - ;r + 6 (by the quejiion.) 
Therefore 2;e=26. 
Andjf=i3, 

QUESTION 



1 
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with their Solutions* - 5 

QUESTION XI- 

The Sum of 500/. was divided among four Perfons^ fo 
that the fiirft and fecondy between them^ had 280/ ; 
the firji and third 260/ ; and the fiirji gnd fourth 
220/. How many Pounds had Each f 

If X be the number of pounds the firft had. 
f2d ^ f28o-A'. 

then the •{ sd i. had < 260-*-. 
C4th3 C220-A'. 

The fum of all which, 

being 760 — 2*', is =500, by the quejlion. 

Whence *=252Zi22= 130. 

2 

Therefore the four /hares were 130, 150, 130, and 90 
pounds, refpeftively. 

^ QUESTION XII- 

^Tis propofed to divide bo ifit^ two fuch parts ^ that the 
Difference between the Greater and 64, may be equal ta 
twice the Difference between the l.effer and 38, 

If X be the greater part ; 
then 60 —A? will be the lefler : 
^Ifo 64— ;ip will be the firft mentioned difFerence, 

and 38— 6o+J»^, or A*— 22, will be the fecond. 

"^ • ....II , » 

Therefore 64'-;r=2x;r- 22, by the quefiion. 
that is, 64— A'=2A*— 44. 
Whence 108=3;^', ^"^ 36=*- 

QUESTION XIII. 

^fter 34 Gallons had teen drawn out of one of twOy equaU 
Cafksy and 80 Gallons out of the other^ there remained 
juft twice as much Liquor in the one as in the other. 
What did each Cafk contain when full? 

Let X be the number of gallons fought ; 
then .Jr— 34 will be what remained \n the firft calk, 

and 
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and ;r— 80, what remained in the fecond. 
Hence *— 34=2 XiV— 80, by the queftion. 
Or, ;r- 34=2*'— 160. 
Therefore 126=*'. 

QUESTION XIV. 

Jl Sen a/king his Father how old he wasy reeewed the 
following Anfwer. Tour Age four Years agOy fays the 
Father^ was only \ of mine ^ at that 7'ime; but now your 
Age isjujl j. of mine. What was the Age of each ? 

Let X be the age of the fon, 
then 2x will be that of the father : 
alfo *•— 4 will be the age of the fon four years before 
the time in queftion; and 3:^—4 will be the corref- 
ponding age of the father: which, 4k ^*^ queftioHf 
is equal to 4 times f— 4. Hence we have this equation 
Ajf- 16=34^-4. - 

Therefore ;r=i2, and 3Ar=36; which are the tW0 
ages required. 

QUESTION XV. 

What Number is that, whofe | exceeds its | Part by 16^ 

Let X be the required number; then, its •§. part 

being — , and its J part — , 
3 4 

we have =16, by the queflion*, 

3 4 . 

Hence 4^^— 3*=:i92, byreduSlion* 

that ^s, ;v=:l92. 



QUESTION 
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QUESTION XVI. 

In a Mixture of Wine and Cyder ^ one half of the whole 
+25 Gallons was fVine \ and i Part —5 Gallons 
Cyder. Hdw many Gallons were there of each F 

If AT be put for the number of gallons in the whole 
mixture, the gallons of wine will be exprefled by 

—+25, and thofe of cyder by — — 5 : which together 

being equal to the whoky we 

therefore have —4-25+ — —5=*; 
2 3 

X X 

or^ 20acAr- : 

23 
Hence 120=6^?— 3^1:— 2jif ; 

or i20=Af. From which it appears that the mixturt 
confided of 85 gallons of wine, and 35 of cyder. 

QUESTION XVII. 

In a Lottery confijting of 106OOO Tickets^ half the 
ti umber of Prizes added to \ of the Number of Mlanks^ 

* was 35000. How many Prizes were there hi tht 
Lottery P 

If X be the number of prizes ; 
then looooo— jp, will be the number of blanks. 

And lo» — -H rsqroOO. 

/ 2 3 

Hence 3jr+20000o-P-2**=2ioooo : 
and xsioooos the number fought. 



QUESTION 
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QUESTION XVIII. 

To the Compojitlon of a certain, ^antity of GuHpowd&^ 
I of the whole ff eight +6IL ifSaltpeire was nece£ary\ 
the Sulphur ufed was \ of the whole -^^Ib, and the 
Charcoal i of the whole ^'^Ib. How many Pounds of 
each of the three Ingredients were there taken P 

Let X be the number of pounds in the whole : then 
— + 6, pounds of faltpetre. 



there j x 
were 



— — S» pounds of fulphur. 
3 

-f-— 3, pounds df charcoal. 

4 



And therefore — +— + 2=;r, by the quefiiofu 

2-34 * J t J . 

Whence 1 2^ +8*-+ 6a'-. 48= 24* : 
And confequently *'=^=24. 

Therefore there were taken i81b, of faltpetre, 31b. of 
fulphur, and 31b. of charcoal. 

QUESTION XIX* 

^ General, after having loft a Battle^ found that he had 
only \ 'of his Army -f 3600 left^ fit for Adion ; \ of 
his men +600 being wounded^ and the Reft, which 
were \ of the whole Armyy either flain, taken Prifoners, 
or mi^ng* What was the whole Number of the Army? 

The number fought being denoted by Xy the num- 
ber of men left unhurt will be — + 3600. 

And the number of the wounded -^-+600. 

o 

To which adding, — , the number of the flaiii and 

5 
prifoners, we have the number of the whole army \ 

or 
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t>f i+36oo+4+6oo+-l=jp. 

Hence 4^00 (=;r-^-^«^U2f^jl. 

ft 8 5/ 8 s . 
Therefore 168000 (=15*— 8jr) =7*: 

<uid 24000 =:;r. 

QUESTION XX. 

^ Prize of 2000/. was divided between two Perfons^ A 
and B ; whofe Shares therein were in proportion as 7 /# 
9. fVhat was the Share of Each ? 

Let X denote the fliare of A ; 
then 2000 -^r, will be that of B. 
But X U2000— ;ir : : 7 : 9, by the queJHon* 
From whence (as the rectangle of the two extremes, of 
any four proportional numbers, is equal to the reftangle 
of the two means) we get this equation, 

9x;r=2ooo— *x7 ; "* 

that js, q;p= 14000 -7;r. ^ 

Hence 10^=14000, 

and ^=875. 

Therefore the (hare of A was 875/. and that of B, 

QUESTION XXL 

7J divide 44 int9 two fuch Parts^ tfjat the Greater in^ 
creafed by 5, may be to the Lejfer increafed by 7, as ^ 
is to 3. 

If*- be the greater part, 
44-.<ar, will be the lefler, ^ 
and *+S : 51 — ;ip : : 4 : 3, by the quejlion. 
Therefore (by multiplying extremes and means) we have 
3^+15=204-4;^: 

Whence ;r=i21:ili= i?l=27- 
7 7 

9 QJJESriON 
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QUESTION XXII. 

To find two Numbers iri the proportion of l to 7.; foihuty 
12 being added to Each^ the Sumsjhall be in proportion 
as 5 is to 7. 

Let X be the lefler number ; 
then 2;ir, will be the greater. 
Hence ;r+i2 : 2^+ia : : 5 : 7, by the quejlion. 
Therefore 2;t + 1 i x 5=jp+i2 x ^ \ 
that is iOA'+6o=7Ar4-84. 
Prom which 3;r=24 \ and Ar:;=8. 
So that the two numbers are 8 and 16. 

QUESTION XXIII. 

A, at Plajy jirjl won 5 Guineas of B, and had then as 
much Money as B ; but B, upon winning back his own 
Money and ^ Guineas more^ had 5 times as much Money 
as A. What Money had each at firji P 

If ^ be the number of A's guineas, at firft ; then it 
is plain, from the queftion, that ;ir+io will be tht 
number of B's guineas. 

Whence ;p+io+5 (=:Af-5x5) =5'V-2S> , 
that is, 40=: 4*'. 

Therefore A-^iOr: the number bf A's guineas y 
and A-^- 10=20= the number of B's guineas. 

QUESTION XXIV. 

J Grocer^ with 56/f. of fne Tea^ at 20 Shillings a 
Pounds would mix a coarfer Sort^ 9f ^^ Shillings^ 
fo as to; afford the whole^ together^ at \% Shillings 
per Found. What ^antity of the latter Sort muji y 
take ? . - 

Let X be the number of pounds required ; 
then 1 1; 20 is the value of the fincft fort, 
' and 14;? that of the coarfeft. 

Moreover, 



Digitized by LjOOQIC 



with their Solutions. ii 

Af oreovcr, the number of pounds of both forts together 

being 56+;^, it is evident 

that 56+;rxi8, or lOoS-fiSje, is the value of the 

whole mixture. And therefore 

1 1 20 +14^=1008+ 1 8;if. 

Whence 112=4;^. 

And confcquently 28=.v. 

QUESTION XXV. 

A Farmer would mix Wheats at 4 Shillings a BuJheU with 
Rycy at 25. 6d. a Bujhel ; fo that the whole Afixture 
may conjiji of 90 Bujhelsy and be afforded at 35. 2^. 
a BuJheU It is required to find bow many Bujhels of 
each Sort muji be taken. 

If t1\e number of bufliels of wheat be Xy 
Thofe of rye will be 90—;^. 

Moreover, the value of the wheat will be ^%Xy pence, 
and the value of the r ye 90—;^ x 30, pence. 
Whence 48;!^+ 90— 4^x30=90x38 (by the quejiion,) 
' that is, 48;»;+27oo— 30j«'=:342O : 
therefore 1 8;i? = 7 20 : 

and confequently x=z-^^^=^o. 

QUESTION XXVI. 

jf TVorknian was hired for 40 Days^ at 31. 4^. per Day^ 
for every Day he worked 'j but with this Condition^ that 
for every Day he played^ he was to forfeit jj, 4^/; 
and it fo happened^ thaty upon the whole^ he had ^l* V* 4^- 
to receive. The quefiion isy to find how many Days of 
the 40 he worked^ and how^ many he played. 

Let X be the number of days he \^orked ; 
then 40— ;if will be the number of days he played. 
Moreover, as he was to receive 40 pence, for every 
day he worked, and co forfeit 16 pence for every day 
he played, 

C 2 we 
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12 Algebi^aical Probxem^ 

we have 40;r=tbe number of penc;e earned by work^ 
and 40— ;e x i6=thc number of pence forfeited by play t 



whenee40;r— 40— ;tfXx6=:96o» by the quifiion \ 

t)iat is, 40;r-64O+l64(r=76o : ' 

ihercfoxc 56x2x400; 

and confequently x=^5. 

From which it is evi4ent that lie worked %^ day8> atii 

played 15, 



QUESTION XXVIL 

t^ Bin of itoL 'was paid in Guineas and MoidereSf and 
^the JSumber of Pieces ufed of both Sorts was juft IQO* . 
How many were there of each f 

If X be put for the number of guineas ,* 
then 100—** wi ll be th e number of moidore& 

And fo, 21X + lOoTTx 27 = X 20 X 20 ) , . , ^^.ain*^ 

or, 2l;.+2700~27;.=2400. i ^ ^^' ?«^//^/f* 

Hence 300=27*— 2 1^=6;^. 
And confequcntly \j^=-2^=50. 

QUESTION XXVIII. 

One bought 30 Pounds of Sugar, of two different SprtSt 
and paid for the whole 19 Shillings \ the befl Sort cojt 
lodper Pound f and the worji 7^. How many Pounds, 
were there of each f 

Let * ftand for the number of pounds of the beft fort, 
and then 30— j? will exprefs the pounds of the other fort. 
Therefore #x 10+ 30— atx 7 = 19 X 12, by the queflion \ 
that is, iOA'+2io— 7Ar=228- 
Whence 3^^=228^210=18, 

and *=6. Therefore there were 6 pounds of the beft 
fort, and 24 of the worft* 



QUESTION 



Digitized by LjOOQIC 



with their SoLVTioNS, 13 

QUESTION XXIX. 

jl Lady g^iVi^a Quinea in Charity^ among a JStumier of 
PoCfy conjifting of Meny Wonun^ and Children : each 
Man had 12a. each Woman td and each Child 3^« 
Moreover there were twice as thany Women as Men^ 
warHifig;7t\ and 'J times as many Children as Wonun^ 
wanting 4. How many Perfons were there relieved f 

Let X be the number of the men i 
then 24^-^29 will be the number of woment 
and 6*— ic, the number of child ren. 

Hence A^xi^-t2;ir^2x64>6^— 10x3=21 x I2; 

that is, i2Ar4.i2;if—i2-M8;r— 30=252, . " 

or, 42jir=294. * 

Whence ;r=f7. 

Therefore there were 7 men, xa women, and ja- 

childien; in all 51 perfons* 

Qi?ESTION XXX. 

Td find that Numbery which being divided^ either int9 
three or four equal PartSy the continual Produd of all 
the PartSy in both Cafes y Jhall be exa^ly the fame. 

Let X be the required number ; 
fo fliall the continual produft of the three equal part* 

be — X— x~=— ; and that of the four equal 
S 3 3 »7 

parts — x—x — x—= 



4 4 4 4 ^S^ 

Whence -_-=:—, hy the quejlion. 
256 27 ^ ^ •' 

Therefore 27;r=:256 ; and *=s9i^. 

27 



QUESTION 
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QUESTION XXXI. 

To find two Numbers y, in the Proportion of% to 4, wbofif 
Sum is to the Sum of their Squares^ as 7 to 50. 

Let 3*^ denote the leflcr number : 
then 4;r will exprefs the greater* 
And we fhall have 3^+V : 9^^+ ifi-^ • • 7 • S<^> 
or, 7* : 25;^* : • 7 • 50, hythe quejlion. 
Therefore 25;^* x 7 = 7^^? x SOt 
or» 25** =50^; 

whence x=:^^2. So that'6 and 8 are the two num- 

bcxs that anfwer the queftion, 

QUESTION XXXII. 

To find two Numbers in the Proportion of i) to y ; fo that 
the Square of their Sum, and the Cube of their Difference^ 
. Jhall he equaL 

If ()x be put for the greater number ; 
then yx will be the lefler ; 
And fo i6j?l*=ijplS byjbeque/lion^ 
that is> 2s6^=r8;tf'. ' 

Hence ;tf=:—i— =22* 

8 ^ 
Therefore 288 and 224, are the two numbers fought. 

QUESTION XXXIIL 

To find two Numbers whofe Dijirence is 4 and the Dif- 
ference of their Squares 120/ 

Let X be the leflcr number ; 
then xJ^4^ will be the greater : 
^alfo jix will be the fquare of the lefler, ^ 
,and x:^+ix-\- 16 that of the greater. 
^Whence Sx+ 16 = 130, by the quejiion. 

Therefore 8:^=104: andAr=i3. 

So'that 13 and 17 arc the two numbers that were x^ 

:bc found. i ^,,x.«rx..^itT 

QUESTION 
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QPESTION XXXIV. 

jTi divide lOO into ttVo fuch Parts j that the Difference ef 
their Squares vurf be lOOO* 

If X be the greater part, 
iOO-;r, will bethelcffcr. 
Therefore xx-^1oo^*-iqoo ; 
that is, ;t*— lO00O+200Ar— ^* = 1000. 
Whence 2O0;r = I lOOO ; 

and confequcntly x=- = 55. 

QUESTION XXXV. 

ji divide ICX> into two PariSy fo that the Square of thdr 
Difference may exceed the Square- of twice the lejjtr Part 
by 2000. 

The lefler part being denoted by x^ 
the greater will be cxprefled by 100— ;r, 

and the difference by loo^Qje* 

Therefore, by the problem, ioo-2;rl*=2}?l*+2000, 
that is, locoo— 400*+4;r*-ir4jif^+2000, 

or, IO0O0--20O0=:400Ar. 

Hence ;r=i-5£?=: 20; and ioo-;r=8o. 
400 

QUESTION XXXVI. 

A and B make a joint Stock of 500/. by which they gain 
160/. whereof A, for his Share, had yiU more than 
B. What did each P erf on bring into Stock f 

If a: be the number of pounds advanced by A ; 
then it will be, as 500 (the whole ftock) is to 1 60 (the 

whole gain) fo is x (the flock of A) to i^, the 

^ain of A: wj^ncc the gain of B being t6«--i~: 

wc 
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We have -L^= i6o^ i-l-f 32r ty "^tm^iqff^ahi 

Therefore -l^=ig2, or —=6^ '^•*. 

50 ^ 50 >> 

and confequently 4f= 50x6 —300. ^ t, 

QUESTION XXXVIL 

A Sum 9/ Money was divided between two Perfons^ A* 
and By fo that the Shari of A was to that of B, as ^'\ 
to 3, and exceeded ^ of the whole Sum by 50/, What ' 
was the Share of each PerfoH ? , 

<"* 

Let 5Ar cicprefs the ftiare of A* ^ * ' A^ .;» , , 

and yc the fliare of B ; ,. , . 

then %x will be the whole fum^ 

and -^^ will be -i thereof. 
$ 9 

Therefore 5Ar--i2:?l=r5o, by the queflion. 

that Is, if =50, or^sQo* 

9 
Hence 450/. and 270/. are the two Ihares required* 

QUESTION XXXVIIL 

AandB began to play together with equal Sums of Money; 
A firji won 20 Guineas^ but afterwards lojl back the 
Half of all he then had ; and thereupon had only half 
as much Money as B. fVhat Money did eafh begin with? 

lict X be the number of guineas required : 
then A, after wfiming 20 guineas, had j^+20; th« 

half of whicli, or -f-+ 10, is therefore what he had it 
laft : and this dedudlcd from ix (the whole fum bKwixt 
bpth) leaves 2?p-— -10= whajt B had at laft. 

Therefore 
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therefore 2;r-T~—io=r;^H-20; 

whence 3^— 2o=2a'+40, 
and confcquently ;e=:6o. 

QUESTION XXXIX. 

j1 Gentleman left his whole Eflate among his four Sons^; 
whereof the i,ldejl had J wanting 800/. the Second \ 
and 120/. over\ the Third had half as much as the 
Eldefl ; and the Youngeji \ of what the . Second had. 
What %vas the wholt Eflate? and how much had each f 

Let X be the whole cftate ; then 
The firft had ~-8oo. 

The Second — +120* 
4 

The third -^— 400, 
4 

The fourth — + 8ov 

The fum of all which is, confequently, equal to the whole, 

or, ±j^±Ji^±j^fL^ looo^x. 

1 446 

But it is plain (without redudlion) . 

that ^+^+JL=^. 

„ ^ 4 4 

Hence our equation becojiies 

-— — ioco=o, or -— = 1000. 
o 6 

Therefore the whole eftate was 6000/. whereof the 

eldeft fon had 2200/, the fecond 1620/. the third 

hoc/, and the youngeft 1080/. 



D QUESTION 
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QPESTION XL. 

One 'being ajked Ms Jge^ repSed; If\ of my Tears tf0 
nudtiplied by 3/ and \ of them be added to the Produiff 
the Amount will be 115. fVhat was his Age f 

^f ;tf be the required number of years, 
Acn ^ X 3+ ~=l IS* 4y the jueftion 5 

_ , ox X 

that iSi -*^-h— =ii<. 

Therefore i8;tf+SJif==i5x 115, 
or 23;ir=15XlIS. 

Confequeutly ;y= ^^^"^ =15x5=75. 
^3 

QUESTION XLL 

^ P erf on being afked the Hour of the Day^ anfwered thus : 
If \ of the rlumber of Hours remaining till Aftdmght 
be multiply ed by 4, the Produ^ will as much exceed I2 
Hoursy as Half the prefent Hour from Noon is idow^ 
4* fp^at was the Hour after Noon ? , 

Let X he the required hour j 
then 12 -^x will be the hours till midnight^ 

and ?^^^^ X4-ia=4->A by the quefiion. 

That is, 36zJf ^,a=4-A 

2 2 , 

whence 36^3;r—24=8«.;r ; 

and consequently «= 2. 



OyESTION 
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QUEStlON XLlt. 

jI Markef-VJoman bought in a cettain Number of Eggs ^ 
at the Rate of ^for twQ Pence ; fine half of whieh^e 
fold out again at 2 a Penny^ and the remaining Half 
at 2 ^ Penny ; and cleared /^ Pence by fo doing* ff%tt 
Number of Eggs hadfhe? 

Let IX be the number fought ; 
then, by the quefion.. 

5 : 2 : : 2* : li the number of pence the eggs coft. 
But the number of pence they were fold for, again, 

is -f.^.—': thereforefore we have this equation, 
^ 3 

X ^ X ±x 
viz. 1 —=4. 

135 
From whence i5;r+iox^24;ir:;s 1 2O9 orAr=:i20. 

QUESTION XLIir, 

jla^inSum of Af&ney^ put out at Inter efi^ amounts y in 
8 Months^ to 297/. I2J. Andy in 15 Months its 
Amount (computed according to Jimple Intereft) is 306/. 
What is that Sum f And what the Rate of Interefif 

Let X be the number of pounds in. the required fum: 
then, the intereft thereof for 8 months being 297,6— a*, 
and for 15 months 306— ;r, we have, 
as 8 : 15 : : 297,6— ;r : 306^*.' 
Whence, by multiplying extremes and means, 
we get 2448— 8;p=4464— 15;^, 
Therefore 7;^=r20i6, 

and confequently ;tf=288/. the fum required. 
For the rate of intereft, it will be, 
as 288/. X 15 : 100/. X 12 : : 18A (the intereft of 288/. 
for 15 months) to 5/. the required intereft of lOo/. for 
12 months. 

::cir:r :.) ^ ^ question 
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QUESTION XLIV. 

A Waterman finds by Experlince^ that he can, with tht 
Advantage of a common Tide^ row from London to 
Greenwich^ which is 5 Mile^^ in 3 garters of an 
Hour ; and thai^ to return to London^ againft an equal 
Tidcy though he rows back along Jhore^ where the 
Stream is only half as ftron^ as in the Middle^ takes, 
him a full Hour and Half ^Tis required tofindy firam 
hence ^ at what rate per Hour^ the tide runs in th^ 
Middle where it isjlrongeft. 

In the firft place it will be 

3 : 4 : : 5 : 6|=dift. rowed per hour with th* tide, 
6:41:5: 35^=dift. rowed per hour againft tide. 
If now the former of thcfe tw© diftlnccs (6y) be put sc^^ 
and thelatter (35.) =^; and x be aflumed to exprefs 
the required diAance run, per hour> by the ftream in the 
middle of the river j then a—x will be the r^<2/ eflFeS 
of his rowing, per hour, in going from London, the 

motion of the tide being deduced; and i+ — will be 

the like efFe£l: in his return : 

and fo, thefe two quantities being equal to each other» 

we have ^+ — =a— ;r. 

2 

Whence 2h-^xss2a-^tx ; 

and coniequently x=z =aj. 

QUESTION XLV. 

To divide 36 (a) into 3 fuch Parts, that f of the Tirfl^ 
\ of the Second^ and J of the Thirds may be equal /• 
each other* 



If X be put for the firft part, 

: (by the quefiion). 

And 



then is — =k| «f the fecond part (by the quefiion). 
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And fo 2f = fecond part. 

Moreover — being =J of the third part, 

therefore ^ (or 2x) = third part. 

Hence x+^+,2x=a9 

• ■ ■ ■ a ■ 
and 2x+^x-^^z:z2a. 

Confequently *=:£f=:lilii=2X4=8, 
9 9 

From which the fecond part ( — J 

flippcars to be =12, and the third (^x) =i6. , 

QUESTION XLVI. 

To divide the Number ip into 4 fuch Parts ^ thaty if the 
firjl he increafed by 5, the fecond dimini/hed by 4, the 
third multiplied by 3, and the fourth divided by 2, the 
Refulty in emch Cafe^ fhall he exa^ly the fame. 

Let X be the fourth, or laft, part : 
then, thrcctimes the third part being £=-f-, 

the third part will be 4-» 
6 

Moreover, the fecond part -^4 being, alfo, =— *, 

the fecond part will be -f.-f 4 : 
2 

and, the firft part +5 being s=- 



2 

X 

2 



the firft part, alone, will be —-5. 

2 

And, by adding all the parts thus found together, 

wc have *+-!+— +4+-^-5==90 > 
% a 



that 



' Digitized by Google 



ai Algebraical Problems, 

that is, 2x+~-^t:=:^, :^ ^ 

Whence 13^:5:91x6 : and ;r==42. 
Therefore the four required parts arc 169" 7,^9 7, attd 
4-^ refpeiSively. 

QUESTION XLVII. ._.,, 

Two Pforkmeriy A and B, were employed together for 50; 
^JDays^ at ^ Shillings per Day^ each \ during which ^ 
Time A, by /pending only .Sixpence a Day lefe than B, 
had faved twice as much as B, bejides the Expence of 
2 Days over. If hat did each Per [on expend a Day ? 

Let X be the pence A fpent 6^r day ; -- 

then 60— .t, will be what he laved ^ day, 
and 54— y, what S faved. 
Therefore 3000— 50^? are A's whole favings, 
and 2709—504? thofe of \ 

Hence 3O00-504f=2x2700-5O4r+2*; * 

or, 3000 --504; =5400— 9 8;v, 

From which 48/^=2400, and 4p=50. , 

QUESTION XLVllr. 

Two PerfonSi A and/R^ have both the farm Income y 
A lays by ^ of his; but B, by /pending 60I. per Ann, 
more than A, at the End of three Teats finds tnmfelf 
100/. in debt. What did each receive^ and expend^ 
per. Annum? 

Let X be the. yearly income of each '; \ 

then — is the fura expended by A, per ann* 

and if 4: 60, that expended by B. 

Therefore If +60— .y, is what B runs in debt. 

i . •_ 

Confequently —+60-^x3=100, 

•r 
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or .ii^+x8o-3;c=loo; 

Whence 960 -*- 3* = 5 00, 

and ;r=-i22.= i33/. 6i. 8^* . ■ , - 

Therefore A expended io6/. 131. /^d. and B 166/. 131^4^^ 
pir.annufri* 

QUESTION XLIX. • 

^ Graziir bought in as many Shcepy of different ScriSy', 
as C4)ft him 33/. 75. bd. For the firfi Sort^ whi/h 
were ^ of the whole^ he paid Qi. bd, a-piece ; for the 
fecond Sort 9 ivhich were J of the vuhole^ be paid 1 1 sv - 
each ; and for the refiy lis, 6d* each. fVbat Number 
ef Sheep did be buy in all ? 

If ;r be the whole tramber of flieep ; 

then, the number of. the firft fort beings ^ and of the 

3 
fecond fort -.-, the number of the regaining fort (at islj. 

U. each) mtift be ;t-±-.iL:==J:?lZilZ21==if : 

3 4 li 12 

whence, by the conditions of the problem, we have 

iLxx9+— x2a+^x2S=i335J 
34'* 

that IS, -2-.+_^4.— I:.=i335. 

3 4 . 12 
Let each term of this equation be now multiplied by 
12, and it will become 

76flf+66jp+ 125;^= 16020, 

or, 267Ar=i6o2o» 
Therefore xs6o. 



QUESTION 
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QUESTION U 

A Draper^ of a Piece of Cloth^ Jiandsng him in. 31. ^^ 
per Tardy fold \ Part, at 4s. per lard ; } at 31. id* 
per Tard; J^ at y. 6d, per Tard ; and the Remnant 
at 3J. 4^. a Yard : and his Gain upon the fVhole^ wa$. 
1 55* 2d. How many Tards did the Piece contain P 

If the number fought be denoted by sc ; 
then the number of yards in the remnant 

.,1 , XXX Sox — iox^icx—iix lix 

Will be X—' =5 — 2 =--r^t 

3 4 .5 60 60 

Therefore by the queftion, we have 

— X48+— X44+— x42+-^X4o-38;r=i8a, 

A9X zdx 

cr, i6x+iix+^ — + -38;if=i82, 

that is J^+2^- ii;.=i82 : 
whence 126^ +130;!? -1654? =27 30. 
And therefore x =-21- = 30. # 

QUESTION LL 

J Dijliller propofes to mix Foreign Brandy^ flanding hint 
in 8 Shillings a Gallon, with Britijh Spirits of 3. 
Shillings per Gallon, in fuch Proportion that he may 
gain 30 per Cent by felling out the Compound at 95, a 
Gallon. What is that Proportion f 

Suppofe, that, with a Gallons of Brandy, he mixes 
X gallons of fpirits ; then, the brandy, ftanding him 
in 8'i (fhillings) and the fpirits in j^ (fliillings), the 
true value of tibe whole mixture will be 8^+3;?. 
But the value of a-\-x gallons, at 9 fliillings per 
gallon, is 9^+g*.: therefore, by laying out 8^+3;^^ 
he gahis a-^-bx \ and. fo 

we have 8^+3^ : «4-6;«' :: 100 : 30, by the quefiion. 

Confequently 
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dbnfequently iOoa+6oox=2j[Oa+i)Ox ; 
whence 5 1 o* = 1 40a, 

51 
1?*rom which it appears^, that to every 51 gallons of 
%randy, there muft be taken 14 gallons of fpirits. 

. QUESTION LIL 

tto find two Numbers in the Proportion of /^ to ^y frorn 

which two other (required) i^umbersy in the Proportion 

»f 6 to 'J beingy refpeftivelyy deduffedy the Remainders 

Jfhall he in the Proportion 0/2. to 3, and their Sum equal 

to 20* 

Let 4Ar and ^x be the two firft numbers, 

and Sy and ^y the other a* numbers. 

^hen 4.;c— 6y : 5^— 7y : : 2 : -^ 1 » ,» n- 
f, t: ^ ^ ^^ ^ \h the quenton% 

\xQTi\ which proportion, by multiplying extremes aha 
hieans> we have 12:^—1 8y=io;e—i ^y, and 
therefore x=2y\ which fubftituted in the above 
equation gives 1 8y — 1 37= 20 ; 

tvhence ^= — =4; and* (=2y)=8k 

Therefore the 2 firft numbers are 32 and 4O ; and the 
©ther two, 24 and 128. 

QUESTION Lilt. 

A Farmer foldy at one timey 30 Bujhek of Wheat and 
40 of Barley y and for the whole received 13/. lOi ; 
andy at another timey he fold 50 Buffyels of Wheat and 
30 of Barley y at the fame Prices as beforey and for the 
, whole received 17/. "The ^eftion hy to find what 
each Sort of Grain was fold at per Bufhcl 

Let X and J' exprefs the numbers of ftiillings, rcfpec- 
tively, that the wheat and barley were fold ^t per 
buftiel ; and then, from the conditions of the queftion, 
we flxall h^c the two following equations, viz. 

E . 30* 
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30^+40^=270, 

50*+30;^=340- 
From 4 times the fecond of which equations let 3 
times the JSrft be fubtraftcd, and there will remain 

J 10^=550. 

Therefore Ar=i5=5 j 



and 



(=-^h 



QUESTION LIV. 

jf Farmer^ with 28 Bu/beh of Barley^ at 2s. 4^. pet 
Bufl>el^ would mix Rycy at 3J. per Bujhel^ and Wheats 
at 4J, per Bti/hel ; fo that the whole Mixture may con^ 
Jtji of 100 Bti/helsy and be worth y*4d. a BuJheU 
How many Btfheh of Rye^ and how many of frheat 
muji he mingle with the Barley ? 

Let X be the number of huihels of eye, and y thofc 
of the wheat : then, the value of the barley being 
784 (pence), of the rye 36;p (pence), and of the wheat 
48^^ (pence), we have 

From the firft of which equations, take 36 times the 

fecond, and there refults, 

784-36x28+12)^=400, 

that is, — 224+1 2;^=400. 

Therefore 127=624, 

and confequentlyjp= — ^=5*2. 
Whence x (=100— 28-jr) =20* 



QUESTION 
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QUESTION LV. 

A and B, working together on the fame fVork^ can earn 
40 Shillings in 6 Days ; A and C together can earn 
54 Shillings in g Days ; and B and C, 8o Shillings in 
15 Day^. It is required to find what each Per/on^ 
aloncy can earn ptr Day. 

Let Xy y and 2 exprefs the numbers of fliillings in 
the three required values, refpeftively. 

r6*+6y==:40 1 
Then < 9^ + 92 = 54 \by the quefiion. 



6y==40 1 

9z=S4 ^*y^ 
. 152=80 J 

And <{ Af+2=6 U;^ divtjton. 



Hencej^— 2=1:, by fubtra^ing the 7jd equation from lyf. 

And 2^=6, ^j? i2^<5?/«^ fA^ two laji. 

Confequently ^ = 3. 

From which we have x (=.b\^y) =3|=3J. id, and 2: 

QUESTION LVL 

Fo find three Numbers^ fo that \ the firfi^ | of the fecondj 
and I of the thirds Jhall together be equal to 62 j alfo \ 
of the firfiy J of the fecond^ and ^ of the thirdy equal 
to 47; andy laftlyy \ of the firjl^ \ ofthefecond, and 
i of the thirdj equal to 38. 

Put ^==62, A=47, and ^=38 ; and let the three 
required numbers be denoted by Xy y and z, refpeftively ; 
then the conditions of the problem will be exprefled 
in the three following equations, viz. 

•* . J' . 2: 
— +— +— =^* 
« 3 4 

3 4 5 



^ , y . ^ 
456 



E 2 Which, 
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Which, cleared of fra6tions, become 

20^-f 15^+1 2Z~6o5 ' 

30Af 4- 24y+2.oz — 1 20c. 
Now (m order to exterminate z) let the fecond of thefo 
equations be taken from the double of the firft, an4 
alfo the treble of the third from the quintuple of tho 
fecond ; and there refults 

4*'+/=r48^— 6o^; and 

I o*- + 3[y = 300^ -.- 360c :. 
whence, by deda<Sting wie fecond of thefe from th^ 
treble of the former, and dividing by 2i there comes out; 

;if = 72^ — 240^ + 1 8of =24. 
From' which y (=48^—60^—4;^) is alfo found ;?:6Q|» 
and 2j (=^— |^^i;'X4) =120. 

QUESTION LVIL 

To dlvldt the Number go (a) int9 three Parts, fo that^ 
the Double of the firft Part +40 (b) ; the Treble of 
the fecond +20 (c) ; and the ^adrufle of the thiri 
+ 10 (d), may he all equal Of one another. 

Let x^ J, and % reprefent the three required part^j^ 
rcfpedlively ; then, from the conditions of the problem,^ 
we fhall have 

2x-{.b=zL^%-\-d. 
Now, in order to exterminate y ahi 2, let 12 times the 
firft equation, 4 times the lecond, and 3 times the 
third, be added all together ; and you will have 

26*'4-I2^4-I2Z + 7*=I2<Jf+l2);-|-I2;2 + 4c4-3^, 

Therefore 26;^= 12^4-4^+3^— 7^, 

and xz=, Lz-J-J L =qc, 

z6 "^^ 

Whence y ^=21±ii::i)==:3o, and z f =fl-;r-j') ==25. 

QUESTION 
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OyESTION LVIII. 

%find three Uumbers^ fi that thefirft with half the other 
twoy the fecond with \ of the other twoj and the tinrd 
with i of the other two, may he the fame^ and amomt 
to ^\ in each Cafe. 

Put ^?=:5i, and kt x^ y and z denote thetbjrce re* 
Quired numbers ; then, by the queftior^, 

z 

y^^J—:=za^ 
3 

4 
Which, cleared of fra<£kions, become 

From whence, by taking the fecond from the third, 

and the firft from the double of the fecond, there re- 

fults — 2^+32=:^, 

and 5;^+z=:4«. » 

And, by deducing the former of th^fe, from the treble 

of the latter, we have \^y^\ia^ 

Therefore y = r = 33 » 

2 (=4«-5^) =-^=39. 
»ni4 * (=3<J-3;'-2) =-^=15, 



QUESTION 
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QUESTION LIX. 

A certain Sum of Money was divided between three Per-- 
fons^ A, B and C ; fo that A'j Share exceeded f of 
the Shares of B and C hy 30/; alfo the Share of B 
exceeded |. ^ the Shares of A and C by 30/; and ^e 
Share of C likewife exceeded |. o/" /A^ Shares of A tf«^ 
'?> h 30/. T^ ^{/Hon iSf to find the Share of each 
ferfon. 

Let ^=30 ; and let x^ y^ and 2 be aflumed to cxprefe 
the three required numbers ; then by the conditions of 
the problem. 



t 



x^'^l±^=.a. 
7 

9 
Whence, by rcdfiSion, 

— 2Jr-^2y+9ac=:9^^• 

Now, to get rid of jf (which, becaufe of the even cocf- 
iiicents, is eafieft to be exterminated) let the double 
of the firft equation and the quadruple of the third 
be, fucceffively, added to the fecond ; by means where* 
of we have 

II;^— X!2=z22«, 

— 1 1^+33% =44^, 

Moreover, by adding thcfe two lafl equations together, 

we have 222=66/2, 

Therefore z=^3«=r9o ; 

whence » (=2^7+2;) =:5flr=i5o, 

*nd j^ ^=:<7+-|x;v+z) =4a=i20. 



QUESTION 
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QUESTION LX* 

If A and B together can ferform, a Piece of Work in 8 
Days ; A and C together in 9 Days ; and B and C /» 
10 Days. How many Days will it take each Per/on^ 
alone, to perform the fame fVork P 

Let the whole work be reprefented bv a, and let *, 
y, and x ftand for the parts thereof performed by A, B, 
and C in one day, refpedkively. 

then (8^+8^=^ 7, ^, 1. 
will ^9'*+9^=« Vby the quejiion. 
LTiOy-^lox^a} 

II 

jv+2 yby divijion* 

"J 

and 2y= — h — = * 

lo 72 720 

Confcquently jf=:-l£f- : from which a- (=_ — *v) ja 

found =i2f., 
720 

and z (=Ji— y) =:-i-f,. 
10 720 

Now, the part of the work (<j) performed by each per- ^ 

fon in one fingle day being thus affigned, the number 

of days it will take any one of them to do the whole, 

will be found by dividing the whole by the affigned part. 

Thus, /llf ) aJ^=1^J^^J. is the number of 
\720/ 41^ 41 '41 ' , 

days in which B, alone, can do the whole. And, in 

like 
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like manner^ the number of days in which A, or C| 
can do the w^ole, appears to be 

j^li, or ^'?X'^ refpedtivelr. 
49 3» 

QUESTION LXt* 

^ A^ B and C can^ tdgether^ finijh a Piece of Work in 9 
Dayi ; A, B and D together^ in 10 Days ; A, C and 
D together^ in 1 1 Days ; and B, C and D in 12. Days. 
Jn how long Time^an they all four, together y fini/h it ? 

Here, denoting the given numbers by a, h, r, and d^ 
and putting w, Ar, y^ and z, for the parts of the wholcf 
work (g) donebv each in one day, rcfpeaivclyt. we 
fliall, by the qucftion, have thefc equations, 



riz. 



aXu^x^j^Z 
\cX u+y'V%^ g 



or-< 



a 



«+;r+2:=il 



I 



*+;'+2=-~ J 



by^ dtVifionM 



. The fum of all whic h, divided by y 

gives tt+Af+jf+2=— x-^+-|-+-^+-^^ 

Therefore feeing the work don e by all rfie fo yr; m 

one day, is exprcffed by 2.x-^-|^4-+— +-^> thc^ 
• ^ a b c a 

whole work ^, divided hereby, will confequently 
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.w 3 _ 



abed abed 



— 3fffi^ _y £797 for the number of days 

bed^aed-i-abd+abe ' 2289 \ 

required. . ^ ^ 

QUESTION LXIL 

To find that Number whofe Square Root is to its Cube Root, 
in the Proportion of ^ to %. 

Let x^ cxprefs the required number : ^ 

then x^ will be its fquare root, 
and ^ its cube root. 
Now 4f^ : ** : : 5 : 2, by the queftion* 
Therefore zx^=^^x'^^ or 2;r=5 ; 

or, laftly, ;v=-l=2.S. 

Whence ;tf*= 244. 140625= the number fought. 

QUESTION LXIII. 

To find two Numbers in the Proportion £/* 3 '^ 5 ; whereof 
' the fifth Power of the firfl Jhall be to the third Power 
of the fecond^ as 972 to 125. 

If jjtf be put for the firft number, 
then ^x will exprefs the fecond ; and we fliall 
have "3^^ : 5*]^ : : 972 : 125, by the quefiion^ 
that is, 243A?' : 125^' : : 972 : 125. 
Hence 243;^' x 125 = 1^5*-^ x 972, 

or, 243** =972. 

Tlierefore ;r*=-2IL=4 ; 

and X'=z\/^'=z 2. So that 6 and 10 are the tw« 
numbers that were to be found. 

F QUESTION 
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QUESTION LXIV. 

To find three Numbers in the Ratio of ^^ ^, and |; 
whereof the Sum of all the Squares Jhall be 549. 

Let X denote the firft number, 

then it will be | : j ^ : * : ^= the fccond nwmbc?# 

3 

And i : i : : * : ^= the third number. 

Hence ;r*+^* +^* — 549> h ^*^ fiuejllon. 
3 I ^ » 

that is, ;t»+.^+^=5+9, 

9 4 . 

or, 36^:* + 1 6;r*+9;v*= 36x549. 

From which ;r» =illH2.=36 X 9, 

and ^=6x3=18. Therefore i8> 12 and 9^ are the 
three required numbers. 

Otherwife. 

By reducing the given fraftions |, |, and J, to the 
fame denomination, they will appear to be in the pro- 
portion of 6, 4 and 3. If, therefore, the firfl^ of the 
three numbers fought be denoted by bxy the other 
two will be expreffed by ^^ and 3.^, refpedlively : 
and fo we fhall have 
36^:* + i6;c* + gjv* = <49. 
Whence x=:^y and^-the numbers fought, as before. 

QUESTION LXV. 

Having given the Difference of two Numbers —6, arid 
their Produ^ = 7 20 ; to find the Numbers. 

Let the lefler of them be denoted by x ; ^then the 
greater will be ;ir+6 ; and fo, by the queftion, 
vire fliail have xx + 6^ = 7 20. 

But in order to the refolution of this equation {In 
which both the firft and fccond powers of x are in- 
volved) 
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volved) let half the coefficient of Xy which (in this 
cafe) is 3, be taken and fquared, and- let that fquare be 
added to both fides of the equation : by which means 
it becomes ^x^6x-\-^=:TZ(), 

Whereof the former part being now a compleat fquare, 
its root, may-j therefore, be extrafted ; and will be- 
cxprefled by the faid half- coeffident J9ined to x with 
its proper fign; tha^ is, by x-\^'i (as may be very 
€afily proved by the multiplication of at +3 into itfelf; 
whence ^;v+6^+9, the very quantity above is pro- 
duced.) Hence it is evident, that ^+3=:v/729=c27 
(for equal quantities h^ave equal fquare roots ;; and 
confequently x^2.^* 

QUESTION LXVI. 

The Sum of two Numbers being given =60, and the Sum 
of their Squares =1872 ; to find the Numbers. 

Let X be the greater of them ; 
then bo—x will be the lefler : 
and therefore x^+bo-^^xY =1872 ; 
•r A'*+36oo~i2o*'-|-;r*=:i872 : 
whence 2;r*-.i2o;tf=: — 1728, ' 

and ;»:*— 6o;r= — 864 : 
from which, by compleating the fquare (as in the lafl 
problem) yjt get ;v*-60Ar+9O0 (=-864+900) ^36.. 
and confequently, by taking the root, ;^-30=y/^-6^ 
Therefore ^=6+30=36: and 6o-;^=24: which are 
the two 'numbers that were to found. 

But, to fblve the problem in a more general manner 
(by letters) put the fum of the two numbers rza, the 
fum of theif fquares =:^, and the greater number -x^ * 
as before. 

Then will **+«*-2artr+A*=*, by the quefiion. 
Hence 2**-2«*'=^-.a% 

^tid x^^ax^~f^. 
^ t 

F,2 Where, 
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Where* half the coefficient of the fecond term bciflg — t 
the compleated fquare will therefore be 

4 V 2 > 4// 2 4 
from which, by extr acting t he root, 

we have * — ^z=\y — ; 

a V 2 4_^ 

and therefore jr=V/ 5f-j.iL: which,' if a be 

V 2 4 2 

taken =6o, and i=i8j2, will come out ±=36, the 
very fame as before ^ 

QUESTION LXVII. 

To divide the Number 60 (a) /«/• two fuch Parity that 
their Produ5i may i^ 864 (b). 

If X be put for the greater part, the leflcr will be 
denoted by a^x ; and we fliall therefore have 
aX'-'XX:=zb\ by the conditions of the queftion. 
This equation, by changing the figns of all its terms 
(in OKder to have the higheft power of ;» affirmative) 
becomes xx'^axz=:^h. 
Whence, by compleating the fquare* 

we have xx^aot-^. — = — ^ -| ; 

4 4 ^ 

and confequently jt—JI—V/ "-""*• 

Therefore x^\/ — — ^ + -5.=36, the greater part ; 
^ and flr-^*'=24, the lefler. 



QIJESTION 
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QUESTION LXVIIL 

% divide the Number 60 (a) htia two Parts^ fa that the 
Square 0/ the Greater multiplied ky the Lejfer^ added f 
the Square of the Leffer multiplied by the Greater^ may 
amount to 51 840 (bj. 

If ;v be the greater part ; then a^^ will be the Icflcr j 

and x^Xa-x'\-a''x\^Xx=b^ 
that IS, ax^^x^-^a^x—T^x^i-x^^b^ 
ov^'o^x—ax^zzib. 

Whence ;«* -^ax^ ; 

a 

wid, cbnfcquently, ;r=:\X — — — +—=36^ 
•^ 4 /* ^ 

QUESTION LXIX. 

The Sum of two Numbers- being given =r20 (a), and 
the Sum of their Cubes =2240 (b) ; to determine the 
Numbers^ 

Let X be the g reater ; thtna-^x will be the lefler ; 
and therefore x^ -{-a—xV =b^ 
that is, x^ +a' — 3a*;v+3a;e*— ;r* =i ": 
whence 3^*^— 30**=:^— a^, 

and x'^^ax=:.- — — . 

3<» 3 
Therefore, by compleating the fquare, 
- - aa/^ h a^ a* \ b «* . 

4^ a** 34/ 3« " 

and, by extr^dting the root, x-^-^^X/^ — . 

Confequcntly »=^+y^T!^=^+^/^Ji^ 

QJJESTION 
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QUESTION LXX. 

To divide the Number 24.0 (a) into two fuch Parts^ that 
the' greater Part divided by the Leffery may be to the 
lejfer Part divided by the Greater^ in the Proportion of 
147 /075 (or of m ton). 

If the greater part be denoted by *, the leflcr will be 
cxprcffed hj a^x\ and we ihall have 

A'-'X X 

Hepcc JH-^^HEH 



a—x 

and J!fl=J3 



xV 



from which, by cxtraiSmg the fqvare root, on both- 
fides, x\/±^a^x. 

Whence, putting \Xjl=:A, 
^ m _ c 

we have bx^ta—cx ; and confcquently ;p= J^ 

But, in the cafe above propofed, \/ — being = 

v/^=v/f=f' '^^ fa*^'^ **5. -7; «rf 

therefore- ,y=:^ '^?=y x 20=140. 



QUESTION 
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QUESTION LXXL 

V!wi> PVorkmeftj A and B> wert rniphnfed^ hy the Day, «f 
different Rates ; A at the end of a certain Number cf 
Day 5^ had 96 Shillings to receive ; hut B, who flayed 
6 of thofe DaySy received only 54 Shillings : but^ had 
. B worked the whole Time^ Mnd A flayed 6 Days^ they 
would have received escaiily alike. It is frofojed to find 
the Number of Days they were emfloyd \ and what each 
had a Day, 

Let jp be the number of days that A worked ; 
then :i^6 will be th* days that B worked. 

Moreover 2-, will be the wages of A fer day ; 

and -ii-, the wages of B fer day. 

Therefore -^~x;p, is what B would have earned, had . 
he worked the whole time : 

and 2* X A?— 6, what A would have earned had he played 
6 days. Which two values being equal, by the cjuefl:ion» 

^—6 X 

Whence, by reduction, 54^^=96 X;v— 61*, 

or, -2^=;v~6l* : therefore^ by extrading the fquare 

root on both fides, 2ia=:;p— 6 ; and confequently *=24. 

From which it is evident, that A had 4 ihillings, and 
B 3 fliillings, a day. 



QUESTION 
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QUESTION LXXII. 

From tivo Places^ at the Dtftmce of 326 ^a) ATtks, tM 
Perfonsy A andBf fet out, at the fame Timey in ordet 
to meet each other; A travelled 8 (b) Afiles a t>ay 
more than B ; and the Number of Days in ^hieh th^ 
met was equal to Half the Number of Aftles B went in 
a Day. It is required to find how far each travelled 
to meet the other. 

Let X be the number of days in which they met ; 

went a day. 

Therefore, by multiplying each of thefe by (x) the 

number of days, we have zxxy and 2xx-^bxy for 

the whole number of miles travelled by B and A, 

refpedtively : 

and confequcntly 4xx+bxz=:a. 

TT , bx bb a bb 

Hence xx-k- — +-— = — t---, 
464 4 64 



and x—\/ — +- ;r=8. 

' V 4 ^64 8 



Therefore 2xx:=i2%= the miles travelled by B; and 
2U';p4-^Ar=i92= thofe travelled by A* 

QUESTION LXXill. 

Two MeJJengers^ A and B, were difpatched at the fame 
Time, to a Place^ at the Diftance of 90 (a) Atiles ; 
the former of whomy by riding one Mile an Hour more 
than the other ^ arrived at . the end of his Journey 
one Hour before him. The ^ejiion iiy to find at what 
Rate each travelled '^tx Hour. 

\{x^ the miles that A rode per hour ; 
then x-^i will be the miles which B rode per hour : 

moreover — will be the number of hours in which A 

^^ ■ X 

performed 
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Jwrformed ihe whole journey ; and -^ will be the 

* nt^mb^r of hburs wherein B performed it. 
And therefore *^^— — I, iy the que/K§rh 

Whertice, by redudlibn4;if— 4=^*— **+*, 

orjif*— A?=tf. 

Therefore x^-^x+i^a+i (by compleating the fquarc) 

fiuid confequcntly ;r==\/«+i+i=9|+.i=5iO* ^ 

QUESTION LXXIV. 

7§ find two NtimberSf fo that their Sum multiplied hy thi 
Greater^ may, frodttce lOO times the Leffer, and ieing 
nmltipHed by the Leffir may produce 64 times the 
Greater. 

Let X denote the greater number^ and jr the leflcr. 
The n x-^-y * ;r=s i ooy^ 
And 4r+jfX>^=64Ar. 
Now, the fim of thcfe equations being multiplied by jf, 
and the fecond by Xy they become both alike ; 
and fo we have ioqy*=:64J^ • 
therefore, by taking the fquare root, iqy=8*, 

• and confequently jf=^ : which value fubftituted in 
the fecond equation, gives ;r+^x—=64Ar^ 

Whence *=ii^s44± J and/^as-S-. 
9 9 9 



QPESTION 
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QUESTION LXXV. 

To find three Numbers^ fo that their cantiftml Produti. 
divided by the Sum of each two of thentf may quote 
given Numbers ; or (which is the fame Thing) to deter^ 
mine the Values of Xj y and z, in the underwritten^ 
Equations. ' 

.^=200, .^21=150, .^=120. 
*+> *+» y+z 

Firft, by multiplicatioiiy 

Aryz=20O;r+20qyr=i5ox+i502=i2qy+ia02 : 

therefore, by rcdu6tion, 

5O*+20qy=i5o«l f *+4y=:3«, 

2oar+ 8qy=i20zJ l5J«?+2jf=3«. 

Hence ;r+4y=5x+2j'9 and therefore ^sr2;ir: 
which, fubftituted in 3z=«+4Xf gives 39;s9jr; 

and z=:^x. 
And, by fubilituting for both y and z^ in the equation 

-*-^=200, we get i-=200; 

x+y Jr+2* 

that is, 2;r*=5:a00. • 

Confequently ;r=iO, ^^=20, and 2;;=: 30. 

QUESTION LXXVL 

7i j/f«i/ /Ar ^a/io of two Numbers f whofe Refiangk is 
equal to the Square of their Difference. 

Let the leflcr number be to the greater as i is to ;r ; 
then, if the faid lefler number be denoted by a, the 
greater will b e cxpreffed by xz^ and we fliall have 
xzxz=xz^z\*f or y2;*=Af*2*— 2*z»+a» fby the quef* 
tionj. Whence, dividing the whole by «•, there re- 
fults *=*•— 2-jr+i. 
Therefore x^-^'^x^z — I ; 

and confcquently ;r =2^1^= 2.61 8 He. 

Hence 
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Hence the ratio of any two numbers, whofc rei^angle 
is equal to the fquare of their difference, muft be that 
of 2.61 S irff. to unity, 

QUESTION LXXVIL 

ITofind two Numbers^ whofe ProduH is QOO (a) ; /i thatf 
if 10 (b) ie lidded to the Lejfer^ Mnd% (c) fubtrafled 
from the Gr eater ^ the Produfi of the Sum and Remainder 
Jhallf alfo^ he equal to 300 (a). 

Let the greater number be denoted by x^ and the 
lefler by j^ ; 

then will \ ILl^J^ I by the problem. 
lx'-cxy-\'b:iza\ 

By the laft of which xy-{-hx-^cy^'cb=:a. 

From whence, the firft equation bing fubtrafted, there 

refts bx^cy^cb^o : 

therefore bx^ch-^-cy^ and ;p=l-Z£2[ : which fubftitutcd 

b 

in the firft equation, gives ULiiZ-=r^. 

b 

From which we have j>» + i^ =^ .: 

c 

and, by compleating the fquare, j^*+AyH — = — J-— • 

Whente;p=Y/T+7-T='5> 
and X ( =~) =20. 

QUESTION LXXVIIL 

7i divide lOo into tu/o fuch PartSy that their Difference 
may be to their Sum^ as their Re^f angle to the Difference 
rf their Squares. 

Let a reprefent half the given number, and x half 
the diffi^rence of its two parts ; then, the greater of 

G 2 thein 
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them being txpTC& d by a +x, and the l effcrb y ff-^ 

ft will be a* : KT : : tf+*xtf-* "• tf+«l*-tf-*l* ■ i 

that is, by rcdu Qion, x : a: : aa^xx : 4«r : 

hence ^x^=iaxaa^xXf * * r 

and therefore *=Y/— =22,36. 

So that, the greater pzxX is 72*36 i and the Icflcr 17,64- 

QUESTION LXXIX. 

To £ytdi ihs Number 60 (a) into two fuch Perth that 
their ProdtOl may he to the Sum 0/ their Sfuares^ m 
the Ratio of % (m) t9 s («)• 

' Let X be the greater part : 
then, the leffer part will be tf-*, 
the produ<a ax-^xx^ 

and the fum of the fquares fl»-a<wr+2a{^ 
Therefore m : « : : ax-^xx : fl*-2^^4-3U* ; 
andfo, imse^^Tmtx^mt^zzmx'-nx^* 
Whencej2m**+«**-^»W5— »<Mf= -««* » 

that is, am+ffx^^-^^+wx'Wf— '-flw^i 

f.mf^^dxsz^.. . ■■»> ^ . 

and *=:^\y/ — : ,+—=40. . 

QUESTION LXXX. 

J?i/jMf two Numbers whoje ProduaJhttO he 320 (a), 9nd 
ihe Difference of their Cubes to the Cube of th^ Btf* 
ference^ as 61 (n) is to Unity. 

Let X be the greater number, and y the leffer ^ 
.. th^ will xy^a^ 
mdx^-y^ ;7^' ::n:i, bythejuefiio/i.' - 

Which 
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"Wfucli, by aft ually involving ^—jp, 

becomes x^ —y^i^xir-^y+^f^^—y*: ! >»': i. • 

From' whence (by fubtpafting the c^wifrqucnts ^ota 

their antecetfents)'*''" ^, 

we get 3^V~3^/ • x^^^^y-^-ytf— y^ ; ; »— i : x ; , 

or, which is the famfe, 2^Xx-y : x-jV ; : ir-i : <* 

"Whence, div iding hy x—y, 

we have 3>yy : ^PJI* : : «— i : i ; * : 

or, y i.x-^y]^ : i'n^i : i (becaufc Ar^s?:^)* « . . .; ; 

From whence «r— v>=s_?f. ; 

« — i 

"andconfequently jf— jr= V ^tTT^ which ptit «?i. 
Then from the equations xy^za^ and ^-^y^t^f, th6 

value of * wiU be found =:l^^ifL±i=» ^ aad 
2 

that of >=?-iliit^=i6, vi^- Pr«4. 65. 
2 

The fame etherwifi. 

Let « denote, the half fum, and x the half differe^ifc# 
of the two numbers ; then the greater will be cxpreflcd 
by z+;r, and the leilcr by z-^x^ and we fhail there&re 

Th^ laft of which, divided by 2Xf 

fives 3z»+*fss4iu?, 
rom whence, the treble of the firft being dedu£tedty 
we havc4Af*s=4«**— 3«; and confequently ;r=s • 






Hence » (ss-v/^-M^) =J^; therefore %+^s:20» 

aa4 
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and 2—^=16; which zre the two nuAibers that were 
to be fouad« 

QUESTION LXXXI. 

jf Fanmr. received jL 4s. for a certain Quantity rf 
WheaU and an equal Sunty at a Price lefs by If- Wl 
a BtifljeU for a ^antity of Barley^ ivb'tcb exceeded 
that of the fVheathy j6 Bujhels. ijow many Bujbth 
were there of each P 

Put a=:the total value qf each fort of grain, 
Aszthe difference of the quantities, 
r=:the difference of the iirices^^r bufhel, 

and /ifsrthe number of bulhels of the wheat. 
Then, dividing the whole price by the number of 

bulhels. We have — for the price of the wheat per 

bufhel : and> in the fame manner, the price of the 

barley per bufhel will appear to be 7. 

Therefore r=r, by the queftion. 

Whence (by reduftion) ax^ab-^axzrzcx^-^bcx ^ 
or, —=zx^-^bx. 

€ 

Confequently ;if=\/ 1-^ =32, the number of 

. V c 4 » -^ 

bufhels of wheat; and ;(?+ 16:^48, the number of 

bufhels of barley. 



QUESTION 
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QUESTIGN LXXXHv 

' One bought tew Piecvf 0/ Cloth of different S^rts^ -whereof 
the finer coji 4. Shillings a lard more than the other ^^ 
fo that J for the fineft^ he paid 360 Shiilings ; whereas 
the coarfejiy which exceeded the fineji by 10 Tards^ 
•cofi him^ only^ 320 Shillings^ How maf^ Tards werg- 
there of each Piec^e P- 

Let X be the number of yards of tfac fineft, 
and ^9 the number of fliillings a yard : 
then ;r+ 10, will be the length of the coarfcft piec^ 
and j^— 4, its price per yari 

Hence S "^ =-1^^ h) the queftion. 

i^-f iox;'-4=32^J 
By the laft equation ;ry-|-iqy— 4flf=:36o; 
from whence deducing Ary =360, 
we have iqy— 4;e=:0. 

Therefore iOjf=4;r ; aadjf= — • Whidi, being fub- 

ftituted in the firft 'equation, we get -f^ = afio. 

Whence x comes out c:-y/900=30.- 

QUESTION LXXXIIL 

JTyere are two Numbers^ whofe Re^angh is equal to the 
Difference \ of their Squares ; and the Sum of their 
Squares is alfo equal to the Difference of their Cuies^ 
fPlat are thofe Numbers P 

Let ;v denote the IcfTer number, and let the greater be 
in proportion thereto as^ is to unity; or, which is the 
fame thing, let the greater number be denoted by *y. 

Therefore {'jT^^J^z _^}h diVifion. 

From 
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from the firft bi which equations, f-^y^i ; 
rhenee y •- jr + J = J^, and coniequently j*: 



i+yl" 



But, by the fecond equation, jr^ -^^ =:^^"^ (bc- 

(by multiplying both the numerator and denominator 
fcy y/S"^) — — ^* Therefore the two quantities 

fought are iv/Si and 5 i.» 



QUESTION LXXXIV* 

A fets out from London for Tork^ at the fame Itime as B 
Jets out from fork for London 5 and toe Rate at wbicB 
they travel is fuchf that A, 9 Hours after their meeting 
earrives at Tor if and B at London^ in 16 Hours after* 
HT^ ^e/lion w, to find in HXfhat Time each Traveller 
fetforms his Journey, 

Let X denote the number of hours travelled by each 
before the time of their meeting on the r6ad. 
Then, fmec A fly the former part of the qmftkn) 
goes over the very fame ground in o l[a) hours, as B 
travelled in ;r hours, we have, thererore, 2a a : xi i xi 

£f, the time wherein B travels a diftance equal to 
m 

that gone over by A, in ;r hours : but (iy the latter 
fart of the mteflion) B, in 16 (b) hours, travels the 
very fame diftance as A in 4r hours* Hence it 19 

evident that — mAb are equal to each other: 

and confequently that m ^y/<^zzit. 

Tberefoit 
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Therefore A perfonns'tbe jotutioy iaai bours^ and]^ 
la 28 hours. 

QUESTION LXXXV. 

?)&# 5«3W of igoL was divided between three Perfom ; 
* whofe Shares were in Geometrical Proportion^ and the 
ffreatefi of them exceeded the leqft by 50/. fVhat were 
. all the feveral Shares f 

If ^ be put for the leaft of them, then the greateft 
will be A'+so ; the fum of which two, fubtra6^ed from 
(190) thewhdle, leaves 140— 2;r for the mean (hare. 
Therefore, x : 140 ^2x: : 140 — 2* : ;r + 50, hjf the 

quejiion. _ 

And confcquently 140— 2*l*==*Xjf+50 ; 
that is, i96oo-56oAr+4;r»=Ar»+5C*. . 
Whence 3;^*— 610*= — 19600, 

and ;.»-^=:L-i9^. 
3 3 

' Hence, by compleating the fquare, 

^^_6io^ 95025 / J[9^ , .932»S.A _ 34^^5 . 
3 *9 V "" 3 9^ 9 ' 

4nd, by extra<fting the root, x — 22i=,+-Li^ 
- 8 3—3 

Therefore ;y=:; ??frV . ^ z=4Q : and fo the other two 

^ ihare? are 60 and 90^ pounds. 

QUESTION LXXXVI. 

Two ^Notes^ one of 120L payable in 6 Months^ and the 
'j ^ other of 150/. payable in 9 Months^ were di [counted 
I J^^^ ^^* '^•^* f^hat Rate of Inter eji were they djf" 
'' 'counted at? ' 

Let X denote the ihtereft of one pound for 12 months. 

Then the amount of i./. in 6 months being i + — , and, 

> -»* H in 
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in 9 months x+^ the pufent value of the bill, 4u^ 
tt the end of 6 |nonth?, wijl therefore be ^ v and 
/i&a/ of the bill, 4bc at the end of 9 months, -jqp|j» 
Whence, we havc-Ji|-+-^ (=120+150-8.5) 

sr a6 1 , 5 (^*y ^ A^ queftidn.) 

WJiich, by reduftion, becomes |20+90a;+iSO+7S;v 

g=26i,5xi-hi.i^ -hi^; 

^ . ic a6i,c X 8+10*+^** 
or, 27o+i65*=-r4i ^ ■ > 

o 

Therefore H°±3iiill=3*.+,ar+8, 

that is, J}^:^l^=yc^^xox-\-Z; 
From which we have 

3^W 3x523 

Whence, by compleating the fquare, &Ct 

* is found =v/^^^* --^= 

^ 1569 1 569 1 1569 

/7^6ir,j69+..95Xia95-i^9S ^0^0^393. Which 

multiplied by loo, gives 5,093/. or 5/. u. io\d. 
.nearly, for the rate per cent, at which the notes Vfcje 
clifcounted. 



QUESTION 
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QUESTION LXXXVIL 

A and B tahf in Trade^ 5940/. per Annum; each ; hut 
A, whofe Profits are 2 per Cent, greater than thofe of 
JB, clean lOOL ]^er Annum more than B» ff hat are 
the Profits of each^ per Cent ? And what do they clear 
per Annum ? 

Let r=: 160 (pounds)^. 
b (=5940) =the whole fum takeh by each, 
^/ ( =: 100/.) rs.the given difference of their gainsj 
*=what A gains ^^ cent. 
x^a {^x^2) = what B gains ^^ f«//. 
Now, fince A, in taking c-{-x pounds, gains x pounds^ 

it will be c+x : x : : b i , the whole gain of A : 

c+x . ** 

and, in the fame manne r, we have, 

r+AT^tf : x^a X : b I — -fLU^y the whole gain of B t 

therefore -^,— ^-^ IZ^zizd^ by the duefiiom 

Hence abc^x*'\-2cx''ax^ac-\^ccxd; 

and confequently x*+2.c-^axx^ — -f^+ac—cci 

d 

Wiwince, by compleating the fquare^ 

A • rZ . ic — a] * abc . aa 

2 \ d_ 4. 



and therefore ;r=4/ _i.4-ff_. 
^ d 4. 



= 10. 



2 

From which it appears that A gained 10 per cent, and 
cleared 540/. per annum ; and that B gained 8 pir cent, 
and cleared 440/* per allium., 



li a QUESTION 
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QUESTION LXXXVni. 

Of four Numbers in Geometrical ProrreJJion^ there h 
given the Sum of the tivo leaft =:20 (a) and the Sum of 
the two greateji =45 (b) ; n find the Uianbers* 

Let X denote the firft nupiber, and y the third ; 
then the fecond being exprefled hy a-^x^ and the fourtb 
by A—^, the four terms of the progreffion, placed in 
order, will ftandthus, x^ a^Xf y^ b—y^ 
Whence, by the nature of proportionals. 



we have 5*x*-y=«-*xjr, 



hx 
From the firft of which equations y is = — : and, by 

'hx^ ^ 

fubftituting in the fecond, we have ^a^x^. 

a 

Whence, by extradling the fquare root on both fides, 

and confequently jr= r==r8« 

Therefore 8, 12, 18, and 27, are the four numbers 
that were to be found. 

. QUESTION LXXXIX. 

The Sum of jooL (a) was divided among four Perfonsj 
A, B, C and D; whofe Shares were in Geometrical 
Progrejffion ; and the Difference between the greateji and 
leajl^ was to the Difference between the two Means^ as 
37 (m) to 12 (n). What were all the feveral Shares t 

Let the fliare of A, or the firft term of the progref- 
fion, be denoted by x^ and let the common ratio be 
that of I to J'. 

Then 
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and xf-x:xy''"'xy::min\'^ ^ ^ 

FrOTi which proportion we have 

j^3-i=PTx^, or >»^>+i=S (by dividing the 

whole by;p-i). ' 

Hence ^^ is found = ■ ^^ =' ^^ '" 

^Jl. Whence * f= , ^ x.i. 3 ) '^ S"^^^" =" 

2,7x700 _^^^ Therefore the four ftiarcs are 
27+36+484-64 
108, I44f 19^^ and 256/. 

QPESTION • XC 

Of four Numbers in Arithmetical Progrtffiony the Sum f/ 
the Squares of the two Means is given ±=400 (a) ; and 
the Sum of the S^mares of the two Extremes =464 (b)- 
To determine the Numbers. 

If ;r be put for the Icflcr extreme, and y for the 
i common difference; then the four numbers will be 
cxprcfled by, 
*j x-\-y, ;r+2y,- and x-\^y refpeftively ; and we 

&all therefore have 5^+^i>i±^*==^l or ^ 

Whence, by fubtraflion, /^f-:=.b-^a'. 
and therefore ^= ^=4. 

But, by the firfi equation, x^-^-ycy^^ §2L : 

from which ,f looking upon y as known) we get 

^ i ^ % 

Therefore 
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tThcreforc 8, J2, ifi^ and 20, arc the four numbers' 
tfeiat were to be found* 

QUESTION XCi. 

7h Sum of four Numbers, in Jrlthmetical Prdgreffidm 
ieing given =56 (b), and the Sum of their Squares = 
S64 (c) ; tofnd the Numbers, 

If half the fum of the two middle number^ be denoted 
by <i, and half their difference by x, the numbers 
themfelvcs will be expreffed by a^xy and a-^x : and 
w e fhall have 

S a-3^+ ^-^+a+^'{'a+^x=i 'fby thenatureqf 

I a^^]*-^a'-x*^a^x\^+aJ^2^Y=zc 5 the queJHom 
Hence, by redudlion, 4^=*, and 4/7/^ +20^ =f. 

Therefore .1=1=14; and ;r=\XIIif =2. 

From which the numbers themfelvcs are given ; bfcing 
89 12, 16 and 20. 

By the fame way of proceeding the problem may be 
refolved, when the progreffipn is fuppofed to confift 
of 6, 89 lo, or any other, even, number (n) of terms. 

Fbr the fum of the fqiiares of the t^o irieans {a^*^ 
and «+*) being =2x^fl+Ar;r; and the fum of the 
fquares of the two ter ms (a— 'jx and ^+3;^) next ad- 
jacent to them =2xal3+9«^; alfo the fum of the 
fquares of the two terms (^^5 ^ and ^?+ 5;r) next 

adjacent to thefe laft being ^ixaa^is^x^ ^c. lie* 
It follows that 

Which equation, by putting 1+9+25+36+ tic. 
(continued to ^ terms) =/, is reduced to naa^zf^x 



=f# 



Whence 
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Whence Ar=4/ ^""^^^ ; from which, as a is given 
ssJL, the value of at will alfo be known. 

QUESTION XCII. 

Having the Sum (b) and the Sum of the Squares (c) of 
five Numbers^ in Arithmetical Progrejfion \ to determine 
the ProgreJJianp 

Let a denote the middle number, and x the common 
difference ; then the five terms of the progreffion 
will be» a^2xy a—xj tf, tf+^, and fl+2;p ; whence we 
have 5^=^, and ^aa-^ioxx^Cy by the conditions of 

the qucftion. From which q is found = — , and x (^ 



V^ lO 2/ V io'"50* 



After the fame manner the problem may be inveftigated,^ 

when any odd number {n} of terms is propounded : . 

for the fum of the fquares of the a terms (a~^x and 

a^x) adjacent to the middle one being :=L2xaa^xxi 
and that of the two terms {a-^o.x and «+2;v) neict 
to thefe =i2xa^^^xj l^cm l^c. it is Evident tliere* 

fore that 

aa+2xaa+xx+2xaa + ^xx'i'2xaa + gxx+ i^c. =f. 
Which equation, by putting i+4Hr94-i6-h £s?r. 

(to — I^ terms) ==/, becomes naai-'lfxx^zc. 

Hence x=\/r ^ — |^ ; frpm which, as a is given =3 

ir-, all the terms of the progreffion will be known. 

By a like procefs, if, inftead of the fum of the fquares, 
the fum of the cubes, or biquadratcs, be given, the 
problem n»y be r<?folvedf 

QUESTION 
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QUESTION XCIII. 

,A Traveller^ bound to a certain Place at the Di/iance 
ff 140 Miles f goes 26 Afiles the firji Day^ 24 MiUs 
the fecond Day^ 22 Miles the third \ and fo on^ in 
jlvithmet'ual ProgreJJion^ decreajing 2 Aftles every Day. 
In how many Days will he arrive at the End of his 
yintrney f 

Put *=I40, the whole, given, diftancc, 

<=26, the part thereof travelled in the firft day, 
^=2, the common difference by which each 
day's journey decreafes, 
mdxsithe number of days wherein the wholt 
journey is performed* 
Then, from the nature of the qucftion, it i$ evident, 
that, the laft day's journey will fall fhort of the firft, 
Yi^i x-'^ times the common difference {d)j^ and is, 
therefore, truly exprefled by c^x- 1 y.d. 
But it is well known that the fum of any arithmetical 
progrefli»^n is equal to the fum of the firft and l;|ft ternm 
multiplied by half the number ot the terms : 

hence we have r + r — jr - 1 x ^x — for the whole 

diftancc travelled ; and confequcntly this equation, 

ar-jp-ix^x— =*. 

2 

Whence 2r*-<i*»+^4f=2*, 

d - 



and 



>xx^ — 



Frojn which x 



=±n/ 






T+- 



»d 



=7. 



QUESTION 
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QUESTION XCIV, 

Jlfter A, who travelled at the Rate of 4 Miles an HouTf 
had been fet out two Hours and three Quarter s, B A/ 
out to overtake him ; and in order thereto went 4| Aides 
the firft Hour ^ £^\ the fecond^ 5 the third \ and fo on^ 
gaining a garter of a Afile every Hour, How many 
Hours did it take him to come up with A ? 

Put <a=4, the diftance travelled by A, per hour. 
^■=11, the diftance gone by A before B fet out, 
r=4f, the miles travelled by B in the firft hour, 
</= J of a mile, the common excefs, 
and;v=sthe number of hours required. 
Then it is evident (from the preceding problem) that the 
diftance travelled b y B, in the laft hour, will be r+ 

x^\y,d\ and that 2f+;e— ix^/x — will exprefs the, 

2 

whole diftance travelled by B in x hours. 

But the diftance of A in ;ir hours being ax^ the whole 

diftance travelled by A will therefore \yt ax^h\ which 

being equal to that of B (hy the quefHon) we thence 

have, 

2c+*-l xdx—=:ax+b ; 

and confequently zcx^dx^^dx^iax-^-ib ; 

or xx-^ x* = -7. 

d a 

Which (by making "''"-^ =f) gives 
d 

;r=\/ -r+~— =^=8, the number of hours re- 
^ d ^ z 

quired. 



QUESTION 
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QUESTION XCV. 

7o find four Numbers in Arithmetical Progreffion^ which 
being increafed by 2, 4, 8 and 15, refpe^ively, the 
Sums Jhallbe in Geometrical ProgreJJion. 

Let X denote the leaft number, and y the common 
difference. Then the four numbers will be exprdGTed 
by^, x^y, A'+2y, and;r+3^; 
and the four fpecified fums, 
^y/^+2, ^+;'+4, Ar+2>'+8, and *+3J'+i5; 
Whence, by th e nature of geometrical proportionals, 

wehave jl±?^l±3>±^^5±4b» 

that is \y^+Ay=^^^ \by multiplication, 

l2)'»+iq>'+2=5;rj and tranfpofition. 
Hence 5/+2o>'=4;^+2o;'+4; 
therefore j^=r4, andj|;=2: 

From which ^=6 ; fo that the other three numbers are 
8, 10, and 12 refpedively. 

For 6, 8| 10 and 12 are in arithmetical progrefSon ; 
and 6+2, 8+4, 10+8, and 12+15, are in geome- 
trical progrefllon. 

QUESTION XCVI. 

The Re^angle (a) and the Sum of the Cubes (b) of tw 
Numbers being given ; to determine the Numbers. 

Let X denote the greater, and y the lefler number : 

then will I ^-^ =^3 _y j by the quefiion. 

Whence, by involution, x^y^=a^y . ' 

and Ar^+ 2^-3/+/=^*. 

Let the quadruple of the former of thefe two equations 
be fuhtrafted from the latter, and you will have ;r^ — 
2;^y +/=A*-4«* ; 

and. 
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and, by e xtra6tin g the fquare root, on both fides, 
x^ -y^ =^s/y^-/^ \ Wh ich, added to the firft equation 
gives 2;e^=*+v/^*-4a^. 



Confequently xz=\/ Ib-^-l^ybb-z^a^ ; 



The fame othertvtfe. 



a 



Since ^j'=tf, we have r= — ; and therefore 

X 

x^^ — -^=^9 by the queftion. 

Whence x^ -{-a^ =^;v% 

or, x^ —bx^ = —a^* 

Therefore, by compleating the fquare, 

x^^bx^^tlfJI^aA^^l^; 

4V 4 ^ 4 ^ 

and, by extrafting the root, x^ zn— — '~ - ^'* . 

Hence x^ =|3 + l\/bb-/i,a^ ; 

and confequently the values of x and y^ the very fame 

as before. 

From either of the above folutions, a general theorem, 

for the refolution of cubic equations (according to the 

manner of Cardan) is very eafily deducible. 

For, by putting z^x-^y^ and involving each fide to 

the third power, we have %^ =ix^ + '^x^y-\-'^xy'^'\-y^ =z 

^3 ^yi 4-2^^ X x-^-y^x^ +y + 3« X z (by fubftituting for 

Afy and jf+j/, their equals, a and z). From whence, 

by tranfpofition, 

el -3^2 (^x^-\^y^) =^. 

But itiappears from above, that z {:s=.X'\-y) 

I 2 is 
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Which value, therefore, is the true root of the 
equation %^—'^az=^b. 

From which the root of the 'equation 2 5+r2=3 
(where the fecond term is pofitive) will alfo be given, 
by afluming — 3a— f, and fubftituting for a: whence 
X is found 



*^43l 2^431 

QUESTION XCVII. 

The Difference of tW9 Numbers being given =4, and the 
Sum of their Cubes =2240 ; to determine the Numbets. 

Let X denote their half fum, and d their half dif- 
ference, then the greater being x-i-df and the Icffcr 
x—d^ we have 
J+51' +7^' =2240, 
that is 2Af 3 ■{•6d^x=22^0j 

or, x^+3d*x=^. 

Put ^=3^/* ( = 12), and ^=:i!i£ ( = 1120) 

then it will become x^ •i-cx'^b : 

from whence by the general theorem, in the laft 

problem, x=z 

^ 

^^4 31 ^^431 

Thefore 12 {=x-{-d) and 8 {zzx-^dj are the two 
numbers that were to be found, 

QJJESTION 
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QUESTION XCVIII. 

// is prfpofed to divide the Number 24 (2^) into two fuch 
Parts, .that the Difference of their Cubes may be 
3584 (2^). 
Let a ^x exp refs the greater part, and a-^x the leffer; 

then will a^x\ ' -a-xX^ -2* ; 

that is, ba^x-\-2x^=^2b\ 

ox X^^^O^Xzzzb* ^_ 

Put .=3«S and V i-+\/^+-p'==r. 
Then willAr3+r;r=^, 

and x;p=r-i^=r4, by the theorem in the preceding page. 

r ' 

Whence 8 and 16 are the two required numbers. 

QUESTION XCIX. 

The Sum of the Squares of two Numbers being given =208 
(g) and the Sum of their Cubes =2240 (h) ; to find 
the Numbers. 

Let the greater number be denoted by at+j^, and the 
lefferby^— ;': 

then wiii{jf,+^^;^r^ 

From the firft of thefe equations, multiplied by 3^, let 

the fecond be fubtraSed ; 

whence you will have ^^ z^^^x — h ; 

and confequently x^ — :J^4— L^o; 

44 
that is, in numbers, x^ -~i^bx-\-^tO::zO\ 
the roots of which equation (by Se£i:. .12 of my Treatife 
of Algebra) will be found to be 10,4, and — 14> 
whereof the firft, only, is for our purpofc : by means 

ofwhich wegetjr=(v/ip^-*') =2. ^ 

Therefore 
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Therefore 12 and 8 are the two numbers that fulfil the 
conditions of the problem. 

Note. The refolBtjon of the above equation, by the 
theorem referred to in the preceding examples, is im- 
poffible ; becaufe the fquare root of a negative quantity 
is to be extracted ; as, upon trial, will be found. 

QUESTION C. 

Hhe Sum (a) and the contintml Produii (b) of four Num- 
bers, in Geometrical ProgreJJioriy being given ; to deter* 
mine the Numbers* 



If the lefler of the two means be reprefented by x—y^^ 
and th e greater by x-\-y^ we fliall have 

x-^-y x-y \by the quejiion, 

and x—y^^ x^+j'i*^^ j 

From the fecond of thefe equations, by putting r =^/7^ 

a nd ex trafting the fquare root, there comes out 

X'-yxx^y {^xx-^yy) =r. 
Mor eover, from the firft, we get 

X'-ji^-)r ixy.X '-y y.x^ y'ii^x^^^ay^x^yy^X'\-y\ 

or, icx-\-x—^^ '\-x-\-y\ 3 z=iac (by fubftitution) 

that is, icx-^zx^+S^^^zac; 

or 2x:x+2x^ 'i-6xxxx^Cr=ac (becaufe ;y^=;e*—r J 

Hence Af3— £5— ^. From which, by the theorem 

in page 60, the value of x may be found. 



QUESTION 
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QUESTION CI. 

Tie Compound Inter eft of a certain Sum of Money ^ put out 
for 4 Years^ amounted to 344/. t^ J ^«^ the Jimplt 
Intereji thereof for the fame 7'ime, and at the fame 
Ratey would have been only 320/. fVhat was the Sum 
put out f and what the Rate of Inter eji P 

Put ^^=344.8I, and ^=320; and let x denote the 
intereft of i/. for one year. 

Therefore, fince the fimple intere ft of i/. for 4 years 
IS 4xy and the compound intereft 7+^'* — 1, or 4;p+ 

we have, as 4A?+6Ar*+4r3 +x^ : 4x i : a : by by the 
nature of the queftion : 

and confequently 6x-{-^'^'^x^ =^""^ =0.310135, 

b 
From the refolution of which equation, x will be 
found =.05. Therefore the rate of intereft was 5 per 
cent, and the fum put out 1600/. 

QUESTION CII. 

The Sum (s) and the Produ£l (p) of any two Numbers 
being given^ to find the Sum of the Squares^ Cubes, 
Biquadratesy l^c. of thofe Nuntbers. 

Let the two numbers be denoted by x and j^ : 

The former of which equations, fquared, 

gives af*-f 2A?y+/=j* ; from whence the double of the 

latter being fubtraded, 

we get ;tfa +;'*:-_ .y*-2/>, the fum of the fquares. 

Let this equation he muhiplied by ;r+^=j, 
and there arifes x^ -^xf-^-yx^^y^ =j3 — aj/>, 
or, x^ +Aryx^+j'+;'3 _j3 — 2j/>, 
that is, Ar3+^xJ+;'3=i'-2J/, (becaufe xy:=^py and 

Therefore 
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Therefore x^'{'y^:=zsi —35^, thefum of the aAes. 
Again, multiply this laft e quation by *+^=j, 

and you will hav e x^-^-xyx ** +/ -{-y^ :=s^— y^p^ 

or x^ ^pxs^- 2? +/ =^* - Zs*p ( becaufe *» +7* =:> - 2/, J 
Whence :v*+/=^J*-4J*? + 2/*, the fum of the fmtrth 
powers. . . * 

"Multipl y, agai n, by *'+7=j, and you will have 

X^ +Arj^X;p3 +j,3 +^5 -_j5 -4j3^ + 2J/>% 

or, ;r^+)>^^3--3i/>.+/=^*-4i3/>+25/»j 
and therefore ^^+7*=^^— S^3^+5Ji/>*, thefum of the 
^ fifth powers. 
from whence the law of continuation is m'anifeft ; 
being fuch, that the fum of the next fuperior powers 
will, always^ be obtained by multiplying the fum of the 
powers laft found by 1, and fubtradliog the fum of the 
•preceding ones drawn into^, from the produft. 
So that the fum of the »* powers (exprefled in a gene- 
ral manner) ^ 

or ;r"+/, will be ^s"" ^ns^'^^'p^ny^'tZV^^p' ^jt% 

2 

3Lx ^J />^ + »X ^X X ^5 A**-— brr. 

^3 234^ 

QUESTION cm. 

IThe Sum (a) and the Sum of the Squares (b) of four 
Numbers^ in Geometrical Progrefjion being given ; to find 
the Numbers* 

If X and y be aflumed to rcptefent the two middle 
numbers, then, from the nature of centiaued pro* 
portionals, the two extremes will be expreffed by 

ff and ;S1 : and fo 

J X ' ■ ■'••.. »-,.'. 

vreihallhavci-+*+y+^=^, ; 

y X ' ■ - « 

and fl+«»+/4Zl=*. 

Put 
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« 

i^ut ;r+y=», and «jr=z : 

then, from the firft equation, — 4.4.=fl-«, 
' ^ y^ X 

and therefore x^ -{-y^ =.xyxa^u. 

But, becaufe the fum of the two means {x and jr) i^ 

^xprdBfed by «, and their reAangle hj^ %, it is evidqnt^ 

Jromquejlion 102, that the fum of their fauares [x!^f 

f) will be exhibited by «»-2«, and the fum of their 

cubes (;r3+^3) hy u^ ^ynz. 

And, in like manner, the fum of the twp extremes 

/— +2L\ being denbted by a-^u, and their re<aangle~ 

by 35, the fum of their fquares will be xsg-^ y)* — ag^ 
and the fum of their cubes =:tf-«|3— 3fl-3«x% (b^t 
this laft is of no ufe in the prefent cafe.) 
Hence, by fubftituting thefe feVeral vidues in our 
fecond, and laft equations-, 

we get g — «!* — 2 2 + tt* -^2.Z5^^, 

and «3 .j^jsszxa^K; 
that is, by reduction, 

and «3-.2»-f-axz; 

and, confequently, 2K+tfX2«*— 2fl«+«*— *==4«^ : 

whence, by reduftion, «*H — f^= — ^^^—\ 
and therefore «=a / ^"^ _., J^ ±. 



aa 



From which the feveral values of «, at, > will alfo 
become known. 

QUESTION CIV. 

T'be Sum (a) and the Sum of the Cubes (c) of four 
numbers in continued Geometrical Proportion being given; 
to determine the Numbers. 

Let the notation of the precfiding problem be fctaiiicd ; 
then our two equations fin this cafe) 

^ K will 
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But, it appears, /rem thence, that the fom of the c^he*. 
(*3 ^^3) of the two means is =^3 ^^i^^ j and that thm 

fum of the cubes f^^-L.\ of the two extremes is = 

^-«l'-3"-3«x^- Therefort our l aft eq uation, by 

fubftituting thefc values, becomes «3 +a— «)s — q^jz— V, 

And, it appears, by the laft problem^ 

that the firA equ ation (b y a like fubftitutiou) 

is reduced to u 3 .22^^^^;^^ 

Htince, by exterminating z out of the two equation* 

thus derived, and putting, 'L^l.^d^ weohtaia 
3 a« 

or ^3 ^au^^aa-^'Xd'Ku^ad-o. , ' 

From whence, the value of u being found, the reft of 
the quantities will be known. - 

In the fame manner the problem may be refolved, 
when (inftead of the fum of the cubes) the fum of thb 
4tn» 5th, or 6th, l^c. powers is given* 
For the fum of the «* powers of the two means (or 
*" + J'") being, umverfally^ = «^ — ««n^i2 4- « X ^""-^ 
i/n-22* &f^. ^&^ ^eftion loa.) ^ 

and the fum of the w'*' powers of the two extremes 

the fum of the roots is here -a^u) ; 

we tjierefere have tt -\-7^^nxKt^z^^^^^^^ 

equation, by writing ^£^ inftead of it*.eq«al k, ba- 

come» 
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comes a«+r^« — ?^xyn^2 4,7Z;;;]n--2+ ''^""'^ 

« — — .==r— 

)<==—- x«"-"4+<i--j^n-^4+ ^c. =c. Whence 2^ may 
befouQQ. 

QUESTION CV- 

Having given the Sum. (a) tf;^^ rAf 5«;« £/" ^i'^ Squares 
(bj £/* /i;^ Numhers in Geometrical ProgreJJion \ t9 
determne the Progrejpon* > 

Let Xi a, and y denote the three middle numbers, 

taken in order: then — will be the £rft numbetj, 

and -2-2 the laft ; and we fliall have i ' , 



% 



by the quejiign. 



Put u^X'\'y ; then, from the firft equation, 

XX vy ' ^ 

.«• a 

ThCrefpre, feeing the fiim of the two extremes i* 

exprefled by a— «— af, and their reilangle by z* (from 

the nature of proportionals) the fum of thisir fquares 

will Ke =a— «— %la— 22* (by ^eftion I02.) 

Mo^icover, the fum (x^y} of the two terms adjacent 

to the middle one being =«, and their reftangle = 

2*, the fum of their fquares (x*\y^) will thererore be 

,.5=?i**^a2;» (by the famt.) 

And, fo, by fubf ljtuting thefe values above,. '\ 

we get d!— «— 2]*— 2z*+t^*— 2z*+z*=^, 

K a Whence 
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Whence <2*-2tf«—2/wj+2«*+a«»—22*=:i, 

and ^2— «•— «z+z*=o. - 

The double of which lail equation, added to the former, 

gives a*— 2a«=i; whence m=— — • 

From which, and the equation ««—«*—««+ a* =0, 
the valuiP of 2 will alfo become known. 

QUESTION CVI. 

The Sum (a) anil the Sum cf the Cubes (b;) of five 
Numbers^ in continued Geometrical Proportion being 
given 'y to find the Numbers. 

Retaining the notation of the laft problem, and pro- 
ceeding iiAhefa^^ we have 

and fl2-«»-KZ^-za-0 (t(s before.) 

The firft of w hich equations, by reduAion, becomes 

From whence the other equation, multiplied by 3*, 
being fub trafl ed, there remains 

therefore «*+2«z-a*-flXKT«=iL^f!. 

3* 3 
But, by the fecond equation, «*+2«2-2*=/72 + a2 ; 

whence, by fubftitution, iiz-f kz— ax«Hhz=-2 !L\ 

b a^ ^^ * 

fhat is, uz-^az='. ; 

3« 3 
or ax -^uzzi^d ^hy putting — — --—dj. 

From which, the ftcond equation being fpbtradted, 
there refults 

u*^z*:^d: wherein let f-f!^z£\ the value of u 

(found from the former equation) be now fubftituted, 

and 
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and we fhall have f5Z:^_a»:=^; and confcquendy 
x* 

Whence z will be found. 

QUESTION CVIL 

The Sum (a), the Sum of the Squares (b), and the Sum of 
the Cubes (cj, of any three Numbers being given \ t9 
determine the Numbers. 

Let them be denoted by ;r, y and % ; then 

r 5^"^^a^';=f ?we ihall, by tranfpofition, 
fince j^»+/+z* = ^ f have ^ 

"Now, by multiplying together the two firft of thcfe 
equations^ 

we have x^ ^^^y+xy'^j^y^ =:ab^bz:^at^+zy. 
And, by cubing of the firft, we alfo have 
^^+3**)'+3^*+j'^=«'--3«*2+3«z*— as3': which, de- 
duced from the trebk of the. former, 
leaves 2;p3 4.2^3 -.j^^^iis 4.q««z«.3^z_-6flz*+4«3 2. 
and, this being =.zc^2z^. (by the third equation) wc 
therefore have 

and confequently z^ —az^-l X«= 2 — L — , 

2 6 

From whence (when a^ b and'c are exprefled in num- 
bers) three different roots, or values of z, may be 
found, anfwering a]l the conditions of the problem. 

Thus, for example, let a=:g^ ^=29, and ^=99; 

Jthen our equation will become z^ — 92* +262— 24= o- 

, And (by either of the two firft methods explained 

in Sefl:. 12. of my Treatife of Jlgebra) the three 

rOQts^ in this cafe, will be found to be 2, 3 and '4. 

which 
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yo Algebkaigal ^oblems. 

Which numbers arc, therefore, the true values of*, y 
and %9 in the equ^XiooB x-^yi^zst^ «*4^-f«*e5«9, 

QUESTION CVIII. 

7& Sum (a), the Sum of the Squares (b), the Sum ofib^ 
Cubes (c), and the Sum of the Biquadrates (d), 9/ any 
four Numiers being given ; to determine the Numiers* 

Let the four Numbers be denoted by at, y, 2 and u; 
and put A=:tf-.f^, B=:^-.«S C=f-*»3, andD=:i/— «♦. 
From whence, by the conditions of the problem^ 

* -f 7 -f z ='A, 

Now, if the Second of thefc equations, be fubtra&ed 

ftem the fquare of the firft, 

we fliall have 2.ry+2*24.2y2=A*— B* 

And if, in like manner, the fourth equation be fub- 

tra(9;ed from the fquare of the fecond, we fliall have 

a*»y*+2«»fl^ +2)'»a» =B*-D. 

Moreover, if from tlie fquare of the former of thcfe laft 

equations, the. double of the latter be dedudlcd, there 

will come out 

Zx'yz+Sytxz+i^xy=A*^zk*B^B^+2D ; 

or, 8;ty»x;r+j^+as=A*-2A»B-*B»+aD; 

whence ^^A--^A»B B,^,p ^^^^^ ^^^^. 

z^A.) 

Again, by multiplying the £ril and fifth equations 
into each other, we get 2x*y+2:(*zJ^2fxJ^U.fz+23Pt 
+2»*j'4-6*yz=:A3 _AB. 

And, by multiplying the firft and third together, 
there arifcs «3 j^ys ^.ga +xy-i^x*z+y*x+y*z^z*X'Jh^*y 
sAB. 

The 
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X^e double of which laft taken from the precedent, leates 
^xjz-^ix^ —ay' - 2a* =A^ - 3AB. And this, added txr^ 

2;p«4.ay5+a2*=2C, 

gives 6;ifyz= A* -*'3AB+2C« 

r, A5-3AB+aC , „ . A-*-^2A>B^B>-faD 
Hence -^ ^.^ \^xy%j = — 

(p, dove.) 

and confequently, by feduAion, A*-.6A»B+8AC+^ 

In which equation let the fcvcral yalncs of A, B, C 
andD, be now fubftituted, and then (dividing the whok 

ky 24) we, at lengthy have »*-«a^-f— i^H-xa* — 

6 %x 

four roots (found by any of the known methods) 
anfwer all the conditions of the problem* 

QUESTION CIX. 

Ji fnd the leaft Whole Number, which being divided hj 
19^ Jhalt produce a Remainder of 7 ; but, being divided 
by 28, the Remainder Jball be I j, 

Lttt i9;r+'7i denote the number fought ; where Xf 
according to the queftion^ muft be a whole number^ 
And, by xht qudlion, it likewife appears that 19;^+ 
7- 13, or, its eqtral, 194; -'6, muft be divifible by 28 
(without a remainder.) 

But it is plain that 28;^ is divifible by 28 : therefore 
(9^+6) the difierence between i9Ar-6 and 28;^*, njuft 
alfo be divHibfe by the fame number 28. For it is well 
known that^ whatever number*, or quantity, meafiirei 
the whole, and one part, of another (without a r^ 
niainder). muft do the fame by the remaining part. 
Henc^ (i8«+i2) the double of 9;t+6, being divifible 
by 28, if the fame be fubtradled from 19;^- 6 (in order 
to get X without a coefficent) the remainder, ;r-i8, 
will, Jiillf be divifible by the fame number ; and con- 

fequently 
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ieqtiently Jr-iS, either^ equal to nothui^» or to foilfe 
multiple of 28. But» as the leafi value of at is reqiure4#. 
jr-i8 rauft be =0. And therefore I9*47=c349» *'»' 
niimbcr required. 

QUESTION ex. ; 

dcmdin Perfm bought as many Gee/e cmdDucksy together 4 
as cojl him 14. Shillings \ for the Geefe he paid 2 J. 2I/. 
a^piecf ; and for the Ducks is, ^d. fFbat Number had 
i^ of each? 

Let X denote the number of the geefe^ and y that 
of the ducks ; 
fo fliall 26;p+ 15^=168, by the queflton. 

and therefore y= ■ ■ = 1 1 »;y «- ^. 

Which being a whole number, by the nature of the 
problem, ii;v-3 muft, therefore, be (exaftly) diyifible 

by 15- . 

But it is plain that 15;^ is di^vifible by 15 5 and that its 
cxcefs above ii;p-2, which is 4jr-|-3, muftf likewife^ 
be divifible by the lame number. Let the laft expref«" 
fion (4^+3) be now multiplied by 3, and the preceding 
one (11^-3) fubtradted fron:i the prodlill (in ordfer 
to get X without a coefficent) whence you will have 
;«+X2; which being, y?///, divifiible by 15, it is plaiii 
that X muft either be 3, of 3 added to iomt multipl# 
of 15, as 18, 33, 48, (5^f. But it is apparent, from the 
nature of the queftion, that ail tfaefe numbers, except 
the firft, arc too large. Tliereforc there were 3 ffeefe^ 
and 6 ducks ; wbicly laft number (the value of jy.hcing 
known) is found direftly £rom the equation exhibited 
above. 



QUESTION 
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QPJESTION (iXt 

d^ bavingi at Playl .vm. a certain Number of CmneaSf * 
not exceeding ioo> and heing a/ked to tell tie "Number ^\ 
made this Reply : *< If the Number of Guineas I have' 
** won be divided by 9, there mil remain 6 ; but^ if 
«* the Number of Shillings contained in them be divided 
•* by 29> *bere will remain 12." The ^ejiion is, to 
' Jmdwhat Number hfGtdneas he was a Winner of ' ' ''^ 

Let 9;e+6 denote the number fought; wlicfe, ac- 
cording to the queftion, x muft be a whole number. 
Then, the number of ihillings being 189;^+ 54, it alfo 

appears that JL?9f+if^^2Lil,' of its equal 4* + 2 +# 

39 

"^'*"" muft be a whole number; and therefore 
* '3 
j|X;v+i2, divifiblcby. 13. 

Let the number 12 (for the fake of brevity) be de- 
noted by » ; 

then, 13;^, and ixx^n being, both, divifible by 13,. 
their difference ^x-^n muft dl o be d ivifible by the fame 
nvmber; and fo, likewife, 2;r-«xC, of it$ equal 
lox^gn. And, if this be fubtra£led from itx-^n, the. 
remainder ;if+6if (or ;r+72) will,;y?i7/, be divifible by 

15. But 22 is :=it + J-: therefore ^+7 muft be 
^ 13 «3 

divifiUe by 13 ; and confequcntly the value of ;if, either, 
equal to 6, or 6 added to fome multiple of 13 : but, 
as the value of 9x4-6 is not to exceed zoo (by the 
tfoeftion) that of « cannnot be greater thaii 6. And 
nierefore the niunber fought can be no other than 69* 



QUESTION 
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QUESTION CXII. 

A Perfoh, in exchiingefor a Number of Pieces t^f F^ftAgn^ 
Gold J vdlued ai lys. ijJL eaehf received a cmain 
Number of Guineas (not exceeding ^oj and^He filing 
over. What was the Sum exchanged? 

If * be put for the ntimber of pieces of fortign 
gold, and y for the number of guineas ; thtti h is 
plain, from the queflion, that 52;c=63^+3; and 
confeqttcntly tiiat 

52 ^ 52 * i 
Here iiy+n (fuppofing «=3) muft be divifible l)jr 
52; as muft, alfo,. its quintuple 55y+5«- And, if 
from this laft, ^2y be fubtradled, and the remftihdet' be 
multiplied by 4, wefliallhave i2y+2jon; whicb muft 
be, ftill, divifible by the fame tiumber ; and fo Uke- 

wife its excefs {y-hignj above iiy+n. But -22?-— 

51~iu-J-; therefore y+c is, either, equal to 52, or 

to fome multiple of ^t; and coniequently y tqmaif 
cith^ry to 47, 99, 151, fsfc. 

. JBut, as the value of y, by the queftion, is i!ic^ grei^er 
than 5P, all the numbers, after the firft, are too large. 
Hence it appears that he received 47 guineas and wie 
fhilling, in. exchange for 57 foreign-pieces ; amoonttag 
in value to 49/. &• fterlir^* 

QUESTION CXIIL 

One laid oUt 10 IShillings in 20 'Fowls^ of three different 
Sorts, viz. Chickens^ Pigeons y and Larks : the Chickens 
CO ft him lldy the Pigeons 4^, and the Larks id^ a^i^ce. 
How many had he of each f 

Let Xy yy and % denote the numbers of the three 
fcveral forts, refpefkively. 

Then 
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Then will (*+/+«=*^ ]hythcqueflton. 

_ And, by fubtrafting the former of thefe equations from 
the latter, we have ii*+37— loo; and therefore^^= 

;; =33 — 3;ir --, Now, 2;ir— I being di- 

vifible by 3, it is evident that (;r+ 1 ) its diiFerencc from 
3Ar, muft likcwifc be diviiible by 3 ; and, confcquefttly, 
that » jnuft either be a, or 2 increafed by fome mul- 
tiple of 3 ; that is, equal to fome one of the numbers 0, 
5> 8, II, 14, fffc. But, as neither, jf nor 2 can be 
greater than i8 (by the queftion). fo all the foregoing 
numbers, below and above 8, give the value of j^' either 
too great, or too fmalL 

But, when jr is taken 8» y will come out =4, and z 
=8 i which arc the three numbers required. 

QUESTION CXIV- 

*7S determine all the feveral Ways whereby it is pvfftble to 
pay 60/. in Guineas and Moidores^ only. 

Let X denote the number of guineas, and y the 
Jnwnber of moidores« 
Then will 2i;r+27;'=l200; or 7^5+97=400, by 

the problem % and therefore x = ^ , ^^^ = ^j -y - 

7 

-2^^^. From whence, as 2y- 1 is divifible by 7, it will 

7 
appqar, by reafoning as in the preceding examples, 
that j'+3 muft be divifible by the fame number; and 
confequently that the leaft valvie of j' is =4. 

and the correfponding value of ;p ( =57^— 7— iLZi j =52. 

Now, having found the Itaft value of ^, and the 
greateft of ;r, the reft of the anfwers will be obtained, 
by adding 7 (the coefficient of ;t in the above equation) 
1^0 the lAft v^ue oi y^ contimuilly^ and fubtitafling 9 
jthe coefficent oi y) from the laft value. of V- , By 
' L 2 means 
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means of which we get the 6 following {olutionSji ^'^ 

all the queftion admits of. 

viz J '=5^* 43» 34. as, i6, or, 7, 

^ • U= 4> "» i8f as, 32, or, 39, 

QUESTION CXV, 

Tc find how marn PFays it is p&ffible to pay 2<A4n Halfif 
Guineasy and Half-CrovJnii without any other^ort of 
Coin. 

If ;r be the number of half-guineas, and jp the num- 
ber of half-crowns; we flialT have 2XAr+s>'=8oo; 

and therefore y=?22Z±if=i6o'^4J^-^- Whence it 

S S. 

uppearsy at one view, that ;r is a multiple of 5 : and 

therefore, the feveral, required, values of x being cx-^ 
preffed by 5, 10, xs» 20, 2S, 30 and 35, thofe of\y, 
anfwering thereto, muft be 139, 110, 97, 76, ^^^ 
t4, and 13, refpe^ively. So tba( there are 7 anfweirs 
m this cafe* 

QUESTION CXVI. 

jl Reckoning of 20 Shillings was fpent by a Company of 
twenty Perjons^ ^onjijiing of Officers^ Sailors, and 
Marines: each' Officer paid is, bd. each Sailor I2^/, 
and each Marine dd. How many Perfons were there 
of each Denomination ? 

Let the three required numbers b^ denoted by Xj y^ 
and Zy refpeftively ; 

And, by fubtrafling 8 times the former -of thefe 
equations from the latter, we ihall have 22;^+4)r=8o ; 

and therefore y=20'--J^. 
2 

But, y being a whole number, it is plain that x muft 

\k an even number^ and, alfo, Icfs than 4 ; and there- 

fpr« 
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J^lte oin be BO 6thct tliah 2. From whence y is given 
=9, and z=9, likewife. s 

QUESTION CXVII. 

Tif find a Numhery tubichy being divided hy 28, Jhatl 
produce a Remainder ef jg; but^ being divided by I9» 

' the Remainder Jhall be 15; and^ being divided by ^^^ 
the Remainder Jhall be !!• 

Let 28:^+19 denote the number fought; where ar, 
according to the firft condition of the problem, muft 
be a whole numbet. And, by the fecond condition, 
it appears that 28;p+i9-i5 muft be divifible by 19. 
Whence (following the method obferved in the pre- 
ceding examples) the leaft value of *,is found =±8 : aed 
fo Iijz+B (where z denotes any whole number) is a 
general value of ;«•, anfwering the two firft conditions* 

Let this be, therefore, fubftituted inftead of^; and 
our affumed expreflion will become 532«+a43- 
Jrom whence, as 5322+232 is divifible by 15, the 
leaft value of z will be found =14. And I5»+I4> 
will be a general value of % : whidh, fubftituted in 
• 532Z+243, gives 798o«+769i for a general anfwer 
to the problem; where n may be, either^ equat to 
pothing, or any whole number* 

QUESTION CXVIIL 

To find three Numbersy in the Proportion of 5, 7, and 9 ; 
which beings fisverally^ divided by 1 1, I3> and I5^ 
there Jhall remain i^ 2, and "^^ refpe^ively. 

Let 5;^, ^Xy and gx denote the three required num- 
bers : tlien, by the queftion, 5;v-i> 7*-2> ^nd 9*-3, 
muft be, refpe<aively, divifible by 11, 131 and 15 
(without leaving any remainder.) . 

But it will be found (by proceeding as in the foregoing 
^ problems) that the leaft value of x to anfwer the firft 
pf thefe cpuditionsj will be =9 : therefore g+m* 
: ' (whera 
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(where % denotes any whole nxunber) will be a getien^ 
value of x^ anfwering the fame condition. 

Let this value be, therefore, fubftituted in the fecoodi 
and third expreffions; which, by that means, will 
become 77Z+61, and 992+78. And then, as the 
ibrmer of thefe is divifible by i^ the leait value of Zy 
to fulfil this condition, will (alio) be found ^9. 

Let, therefore, 9+13^ (which is a general valuQ 
for z) be fubftituted in the laft of the three expreffions, 
and it wiU become 13^+9x99+ 78* Which being 
divifible by 15, the \ part thereof, or i3«+9X334-2t6 
{ =429a4-323) muft, confequently< be divifible by 5. 
Whence u is found =3: therefore z f=i3K+9) = 
48, and;^ (==ii2:+9) =537. So that the three leaft 
numbers, anfwering the conditions of the problem, 
are 2685, 3759, and 4833. 

QUESTION CXIX. 

Suppq/ing 6x + 7y + 8z=ziOO; it Is required to find all 
the pofftble values of n^ y, and 7.y in while Numbers. 

In queftions of this kind, where you have three, or 
more, indeterminate quantities, and but one equation, 
it will be proper, firft of all, to find the limits of thofc 

quantities. Thus, bccaufe;g= ^^^^P""— i=i6-;'-»— ' 





it appears that x cannot be greater than 14. 



6 ' 

And, in the fame manner, it will appear that j^ cannot 
be greater than i2; nor z greater than 10. 

Now, as jp is a whole number, by the queftion, 
^+2«— 4 muft therefore be divifible by 6 : and, as az 
and 4 are even numbers, it is plain that j^ muft alfo be 
an even number (fince an odd one cannot be divided 
by an even one, without a remainder). Let y ^9 
therefore, firft expounded by che leaft even number 
(?l), fp will jr+2«— 4become =22— 2: which, being 
divifible by 6, it is plain that as-i (the half thereof) is 
. . ' divifible 
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jlivifiWe by 3 ; aad confequently that the feveral Yshief 
"of j8 (when ^=2) arc i,* 4, 7, and 10. 
Whence the correfpondirig values of *, by fubftitutin^ 
above^ will appear to be 13, 9, 5, and i. 

Lct^ be now taken =4; then ^-f- 2^— 4 will be 3^ 
sx : and fo, z being divifible by 3, the feveral values 
of Zf m thit cafet will be 3, 6, 9. But the two firft 
nrf Aefe, only^ .are for cor purpofe, the laft giving 

Bv taking 7=16, ^d proceeding in the fame manner, 
Wcikall get two other anfwers ; wbcbein % will be 7^ 
and 5 ; and at, 7 and 3. And, by taking y=Sj, tvr6 
inore anfwers will be iound (making 10 in the whole; 
.lifhiph are a}l the queftion admits of; and which, being 
f^cd in order, will ftand as below* 



;' 


% 


X 


2 

4 

6 
£ 


I. 4. 7. 10 
3.6. 

a. 5. 
1.4. 


I3-9-5-I 
8.4. 

6.2. 



QUESTION CXX. 



it is propofed to find all 
y and z, in whole pofiti^f 



If i7x+i9y+2iz=r4oo; 
the pojfthle Values of x, 
l^umhers. 

When the ccfefficients of the indeterminate quan- 
tities Xt y and % arc nearly equal, as in this example, 
it will be convenient to fubftitute for the- fum of thofe 
quantities: thus, \tx. x-\-y-\-%=:m\ then, by fubtradi- 
ing 17 times this laft equation from the preceding one, 
we fliall have 2>'+i^2;=400— 17m ; and by fubtra£i:- 
ing the given equation from 21 times the affumed ong 
*+J'+»=^> there will remain ^+2y=z2im^/^oo. 
Therefore, fmce y and z can have no values lefs than 
unity, it is plain, from the firft of thefe two equations, 
^at 400 ---x J m cannot be lefs than 6, and therefore m 

not 
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not greater thJia ^^"^ or 23 : alfo, becaufe by t<i# 

iccond of the two Ian equations, 2,im^j^co cannot be 
Jefs than 6, it is obvious that m cannot be lefs than 

y^^ or i^ : therefore 19 and 23 arc the limits of 

m in this cafe- Thefc being determined, let ^at be 
' tniafpofed in the laft equation, and the whole divided 

by 2, and we fliall have y = lom — aoo — ix + ^i 

which bring a whole number, by the queftion, it is 

evident that — muft likewife be a whole number, and 

a 

tonicquently m equal to an even number ; which, as 
the limits ofm are 19 and 23^ can only be 20, or 22 : 
Let, therefore, m be iirft taken =20, thenj' will become 
ssio—2x7indzfm'^x—yJ io+a:; wherein * being taken 
equal to i, 2, 3 and 4 fuccd&vely, we fliall have y 
equal to 8, 6, 4, a% and z equal to 11, 12, 13, 14, 
refpc£lively ; which are four of the anfwers required. 

'Again, let w be taken =22, then will ^^=31— 2*- and 
2=x— 9» in which let x be tskkea equal to 10, xr, 12, 
13, 14 and 15 fucceffively, and j^ will come out ssii, 9, 
7f 5> 3 and I, and 2 — I, 2, J, 4, f and 6, rcfpcc- 

. lively. Therefore we have the ten following anfwers 
in wnole numbers ; which are all the queftion admits 
of. 



*= I 


2 


3 


4 


10 


XI 


12 


13 


H 


>= 8 


6 


4 


2 


u 


9 


7 


5 


3 


atzsii 


12 


^3 


H 


1 


2 


3 


4 


1 S 



I 

6. 



QUESTION 
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QpESTION CXXl. ' 

% find two Whole Numhersy whereof the Differinee of thi 
Squares Jhail he 77. . • ,^ 

Let the Icflcr number be *, and the greater *+j» ; 
and fnp pofe th e number given to be.reprcfcntcd fey ^ * 

thftt is^ 2mx'\'mmziia : 

. dnd eohfequently y= ^'^'"? =j — ' — ^-t-« 

* • '' 2m 'im a , 

Whence we alfo have x+m=~ — h — ( = — —J* 

zm z \\ ,• ^am / 

. But, in t^e cafe propofed, a being =77. - 

i becomes =t:-22 — i^, and ;r+m=:-^^^ — h-^ J 

a/v 2 .210 ^ . • > 

which being both required in whole numbers, it is 

«vident» in the firft plate, that m muft be fom6 

divifor of 7*7 j and, I^ofidly, that 21 nnift be greatet 

dianm ; and confeqii^Atly m lefs than 9/ 

But the divifor s of 77, below 9^ are | ^nd 7 : which 
numbers beine wrote wcceffivclyj in the rQom of ;», 
the corrdpbnding values of j; will come out J3> and 2; 
amd^thofe t^f x+fk, J4 and 9, refpedlively. So that 
the queftion, in the cafe propofed, admits of two 
anfwers, and no more. 

QUESTION cxxn/ 

To find a Whole Number y to which il and 25 bcln^y fuc* 
cejpvely^ added^ both the Sumsjhall he fquare Numhers. 

Let z be the number fought; and afTume x and 
^+m for the roots of the two fquares : 

then will {^^+;-^I^.}.>.*M->». 

M Hence, 



Digitized by VjOOQIC 



Hence, by fubtraftgjgthc fbnncr cqiiation from th* 
latter, we get i'2=x+m\*^x^=z2mX'^mm ; 

•aiid therefSfe ;ri=-ii— i^. Which betng H WKtIfe' 

nnmbcr, w muft be = i : whence ;r = 6 ; and z 
(s:4;»-.i2) =24. .... 

QUESTION CXXill. - . i 

' - ; . "■ */^ 

7i find three Whole Numbers^ fo that the Sum of the 
Sqmres of the-twu leaji of tbemfhnU be equal' to the 
Square, of the GreateJI, 

It appears frdm the problem preceding the laft, 

that the difference of the fduares of 1±^, and ^"^^^ 

U » univer fall y, equa l tog, 

or i_22! JiZ^^z^a i let a and m be trhat they will- 

^m /^fkm - ' 

Whence it is alfo plain th^ia+mtA^^a-^iiii'^+^^^ka. 

But, fince it is required to have 4?«»M,^afquarepiimi- 
ber (as well as the other two) a mull thercfe«^. be a 
fijuaire ndmfefer ) I^ it b e «S an d then our equation 
will become «;i4->«m|*~««--w»2l*-j-2iw;il^ : wfcrc '«i 
and « may be expounded by any whole numbers, at 
pleafure* 

Thtxs, for 'cXafnple, fuppofew=i, and «r=2 ; then 
there will come out 5*=3»+4*. Again, let w=2, 
and «=3, and there arifes i3]*='5]»+i2)». Laffly, 
let mzzz and «=5, and you will get 29]*=27l*+20 *• 



'1'" 



QUESTION 



r 
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qUESTION CXXIV. 

,2^ Ji(i4 {kW, Whfde NumlA&jy whoje Sfuaris igre in 
JritbmHcal Projprejfton. 

Let jr, , y+w, and ^ +;gex pre fs thr cp fuch numbers. 
/ So /h^ll 4r+;nJ*-;rf=*+«]*-;if+ml% by the nature 
of the problem. 

' Whence x is found =^^"'^^. 

Put 4;?r-r^=F4» 4Qd f^^aj»^=zb; then *=— , ;^+>w 

^ — 4^, and A:+if= — ^-^. Now, a^ th/e iquares 

of *— , ■ ^ > and f — *-21. are in arithinetical progt-ef- 

a 4 a . 

fion, it is plain that the fquares of their iquimuitipks^ 
k^ b^am% and h^an, muft be in arithmetical progref- 
(xoa likewiGb. . From whence, by expounding m and n 
by. diiFerent whole numbei^Sy fucceffi^vely, as many par- 
ticular anfwers as you pleafe^ may be exhibited. 
; Thus, if msi%:2f)d n:^^; tlytj^j a, being =32* and 
izsilf there will come out I, 5, and 7. But, if ^=3 
and «p5j we ihall get 7, 13, anfi 17, for ano^er 
^nfwer. \ .. . ^ 

QJJESTION CXXV. 

Sufpojing x»=z»+az4.l? (where a and b denote given 
J^um^sJ ; it ts required to find the Values of x and i 
(if pojjtble) in fVhoh Numoers. 

Put Jr==2-j-m; then, by fubftitution. 

and confequently 2= . Which value, by putting 

#-ia«i?=» (or«5=-= — ) becomes =-— ^ > ■. =g 

^^' Ma J of 
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Jt}f-lIlil-2a+»« From which it is evident, that^^ 

to have the value of z a vrhole number, n muft^be 
fomt divifor of the given quantity -^tf— 4^, and tfacrt^ 
fore even or odd, according as a is even or odA. . 

'Example. Suppofe the given equation to bccoxnc j^s= 
5^^+20% ; i n which cafe , a being =529f and bz:zOr,^?Kp. 

hz\tzz=lx-^^ — 404-»; where the, even, divifors'ot 

of 400' are 2, 4, 8, 10, ts^c. whereof the fecond will 
be found to anfwer ; the values of z and x coming out 
x6 and 24, rcfpeflively. 
Again, fuppofe the given equation to become a* =2 

jt*+ io(^+ 1000 : here we have »=J x —20a + n : 

And the, even, dtvifors of 6000, are 2, 4, 6, 8, 10, 
12, 16, 20, »Wc. Whereof 4, la, and 20 fucceed. 
By the laft of thefe (which determines the leaft values) 
z comes out =30, and x=jOn 

QUESTION CXXVI. 

, Having given x*=a*+b2-f cz% wherein a, b and c 
dencte given fVhole Numbers ; it is required to find the 
Values of X and z (if pojjible) in Whole Numbers, 



Put x^za-^mz ; then will ^+W2|*=a*+te+<r2*; 
that is, ^»+2^?wz+iw*z*=«*+te-{-^%*- 

Whence z comes out = ~^^^ : 

where it is evident, that, in order to have a pofitive 
value, m niuftbe taken equal to fome number between 

v/f, and — * 

2a ' 

Thus,, fuppofing the given equation to become **= 

64-*i2%Hr5^*f the value of m, in this cafe, muft be 

lefc 
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Icfs than v/T, and greater than — i|. Let it thcaxr 

^fCrbe cxpoun4ed l^y, 2 and i, fucceffively ; . ^.., 

^yheoce "/^"'^?^, or its equal iii^ (which is^ 

her^, the value otz) will come out 44 and 7 refpe<£livc\y ; 
atid thcr correfpbnding values of ;r (a^mz) are found'tp 
Se 96 and 15 : both which anfwcr die conditions of th# 
irolil^ov , . ,^ V ' .! 

TiV •• • '• '. ^' ^^ 



PART 
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PART II. 
CONTAINING 



ji Variety ^Geometrical PrqblkmSa ,.iwi 
ibeir SoitUtions : ^/i^ ^y Algebra^ n/tl 
independent ofity from Principles purely Geome^ 

TEICAL. 



.LTHOUGH the chief dcfign of tW? wmJ; 
confifts not in exhibiting a number of rules and pre- 
cepts, but in illuftrating thofe already knowni on tbe 
fubje£i, by a fet of proper and ufcful examples ; yet, 
as we are in this part to treat of the inveftigation of 
Geometrical Problems, without calling in the afl^ftancc 
of Algebra fa thing hitherto verjr litue confi^ered by 
^nthors, though in itfelf very mtercfiing and ufcful) , 
it may not be amifs, before we proceed to particular 
cafes, to premifc a few general obfervations on tjhijs 
head, ^ 

!• In the firft place, then, it is neccflary, in order 
to the conftruftion of Geometrical Problems,^ that , 
fomething of the Geometric Loci fliould be underftood. — 
Thus it will be of ufe to know that the place of the 
vertex of a triangle, whereof the bafe and oppoiite 
angle are fuppofed to remain conftant, while the other 
fides and angles vary, will always fall in the circum- 
ference >of a circle paffing through the extremities of 
the bafe. This appears from Euclid^ B. 3. Prap. 21 ; 
and is alfo deraonftrated in my Elements 0/ Plane Giometry^ 
-fi* 3, Prop. 9, I/? edit, or B. 3, Theor. li, 4/A edit. 

It ought moreover to be known, that the Iocu$ , 
of the vertex, when the ratio of the two fides and the 

bafe 
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if$k ef the; trkmgk ate ffftn^ Q)r roiitintie ifiyiiritbi^ 
will, alfoy be the circunifcrcDce of a cirde^ divi<]iD^ 
tbe bafe in the ^verl ratio. (For the demonftrmm cf 
v;kicbyfi4 Elem^^piane G^omtty, £. i^ Prop. 13, tft^^^ 
If the fum, -Off the diiFcrencev of the fqoarcs 6f thfc 
two fides, t^eche^' with the baft» be fbppofed giT^ 
tiiiB locus of the vertex will, Jllll^ be the circunatefchcl 
^, a circle, i». the former cafe; arid i right-lihe^ m 
the latter /t'i^^ & »» iP»^* «^ tji Mu or iB* jir> 

. But, if the fuiA, ot the difference, ^f Ihe (i^^ 
themiclves, is given ; then the locus will, either, M 
the arch ©f a» eUipfi»oi*anlfyperbbIa (as is Well knchvn 
to thofe who have touched uponconic-feAioos,) Btit 
thefe two laft are not admitted m <the conftrti€liotl^ €^ 
linear and pls^te problems ; of which, only, wc.ptlr{N^ 
Xp treat. — ^The problcnisv 6f the following colledt^on^ 
wherein the uiTe of the Gtemdric^Loci^ above fpectfi^edi 
i& particularly eretnpli&ed, are the ii^ la, li^, 34,. 

35» 481U M S^'^ •. c . 

' iz? when, in ttie figure to be conftru(fted, the fiihii? 
or thie difference, <tf two adjadant fides happens to be 
given ; it will.be propeiv fi'rftj to fdttn a triangle,* 
i^, that the feid f*m, .or difference, may be orie dF 
it8 fides; and, then, to donfider,. what other fides^ 
or angles, will be giy^n, or become known, in eon^ 
fequence thereof. This rule is illuftrated in the i, ' 
a, 18, 29, 3o'N and fome other of the . fucceeding" 
problems. 

2? It often happens that the ratio of two, or more, 
lines is'ji;iven, from the nature of the figure, or by 
hypothefis, though the lines themfelves are abfolutely 
unknown : in all fuch cafes we muft endeavour, by" 
drawing parallels (or fome other way) to obtain other 
lines in the fame given ratio: fo that, one of thern^ 
being giten, or known from the nature of the figurc^ 
or problem, the other may alfo become Jcnown, — The 
«fe^ this rule, which is very extenfive, willparticu- 

* • larly 
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lirly appear in the folntions to the 3, 13^ f6» 22, i4f 
2J» 37f and 56*. problems. 

4? JButy if the lines, whereof the ratio is giyen^ 
ihoxild happen to lye remote of each other ; then, by 
the help of thofe, we muft endeavour to . determine 
the ratio of others, lying nearer together ; and fo on, 
till we obtain (if poffible) the ratio of two lines, that 
are both fides of the fame triangle ; wherein one angle 
^d the remaining fiie <or fome other, two, parts| 
are given, — For the better underftanding this rule, 
confult the folutions to the 49^ and ^^^ problems, in 
particular. 

5? Laftly, when the refkangle under two unknown 
lines is given, either, a mean proportional muft be 
found, or elfe, two other lines muft be affigned, by 
forming fimilar triangles (or fome other way) fo as to 
comprehend an equal re&angle ; and fo that, one of 
them being given by the nature of the figure, the 
other may alfo become known. This rule is excnr- 
plified in the 4, 5, 6, 9, 10, 21, 36, 40, 41, 44,. 
and 53*. problems. 

Beiides the above; otlier obfcrvations might be here 
laid down ; but thofe already delivered being the moft 
general that have occurred to me, I fhall now proceed 
on in the refolution of problems ; the proper bufinclt 
of this work. 



PROBLEM 
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u^ . .PROBLEM. L 

0ne Leg BC, and tie Diference between the other Isg 
«r.: AB and the Hypothenufe AC, of a right-angled Triangle 
• ABC, being given ^ to find bcti AB and Ai^. 

\ JPut BC=a, AB=:*, and AC=*+^; (b being jjfic 
^yca jiifferencc) then 




ACI* bciBg «;ABl»-h 
SC]» (EUm. 8. 2.*) wc 
.have XX -f ^bx -f M sa- 
flrx 4* IU7 : whence TJbx 
z^aa^bb ; and confe- 

quently *=^-'^ 

— -. From which AC (*+*) is given =1?+-1. 

. Geometricallj. 

If, in AB produced, there be taken BD equal to 
the given diflference of AC and AB, and DC be drawn 

, (accp^ding to the fecond general obfervationj it is evi- 

. dent "that AD will be equal to AC ; ana the angle 

' ACD, alfo, equal to the angle D. 

. Therefore, having taken dD as above fpecified, and 
made'BC perpendicular thereto, and of the given 
length, and joined D, C; let CA be fo drawh as to 
iDsfe the angle DCA=D ; or, inftead thereof, let a 
perpendicular £A be erefied on the middle of CD ; 
then the interfefiion of either of theTe lines with DB, 
produced, determines the triangle. 

From this conftruftion wc ' have the very fame 
theorem, for the numerical folution, as is derived 
ahove, from the algebraical procefs : for the triangles 
AD£ and CDB, having each a right-angle, and D 

common, 

Ti .^*1 Hdtitk \ The quotations^ in thiSf and the fucceedin^ pror 
blemSf: " refer to the author* s Elements of Geometry^ i^th edit* 
printed for F. Wingkave* 

N 
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90 Geometrical PaosLEMs, 

common, are funilar. .. Therefore DB : DC : : D£ 

IlTiC\ ■ AD fAC^ _DC«_BO+BD»_BC* BD . 
(iDC) . AD (AC) _-_=__g_-=-_+__, 

as before* 

PROBLEM II. 

The Hypothenufe AC, and the Difference of the two Legs 
AB and BC, of a right-angled^ triaHgk ABC, ieing 
given i to determine the Legs. 

E Put AC = fl, AB = x^ 

^O andBC=:;r— ^ : 

fo fliall XX + * — A> = aa 

(Elem. %. %.) 

that is, 2Xx^2lfX'{^bbr:iaa. 

Whence xx^bx=:—^ti: 

2 2 

an d confeq uently x = 

Geometfically. 

If, in AB there be taken AD equal to the given 
diflFerence, and CD be drawn ; then, DB being =BC, 
the angle BDC will alfo be =BCD= half a right- 
angle. 

Therefore, having laid down AD, and drawn an in- 
definite line DCE to make the angle BDE =J right- 
angle ; upon the center A, with the given interval 
AC, let an arch be defcribed, interfering DE in C ; 
from which point, upon AD produced, let ftiU the per- 
pendicular CB ; fo fliall ABC be the triangle required. 

The numerical folution, according to this con- 
ftru6lion, is very eafy, by the help of Trigonoiuetry : 
for, two fides and ^ one angle of the triangle AuC 
being given, the other angles mav from thence be 
found i and then, all the angles and one fide (AC) of 
the propofed triangle being knowa, the other fides 
AB and BC may alfo be determined. 

PROBLEM 
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PJROBLEM III. 

The Safe AB and the Perpendicular CD of any Triangle 
AB(J being given; to find the Side EF, or EH, o/the 
injcriied SfKore EFGH. 

PutCD=^?,AB= 

*,andDr(=EF) = 
*; then will CI= 
a^x; and, by reafon 
of the fimilar tri- 
angles ABC and 
ECF, we fliall have 
a : i : : a^x : x ( = 
EF.) Therefore ax 
zzLob-^bx; and con- 

fequcntly x = — - . 

Geometrically. 

The ratio of EH to EA being given, as CD to CA, 
EF muft therefore be to EA in the fame given ratio : 
and, if CL be drawn parallel to EF, meeting AF pro- 
duced in. L (agreeable to the ^ general obfervation) it is 
evident, becaufe of the fimilar triangles, that the line 
CL, fo drawn, will be to CA, /?///, in the fame given 
ritio; that is> CL : CA : : CD : CA; and confequently 
CL=:CD, Whence the method of conftruftion is 
manifeft. 

PROBLEM IV, 

To determine the Sides of a Re^angle. EFGH, infcrjbed 
in a given Triangle A^C^ whofe Areajhallbe to that 
if the Triangle in a given Ratio. 

.Put the perpendicular CD=r«, the bafe AB=^, and 
the altitude EH of the redlangle =:x ; and let the 
given ratio of ABC to EFGH be that of m to «. 

N 2 Bccaufc 



Digitized by LjOOQIC 



GXOMETKICAL pROBLEMS, 

Becaure of the fimilar triangles ABC and EFC, it 
^^ '^ will be, CD (a) : AB 

(h) : : CI (a^^f) : EF- 

Therefore EF x EH r= 
1 and confc- 

J. qucntly m : » : : fL.: 

p f£iZ*f^ (by thi quefihnj 

and therefore * = — + 

2 — 




Hence tf;r — ;c;r = 



%m 



/ai nag 



GeometricMlIy. 



The rcdlangle HF being to the triangle ABC in a 
given ratio, and the latter of thefe being actually 
given, the magnitude of the former is alfo given ; and 
therefore may be exprefled by a given rediangle ABPL, 
on the bafe AB ; whofe altitude KD is to half that 
of the triangle in the aforefaid given ratio. 

But it appears that the reftangle DI x EF is to the 
Tedangle DI x IC in the given ratio of EF to IC, or 
of AB to CD (EleM. I. and 20. 4) ; and that the 
reftangle DKxAB is alfo to-DKxCD in the fame 
given ratio. Therefore, the antecc;jients beinfir eoual, 
the confequcnts muft liRewife be equal, or DIxlC= 
DK x CD. Whence this conftruftion. 

Defcribe, upon CD and CK, two femi^circles ; and, 
from th^ point M wherein the circumference of the 
latter cuts AB, let MN be drawn, parallel to DC, in- 
terfering the former in N ; fb fliall MN be the required 
altitu de of the reftangle. Since DI X CI 2= II3>= 
DM!»=DKxCD (Elm. 19.4), as above. 

This 
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This problem^ It is obfervabley becomes impoi&ble 
when MN paflcs intirely without the leflcr fcmi-circl^ 
that is, when the giren rcdanglc is fuppofcd greater 
than half the triangle. The fame thing appears alfa 
from the algebraic iolution, in which cafe the quantity 

{^^I!f!fLj under the radical-fign, becomes negative. 

PROBLEM V. 

To divide a given }iigbt»line AB into two fuch Parts AC 
and BC> that the Reffangle contained under them nutf 
be of a given Magnitude. 

Put ABs^y and AC=;r, and let the given laiagni* 
tude, or content, of the 
propofed reftangle be re- 
prefented by t^ie (quare 
BD, whofe fide BE, or 
ED, let be denoted by 

I : then will * x a — *= 
W ; ov xx-^axsz -^ bb. 




Whence *=jf ^/ J^fl-.W+— • 



^ Geometrically. 

If upon AB, as a <](iameter, a femi-circle AFB be^ 
defcribed, it is evident (by Elenu xg. 4.) that a perpen- 
dicular FC, drawn from the point wherein the circum- 
ference interfefb DE, will cut AB in the point re- 
quired. — It is plain, from both thefe folutions, that the 
given re£langle muft not be greater that the fquare of 
half the given line, to be divi£d. 
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PROBLEM VI. 

7i a pven Line AB, it is required to add another Line 
BC, fo that the Reitangle under the whoUf compounded^ 
Lnu AC, and the Part added^ may be of a given 
Adagnitude* 

Let AB=:a» BCsisff ;(nd the fide of the given 

fquare BEDH, ex- 
preffing . the magni- 
tude of the propofed 
reftangle, z^h. 
Then we ihall have 

a-^x xx = U; and 
confequently x = 

Geometrically. 




uSTH 



If, upon AB, a fcmi-circle be dcfcribcd, and CF be 
fnppofed drawn to touch it in D, it is pHiBy from Elem» 
Corol. to 22. 3, that CFl* is =ACxBC=BEI* (by 
hypothejis) \ and confequently CF=BE: therefore, 
OF being =:OB, it follows that OE and OC are like- 
wife equal. Hence, if to the middle of AB, we draw 
EO, and take OC=EO, the thing is done. 
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To £viJe a given Rtgit^Une AB Into two fucb PartSt 
tbatj the Reffangte under one of them AC and another^ 
given^ Line BD, may be eqml to the Square of tbi 
remaining Part BC. 

FutABsA, BDa^ 
and BC=;r ; tken will 
AC=tf-*, 

and therefore ttx^a^x 
y if by the quejiion. 
Hence 9fx + ix =::ab; 
and, confeqnently xzz 

^/ab+ibb-lb. 

Geometrically. 




P B 



Since SCl*=ACxBD (by hypothecs) it follows, by 
adding BCxBD to each, that B<3*+BCxBD=AC 
xBD+BCxBD; or that, BCxCD = BDxAB= 
BE>, taking BE a mean proportional between BD and 
AB (byElem. 14- 5.) But the redangle BCxCD, 
if a femi-circle be defcribed upon the diameter BD, is 
known to be equal to the fqu are o f the v^ngent CG 
(Ekm. Corn to ao, 3). Hence CG|*=5F* ; and con- 
Icquently CG=BE : therefore, FG being alfo «?FB, 
it follows that FC is equal to FE ; whence the metho4 
of conftrudion is manifeft. 



PROBLEM 
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PROBLEM VIIL 

To ditermifu two IJneSj wbereof the RfHangii^all ta 
Mai to a given Reiiangk ABFE, and the Sum of their 
oqmres equal to a given Square ABCD* 

Put AB (s=BC} »«, W 
(=A£) r=^, and let the 
two required lines be de- 
noted by X and y. 

Then will xy^ab^ and 
xx+jyzzaay bj the quiJHon: 
w'hence by adding, and 
fubtra&ing, the doable of 
the former of thefe equation* 
from the latter, 

we have I^^+^+J^ (=E±2.;) =«'+^*; 
l^jr-.2Ay+j7 (=*-yI*) z=:aa^2ai. 




Therefore 



Lx-^y^x/aa 






From which 



^2Xsz\ /aa -f 2g^ +v /gg — 2ai \ 
L 2y3z\/aa + Tab^^^/ aa-^^Tjab. 3 



Geometrically. 



If upon AB a femi-circle be defcribed, interfeftini 
£F in H» then the lines joining A, H, and B, H wil 
anfwer the conditions of the problem. For, the angl e 
A HB being a right-one (Ekm. 13- 3*) thence Is AHj* 
+'BH]*=M1»=ABCD (Elem. 8. 2.); and AHx 
BH ( = twice the triangle ABH) = ABFE (Elem. 
Corol. to Z. 7,*) ' • 
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PROBLEM IX. 

To determine two Lines^ whereof the ReHangle Jhall be 
equal to a given Re^angle ABFE, and the Difference 
^ their Squares equal to a given Square ABHD. 

Piit ABsiTy BF=:^ ; and let « be the greater^ and 

y the Icffer of the two E ^ j ( ^ 

lines required : fo fhall D / § 

^y^{A \ and xx —yy 
=: aay hy the quejiion. 
From the former of 
which equations we 

have ^ =s — ; which 

^ A. O B 

valuer fubftituted in the latter, gives xx =««• 

XX 

Hence x"" -«»** = a*^ ; 

and confequently x=z \f : ^aJf^as/bb -f- \aa ; whence 
y will alfo be known. 

Geometrically^ 

It is evident, in the firft place, that the two lines to 
be determined will be the hypothcnufe and one .leg of a 
right-angled triangle (ABG) whofe remaining leg is 
the given line AB. And, fince the reftangle under 
thele lines is fuppofed given, another triangle ACG, 
fimilar to ABG, muft therefore be affumed ; fo that 
CG, in the former, and BG, in the latter, may be 
homologous fides (according to the 5* general obfervation ; 
vid.p. 88.) 

Hence we have CG x AB=BG x AG .(Elem. 24. 3.) 
=:ABxBF (by hyp.) and confequently CG=BF. 

And fo, ACxBC (=CGls Elem. Cor. 19.4.) be- 
ing given =BF1*, the cafe under confideration is now 
reduced to our 6'** problem ; whence we have the fol- 
lowing conftru£tion. 

O To 
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To the middle of AB, let FO be drawn; and, 
having taken OC=:OF, let a femi-circle be defcribcd 
upon AC, cutting BF in G ; fo Ihall BG be the Icffcr, 
and AG the greater of the two lines required, 

PROBLEM X. 

7 hi Diameter AB of a Semicircle being given^ to fold a 
Point D in the Perpendicular BC, from whence DA 
being drawn^ the Part thereof ED, without the Semi* 
circle^ fhall be of a given length (BF.) 

PutAB=*, DE (=BF) =tf, andAD=;r; alfo let 
BE be drawn. Becaufe the angle AEB is a right- 
one, the triangles 
ADB and ABE are 
fimilar. And there- 
fore AD fxj : AB fbj 
::ABfbJ:AE(x-^aJ. 
Whence xX'-axssbbi 
and confequently x=z 

x/bb+laa+ia. 




H 



Geometrically. 

Since DAxEA is =AB* (Elem. 24% 3-) where the 
part DE of DA is given ( = BF) the cafe is therefore, 
reduced to our 6* problem. 

From whence it will appear, * that, if upon BF a 
femi-circle be dcfcribed, and through the center thereof, 
AH be drawn, meeting the periphery in H, an arch 
defcribed from the center A, with the radius AH, will 
cut BC in the point required. 

' PROBLEM XL 

Having the Length of two Chords AB and CD, cutting 
each other at Right Angles^ together with the Dijiance 
OE of the Point of their Interfe^ion from the Center i 
to determine the Diameter of the Circle. 

Upon the given chords, from the center O, let fall 

the 
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the perpendiculars OF and OG ; iind draw tlfc radii 
OA and OD ; alfo put AF ( = JAB)=ii, DG 
( = fCD) =^, OE = r, c. 

and AO ( = DO) = y. 
Then will OFl* =;r» - «*, 
and OG]* ^ ;t* - ** ; but 

oF|» + 5g1» (=:0F> + 
Ft]*) is =tOEl*; that is, 
SU*— «*-i*=:r*; andconfe- 



qucntly xz=\/^ 



i-i-ii+c 




Whence the diameter is given — \/2«* + 2^* + 2^^. 



Geometrically^ 

Since fEl* + DT?,* is { = ^Dl * = OAl») 

=dFl*+AF1s it is evident that FE]*-pFl* is 
given =AF1* — Dtjl*, We are therefore to con- 
ftruft a right-angled triangte upon the given hypo- 
thenufe OE, whereof the fquares of the two legs fhall 
hav e the fame difference as the two given fquares AFI* 
andDU]*. . " 

In order to which, upon OE, let a femi-circle be 
defcribed ; alfo, from the centers O and E, with radii 
equal to DG and AF, refpcftiveljr, let two arcs be 
defcribed, interfering each other m H ; from which 
point, upon OE, let fall the perpendicular HI ; which 
w^ill interfefl the femi-circle in (F) the vert ex of th e 
required triang le : fmce it is evident that FE|*~OFl> 
=Eri*-'Oll*==EHl*--OHl»=AFl*.-0Gl* (hy con-^ 
Jiru^ion* 

Therefore if in EF produced, FA be taken of the 
given length, OA (when drawn) will be the radius 
of the required circle. 



O 2 
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# PROBLEM XIL 

7i ^raiv a Right-iine to cut two given concentric Circki^ 
OAB, OCD, /i that the Chords, or Parts of the /aid 
Line intercepted by thofe Circles, may obtain a given 
Ratio* 

Put the radius OA of the greater circle ^a^ atid 
the radius OC of the Icffcr =A ; and let the given 
ratio of AB to CD be that 
of m to n: then, denoting 
0£, the diftance of AB 
from the center by x, we 
have AE*:5:aa— A«r, and CE* 
^bb ^ XX. Therefore, AE 
being =iAB, and CE=i 
CD,' it follows, that, aa^xx: 
bb-^xx : : m* : «* ; and con- 
fequently n^c^—n^s^^zm^i^-^ 

n^x*: whence *=4/5*?E^!!f?. By means of 
^ mm — nii 

which AB may be drawn; 

Geometrically. 

Since the ratio of AE to CE is given; let OC be 
produced to F, fo that OF may be to OC in the fame, 
given r»tio, (agreeable to the 3* general obfervation) 
then. A, F being joined, the triangle CAF will be 
fimilar to the triangle CEO ; and confequently the 
angle CAF a right one. Hence the following con- 
ftruflion. 

Having drawn the radius OC, and in it, produced, 
tafken OF in proportion thereto, as AB is to CD (as 
above fpecified) let a femi-circle, upon CF be defcribed, 
intcrfe6tinff the greater of the two given circles in A ; 
from which pointy through C, draw AB, and the thing 
is done, 

litis manifeft, both from this, and the algebraical 
folution, that the ratio of m to » (or of AB to CD) 

cannot 
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cannot be given lefs than that of O A to OC, without 
rendering the problem impoflible* 

PROBLEM Xlli: 

To determine the Radii of three equal Circles^ A, B, Cw 
defcrihed in a given Circle HIK to touch each Either 
4ind likewife the Circumference of the given Circle. 

Let the centers of the feveral circles be joined ; and 
let AO and BO be 
produced tp bifeft 
BC and AC in D 
and E : alfo let the 
radius (Ol) ' of the 
given circle be de- 
noted bj a^ and 
that of each of the 
required ones by x. 
Now the triangles 
BCE and BOD being 

fimilar, and CE^f 

BC, it appears that OD is alfo =iOB. But 'DEI* 




T-A^ 



d^^is =BD1*; that is, in fpecics, 

^ 

v=ixx. Which, folved, gives x :^ \/ i2aa ^ 2^ ^ 



ax 



^v/T- 



Geometrically, 



It is evident that the right -line IK, joining the points 
of contadt I and K, is the fide of an equilateral tri- 
angle infcribed in the given circle : and, that, if in 
Ok produced there be taken KL=|IK, a line dr?wa 
from I to L, will be parallel to another line drawn 
from B to K ; becaufe the triangles IKL and BCIC 
(having IKL=BCK, and IK ; KL (: : 2 : i) : : BC : 
CK) are equiangular. 

Therefore, in order to the geometrical conftrudlion, 
having firft drawn the radii OH, OI, and OK, to 

divide 
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^wi4e the circumference in three equal parts, and 
taken KL, in OK produced, equal to ^IK ; draw LI, 
and KB, parallel thereto, meeting Olin 6 ; make OA 
and OC each = OB ; and upoa the centers A, B, 
and C, through A, I, K let the three required circles 
he defcribed. 



PROBLEM XIV, 

Sufpofing AB and ABD to be two Arcs of a Circle^ in the 
Ratio of I to 3 ; and that both their Chords AB and 
AD are given ; it is required to find the Radius &fthi 
Circle^ 

Let the arch BD be equally divided in C, and upon 
AD let fall the perpendiculars BE and CF ; alfo let AG 
be perpendicular to the radius OB; and put AB=tf, 
AD=^, and^O (=OB) -x. 

^ It is evident, becaufe AB, BC and CD are all equal, 

that AE=DF, and EF= 
BC=<z: therefore AE + 
DF = ^ — <7, and AE = 

It alfo appears that 

the triangles ABE and 
AOG are equiangular, be- 
caufe the angle BAD, 
ftanding upon the arch 
BD, is equal to the angle 
O, at the center, ftand- 
, hence we have, AB (a) : 

OG = i=I^. But 




ing upon AB (=iBD) 
AE (^) : : AO (x) 
5I1*=0A1*+0B]*-20Bx0G ; 



20 



»=r** + ^»- 



h — a X a:» 



that is, m fpecies, 
or a^:=:i'>flx^—bx^. Therefore 



^=v i^^V^lir- 



From 
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From the fame- equation, if the radius AO (x) and 
the chord (b) of an arch ABD be fuppofed given, the 
chord. AB (a) of 'the fub-triple of thit arch^ may be 
determined : but this, by-the-bye. 

Geijmetrical/j* 

The geometrical conftruftion of the propofed pro- 
blem is alfo obvious from the known value of'AE and 
the equality of the angles O and EAB; and is thus. 
Draw AD of the given length, from which take DH 
=AB ; let the remainder AH be bife£ted by the per- 
pendicular, EI ; to which draw AB fo as to be of the 
given length ; and u,pQn the fame, as a bafe, let aa 
ifofceles triangle AOB be conftituted, whofe vertical 
angle O fliall be =EAB ; then it is evident that either 
of the equal fides AO, or BO, will be the radius of 
the circle* 

As to the trigonometrical calculation, it is too plain, 
from the conftruftion, to need any thing further to be 
faid about it. 



PROBLEM 
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PROBLEM XV. 

Saving the Lengths of twa Lines AE and CD drawn 
from the acute Angles of^a right-angled Triangle Ji^Q^ 
to ii/e^Iy and terminate in^ the oppofite Sides ; to de^ 
iermine the Triangle. 

Call AE, fl;CD, Af and 
BD for AD) xi then 
willc51*=A*-;f*; whence 

SEl* (=JCB]«) =±lff; 

_ 4 
and tbefe%e ^ {=AE'*= 




+4JMf. 

Hence 



and.x 






»i- 



Geometrically* 

If EF be fuppofed parallel to CD, meeting AB in F, 
the "length thereof, being half • that of CD, wi ll 
confequently be given : whence AB]*-5F]* (=sAEI' 
— JfcFl*) is alfo given. ^^ .**' 

Therefore the problem is reduced to -this ; to de- 
termine two lines AB and BF, in |he ratio of 4 to i, 
fo that the difference of their f^uares may be equal 
to the difference of the fquafes of two given lines AE 
and EF. • 

Hence, having drawn two indefinite lines BP and 
BQ^at right-angles to each other, take BG, in the 
former, equal to EF ; and from the point G, to BQ^, 

draw 
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draw GH=AE : fo fliall AB>-1F> (=AEl«-fF» 
=5H)» (Elm. Cm 8. a). Therefore, if from any 
point M in PB^ to BQ^ there Jbe drawn MN=:4MB; 
it is evident that a line, HF, drawn itott H parallel 

to NM, will cut off BF as required, This problerti 

becomes impoffibk when either of the two given lines 
is greater than the doable of the other. 

PROBLEM XVr. 



The Length and Pofition of a Right-line DE, elraum 
parallel ttt the Bafe of a given right-angled Triangle 
ABC being known ; // is fropo/ed to draw another 




and CF. 



Upon AB let fall the per- 
pendicular GH : 
asd put ED=a, CD=^, 
DB=f, andEG=;r; \ 
then* from the fimilarity 
of the triangles CDG and 
GHF, it will be, CD (h) : 
DG (fl-*)j : GH (c) : 

NIT — ^Xtf""^ 



b 




and therefore 



c^Xa—xY 



•+f» (HF»+GH*) =:;r*(GF«.) 
Whence, by reductio n, ^*;g* --^;y* + 2c*ax=zi*a^ + cH^ ; 

and x^ + --: X Af = 



bc\/ aa-^'bb'^cc'-at* 

■• Mil 



From whichV^ li found =i- 



bb-cc 



Geometrically, 



Digitized by LjOOQIC 



fo6 Geombtriga^l Problems, 



Geometrically. 

Sttice GF is to GC every where in the given ratio 
of DB to DC, GE, in the required portion, mufl 
therefore be to GC, in the fame, given, ratio, Hence^ 
if, in ED, there be taken EI=DB, and from the 
center I, at the diftance of CD, an arch be defcribed, 
interfering EC in K; then a line.CGF, drawn parallel 
to the radius KI, will determine both the length and 
pofition of GF : for it is evident that CG : EG : : 
IK : EI : ; CD : DB : : CG : GF, and confequcntly 
that EG=GF. — This problem appears to be impoffible 
when BD is greater than CE, 

PROBLEM XVII. 

Suppofing the Area of a Square BE DF, formed within 
a given right-anjfled Triangle ABC, to be equal to the 
Area of the Triangle ADC, made by drawing Lines ^ 
from the Extremes of the Hypothenufe to the adjacent 
jingle D of the Square ; // is propofed to determine the 
Side of the Square. 

Call BC, fl;BA, *; and BE (orBF) x: then, 
CE being ^a-^x and AF=^-;r, the area of the tri- 
angle CED will ^C 



be = 



xxa—x 



and that of the 
triangle AFD 

xy.b—x 




But it is evi- 
dent that BEDF f^ Hlp" _ 
+CED + AFD + ADC is =ABC: which, becaufe 
ADC is equal to BEDF, alfo gives 2BEDF + CED+ 

AFD = ABC, that is, z^ ^Jll^Z±j^f2lEL 
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= f*: hence ie + l±ix*=^; and » = 

ft". • a . 2 



Giometftcally. 

If BD be produced to meet AC in G, and GH be 
drawn perpendicular to AB, it is evident that the tri- 
angle ADC will be to the triangle ABC /ABxBCX 

as GD.: GB, <Jr as HF to HB (Elemi. and 14. of the 4) : 
and it alfo appears (by Elem. 14. 4. ly? edit.) that HB x 

AB+BC is =ABxBa Therefore it follows that 

triangle ADC c HBx AB+BC . . ^^ . jjg : : HF x 

^^5±1^ : HBx^^5±li£; and confequently that the 

triangle ADC = HF X ^^±22 = HF x BK ; by 

taking BK (in AB produced) equal to i — • 

Hence, W> being (=ADC) =HFxBK, the cafe 
under confideration is reduced to our 7'** problem ; 
and the geometrical c«nftru£tion will, therefore, be 
as follows. 

Having drawn BG (to bife<5 the angle ABC) and 
GH perpendicular to AB, and alfo taken BK equal to 
half the fum of AB and BC (as above intimated) ^ let 
a femi-circle, upon HK, be next defcribed, inter- 
fering BC in N ; from which point, to the middle of 
BK, IctNM be drawn; then make MF=MN, and 
BF will be the fide of the fquare ; as is manifeft from 
the problem above quoted. 



P % PROBLEM 
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*'-' PROBLEM XVIII. 

Having ghen tbe Hypothenufe AC $/ a rigbtr^ngleJ 
Trtangle ABC, and the Difference rf iwo Lines AD 
eind CD, drawn frmi the Extremes thereof t^ the 
Center D of the infcribed Circle ; t0 determine^ tie fe^ 
maimng Sides AB and BC, of tbe Triangle,. ,-ii 

Upon CD, produced, let fall the perpendicular AH ; 
C and make AC=a, J^D 
= Ar, DC=^, and the 

given difference, ic^y^ 

It is evident that the 
angle ADH is =:DAC 
+ DCA = JBAC + i 
BCA=} a right angle; 
and therefore AH=HD 

^I^^^. B,itCD» 

V 2 V 2 

+AD»+2DHxCD=AC»; that is, tn Species, /+ 
/ j^ + ;ry\/T= tf*. Which equation, by fubftituting 
x^h infteadof ^ its equal, and denoting, \/T Ij iy f, 
becomes ^-2^;r+^*-l-iv*+c^-r^*=fl* $ 
X ;r*-2¥7 X i* + b*= a* : whence x* '-bx = 




that is 2.+C 



2 + c 



and x=^\/^EE^M + 1. 



Geometrically. 

The geometrical conflrudion of this problem, as 
the angle ADH is given (=i a right angle) is ex- 
ceeding obvious : for, if DE be fuppofed =DC, fo 
that Ahl may exprefs the given difference of AD and 
CD, the angle DEC (fuppofing CE drawn) will be 
given =:|ADH. Thereforfc the triangle AEG, by 
means of the given angl« AEC, and the two givep 
fides AE and AC, may be conftrufted. And then, by 

producing 
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producing A£, and inaking the angle £CD=:D£Ct 
the point D will likewife be determined ; and confe- 
^ij^htly the tadius of the circle, by letting fall a pfflr- 
pendfCuIailDF) upon AC : whence th^ circle itfelf 
may be oRTcribed ; and two lines may be drawn from 
A and G t6' touch the fame; and thereby jinria the 
triangle ABC, as requtrtd^ 

PROBLEM XIX, 

Having the Bafe AB, the Perpendicular CD, and the 
katio of the two Sides AC, BC, of a Triangle ABC i 
to find the Sides. 

Call AB, a ; CD, B ; and AD, * ; and let the given 
ratio of AC to BC be expounded by that of m to «. 
Hence BD=tf-Jc; ATI* (=C]^*+aB|*) =W+^ 
andScl» (=CD1* + bD\5) = BB + aa- aax + :cx : 

— -r X ^^^ therefore 

•^ ^ ^ . Q mm : nn : : bk 

•\' XX I bb ^ 
aa — lax + xx» 
From which, 
by multiply- 

ing extremes 

A E D JR and means, 

we have mH^ - f- mV - im^ax -f^V = «*^ + tjV : 

mm'-^nn X xx -^ 2mmax =nn-- mm X bb-^m^a* ; 
imma . i m^{^ 




whence 
and XX ^' 



.x*=-W— 



gives x:=: 



n—nn 
mma 



mm — nn 



which, folved. 



mm—nn 



— V mm — m 



Geometrically. • 

The geometrical conftruftion of this problem is given 
hy Elem. \$. ^iji edit. For, if the bafe AB be divided 
at E in the given ratio of AC to BC, and, in 
AB produced, there be taken, EO, a fourth pro- 
portional 
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portionalto AE— BE, AE^ and BE, it is there demons 
J^ratedy that two lines drawn frotti A and B to meet 
any where in the circumference of a circle defcribed 
through E, from the center O, will be in the^pie given 
ratio of AE to BE* Whence it is evident tnat the in- 
terfefUon of the faid circumference with a right-line 
FG, drawn parallel to AB, at the given diftance DC, 
will determine the vertex of the triangle. 

PROBLEM XX, 

Having the Bofe AB, the Perpen£cular CD, and the 
Difference of the two Sidesy AC and BC of a Triangle 
ABC ; to find the Sides. 

Making AE=|AB=tf, CD = ^, .AC^BC = ^> 
C and ED = xy we have AD 

==tf+^BD = fl-Ar, AC = 

v /^» + J+^% and BC = 
V^* + a -^^j* ; and confe- 
quentl y y/^ ^+^ + M * - ^== 
A ]b D B \/l^+a^^. Wh ich equa- 

tion, fqua red, gives bb-^a-{- ^'*'- %d\/bh -^ a^-x^ 
+dd=zbb'\-a'^x Y ; and t his^ by redudfcion, becomes 
4jax^dd=::2jd\^bb'\-a'\-x]\ And this, again fquared, 
produces i6a'^x^'{-iaddx-\-d*—^ddxbb+aa-\.2/ixi'Xx ; 
or, i6d^x^+/i*=:jyidxaa-{-bb^4ddxx. Whence xz:z 




v/5 



Xaa-^-bb'-d^ 



itaa-'^d 

The geometrical conftruftion of this problem being 
only a particular cafe of a more general one, given at 
large hereafter (problem 49) I fhall not infert it here : 
but obferve, with refpeft to the algebraical folution, 
that, if d be fuppofed to denote the fum, inftead of the 
difference, of die fides, the value oi x (or DE) will 

be 
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be given by the very equation abevc exhibited ; as is 
manifeft from the procefs. 

PROBLEM XXI. 

Having the Bafc AB,, the Perpendicular CD, and the 
Renangle of the two Sides AC and BC, of a Triangle' 
ABC ; to determine the Triangle. 

By retaining the notation of the preceding pro-, 
blem, and making the given 
reSangle = r *, we have ^ 

\/bb+a'\-x^ X s/bb+a-x^ 
= c^ ; and therefore 

hb + a^xY X lb -{- a^xY z=i 

c^ \ that is i* + 3*X2^* + 2** 
+ «* — 2a^ 



+ x^ =f '♦. 
^aa X X* 




Whence x^-\-ibb 

Which, folved, gives x=i\^/ aa-^bb+^y/c^ —/{a^b^. 

tieometrically. 

The magnitude of the rectangle under the two un- 
known lines, AC and BC, being given, two other 
lines muft, therefore, be afEgned, containing an equal 
re<Skangle ; whereof one being given, the other will 
alfo become known. (Vid. ibfervtion ^y p. 88.) But 
it is known that the re<£l:angle under the, given, per- 
pendicular CD and the diumeter of a circle circum- 
fcribing the triangle, is equal to the reftangle under 
the faid, unknown, fides of the triangle (Elem. 25. 3) : 
hence the diameter of the circumfcribing circle^ '\i 
given ; and from thence the following conftrudlion. 

Find a third-proportional to CD and the fide of the 

fquare, expreffing the magnitude of the propofed 

reftangle ; and with the half thereof, from the point A 

(or B) defcribe an arch, cutting EF, perpendicular to 

^ V AB, 
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AB» in O ; from which point, as a center^ with tlM 
fame radius,, let a circle ACB be defcribed ; then H 
;right-line, GfFG, drawn parallel to A B, at the given 
diftance DC;, will interfedk the faid circle in the vcr-* 
'tex of the triangle. 

PROBLEM XXIL 

^7}>€ Lengths of three Lines AE, BF and CD, drmvn 

from the Angles ta the Middle of the ^ojite Sidcs wf a 
Tr ingle y being given ; to find the Sides. 

Put CD = tf, BF=*, AE=r, AB=;e, AC=^ 

and BC=2. Since, 
by a known pro- 
perty of triangles, 

Aci» + Btri» = 

2CD1» + 2ADl» 
filem. II. a) we 
have y* + z^ = 2a* 
+ §^», and therc" 
fore j>»+%*-|af*=:2rf». In the fame manner 

From whence (by taking the former of thefe equations 
from twice the fijm of the two l atter) there comes out 
4j^ + |;i^ = 2 X 2^» -f 2c^ — a* : and confequently 
ff = f\/3L^*+ ic^'-aK By t he fame arg ument, ^s= 
f v/2a* + 2c*-^»i and 2=;f ^/2?+2F^^ 

;' Geometrically. - ^ 

If CG and CH be drawn parallel to AE and BF, 
' meeting AB, produced, in G and H ; it is plain, be- 
cauleCE=BE, and CF=AF, that AG=AB=BH ; 
and alfo that CG=2AE, and CH=2BF- Therefore, 
the two fides CG, CH, and the line CD, bifedling 
the hafe of the' triangle GCH being given, the 
diagonal CI (=2CD) of the parallelogram GCHI (as 

well 
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Well as the fides) will be given (Elem. I2. 2). Hence, 
in order to the conftruuion, let a triangle CGI^ 
whofe three £des are equal to the doubles of the three 
given lines, be conftituted, and draw GDH to bile£t 
Cljn p ; alfo fct off DA and DB, each equal to \ of 
GD ; join A, C, and B, C, and the thing is done. 

From this conftruftion we have the very fame 
numerical folution as fro m th e al gebra ic pr ocefs : 
for, iince, aGTTI* + aCDl* = CTT[^ + efiPI* 
{El em. II, 2,) =4AEl* + 4BFls thence is GD = 

^ 2AEI* + 2"BF1» - CDl% and confcquently ,AB 

(=|GD) =f ^2AE]* + 2BF1*-Ci51«. By the 
conftru&ion it alio appears that no one of the three given 
lines muil be greater than the fum of the other two. 

PROBLEM XXIII. 

jfll the Sides of a Triangle ABO^eing given ; to find the 
Perpendicular CD, the Segments of the Bafe AD and 
BD, together with the Area of the Triangle. > 

Put AC=«, AB=^, BC=r, and KD^x : then 

BD=*-;r ; and r*- ^ ...^ 

r=7> (=CI>) =ii» ^'"'^ ^^C 

-- ;r* ; that is, c* - 
hy + Oix - ** = fi* - 
;r*. Whence 2i;c = 
/I* + A* - f », and x = 

%b • 

Now CD]»=AC1*-~AD]» = AC+AD X AC-AD 

tftf + 1 

'^aa^2ah'-hh-\'cc_ i+^*-c* c*-.^-.^^ 




BC 



• . aa-^-hb^cc aa+hh—cc aa+2ah-\'hh'^cc 

a+ -J xa -^ « .^^ X 



ih 



2h 



Hence 
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Hence CD = -^Y^^ + ^l^-f* x ^ - F^* ; and 
the area (^i^f^) = Jy/^^^^^^^- 
Geometrically* 

From the center A, with the radius AC, let a femi- 
circle ECF be defcribed, cutting AB produced in E 
and F ; fo that BF may be the fum, and BE the dif- 
ference of the fides AC and AB : alfo let EC and FC 
be drawn. 

Then will FC]»=FE x FD ( =2AF x FD) ; and EC* 
=FE X ED (=:2AE x ED), by Elem. CaroL to 20. 4. 

Alfo* BCl»=BFl»+FTr* (aAFxFD) -aFBxFD 
=BFI* ~2AB X FD (Elem. Cor^2. to 9. 2) : and likcwifc 
BC]»=FE.*+ECi* (2AExED) -2EBxED=BE»+ 
2ABxED, 

Hence it appears that 2AB+FD is =SF1»-BC1» ; 
and aAB x ED=15C1*- 5E1* : and, confequently, 
that BF]* -"BCl* X 5C1*^BE1* = 4AB1* x FD x ED 

=4 AB| * X Eel* fhy Elem. Cor, to ig. 4). Therefore 
^^^^^ =Jv/5n"-BC]*xB0*-BE> = the area 
of the triangle, as before. 

From vjhence it appears^ that the area of any triangle 
veil I be determined by finding the Differences between the ^ 
fquare of any one of its fides and the Squares of the fum^ 
and difference^ of the other two ; and then taking \ of 
t^e fquare root of the produ^ ^rijing by the multiplication of 
thejaid differences iyito each other. 
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PROBLEM XXIV. 

Having mil the Sides of a Triangle ABC ; to find the 
Radius of its infcribed Circle DEF. 

From the center O, to 'the angular points and the 
points of contact, let lines be drawn j and, upon BO 
produced, let fall a perpendicular AG. 

It is plain, in the firft 
place (becaufe OD=OE 
= OF) that AD = AF, 
BD=BE, and CF=CE : 
therefore, by addition, 
BD+CF ( = BE + CE} 
= BC : take each of 
thefe equal quantities 
from AB+AC, and there 
will remain AD+AF = 
AB + AC - BC ; from 
whence (AD being =AF) we get AD (or AF) = 

Il_, By fubtrafling of which from AB, 




and from AC, we alio have BD = 
and CF=.AC+BC;3AB ^ 



AB+BC-AC 



Moreover, it is evident that the triangles AOG and 
COF are fimilar : f©r the fum of all the angles at the 
center, DOE+DOF+FOE being = 4 right angles, 
the fum of their halves, BOD+DOA+COF, muft 
be = 2 right angles = BOD+DOA+AOG ; and 
confequcntly COF = AOG. 

Now let the values of AB, BD, and CF (found 
above) be denoted by a, b and r, refpeftively ; and put 

OD (OE=OF) =*•; then, it will be BO {s/bb-\-xx): 
OD (x) : : AB fa+bj : AG = J^i±|i^; and BO : 

Vbb+xx 

0^2 BD 
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BD : : AB : BG=-^±^. Therefore OG (BG- 
BO) ::.J^±iL-V^*M^=4i^- But, AG : 

'/bh'k'XX ^/ki + xx 

OG : : CF : OF ; or ax + bx : ab^xx : ^ c : x; 
whence a«* + A** = etc - ex* ; and cbnfequeatly ^ = 



v/ 



abc 



Geometrically. 

Let DO and AG be produced to meet each other in 
H, Then, by reafon of the fimilar triangles, it wiU 
bc» AB : HO (: : AG : OG) : : CF : FO ; and 
therefore by alternation and conipofition, AB 4-CF : 
CF : : HO+FO (HD) : FO (OD) : : HD x OD : JS^\ 
But HDxOD is =ADxBD (EUm. 24. 3) : therc- 
for« we have AB+CF : CF : : ADxBD : Ol51*= 

^I^^^^^S!^ the very fame as before- 
AD+BD+CF^ ^ 

From this conclufion* the rule in common praAiee, 
for finding the area of a triangle, having the three 
fides given, is eafily deduced : for it is evident that 
the area of the trianele ABC is equal to the radius 
(OD) drawn into th c^half fum of the fides (AD-f BD 

•f BF) ; that is =y^ AD+BD+CFxADxBDxCF. 
Where AD, BD, and CF, are the differences between 
the half fum and each particular fide. 



PROBLEM 
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7}ie ^Radius of a Circle and the Tangents^ of two Arcz 
thereof being given f to determine the Tangem of the 
SumofthofeJrcs. 



Let AB and BC be the proporcd arcs, whefeof tiic 



!;iven tangents are AD and CE ; and 
ct the former of thefe be continued 
out to meet the radius OC, pro- 
duced, in If ; fo fliall AF be the tan- 
gent of AC, the fum. of the faid arcs. 
Now, calling^ AO, r; AD, «; 
, CE, n ; AF, X ; and FO, j ^ ^"^ 
making DG perpendicular to FO ; we 
have (byjimilar triangles) OF (y) : AO 

frj : : DF f^^mj : DG =2:z!:f. 




XX -^mx 



Alfo OF (y) : AF (x) : : DF (x-m) : FG= 

from which laft we have OG (= OF - FiG) =7 — 
^X'^mx yy^xx-^mx rr-^rmx ,% r . 
=1^ r-= fbecaufc yy-;r*r5fr.^ 

But OG (!I±^) : DG |!lzl2j) i : oC frJ : 

CE fnj, and confcquently f^x^ i'^m^f^n -^rmnx. Whence 

fT>c«+» ^^ AT?_AO>xAD+CE 

X:=z ; or Ar =^;== • 

rr^mm AOl*-ADxCE 



Otherwife* 



Digitized by LjOOQIC^ 



.•*iie^' 



ii8 Geometkicai F&oblems 



Othcrwiji. 

Let AD and AE be the tangents of the two arcs AB 

and AC, and -BF that of* 

their fum BC ; alfo let EG be 

drawn perpendicular to OD, 

interfering the radius QA 

in H. Then, by reafon of 

the fimilar triangles, it will 

be AO : AD : : AE : AH* 

And, OH (AO-AH) t DE 

( : : OG : GE) : : OB 

^P^AOxDE 




AO;»xDE 



P (AO) 
AOl»xAD+AE 



AO-AH "■ 

becaufe, by the firft 



AO»-AOxAH AO*-ADxAE 
proportion AO x AH= AD x AE. 
is the very fame with that above. 

If the tangents of the arcs AC and AB (fir. i.) 
were to be given, in order to find the tangent of their 

difference BC; then, by the proportion 



Which conclufion 



rr-^mx 



rrXX'-m , 
rr-^mx 



n (above derived), we fhould have n = 
AOl»xAF~AD 



or CE= 



AOV+AFxAD 



PROBLEM XXVI. 

Thi Ratio of the Sines DE, FG of two Arcs AD, AF, 
of a given Circle^ together with that of their Tangents 
AB, AC being given \ to find both the Sines and the 
Tangents. 

Put the radius AO—a; and let the given ratio of 
AB to AC be that of m to » ; moreover let DE be to 

FG 
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1^ as ^ to ^ ; and call. AB, x\ and AC, y-: then 

(by fimilar trlangks) ot? ((^-^x^) : AB1» (;r») ? : 

and OCl* («•+/) : AC)* (^*) 
Therefore, By the fueftion^ p* : 



tf*jc* . tfy 



aa-k-xx 



, and _ 
aa-i-yy O 




confequcntly pY x ?T^= ^V x a* +>». But, by 
the queftion, we alfo have, m : n : : x : y, = — ; 
which value, fubftituted in the preceding equation, 

mm 



gives 



X «• + ^ = q^^ X «* + 



nnxx 



whence 



«•/►• X <j* + ** =4* X ^?* m* + fr'jp* ; and jp = —x 
/ntiPf^mrnqf^ From which AC, PE and FG 
are alfo given. 

GeometricaUy. 

Since the ratio of AB to AC is given, as m to « ; 
GK (fuppofing K to be the interfedtion of FG and 
OB) will be to GF, in the fame given ratio : and, if 
(agreeable to the 3* general obfervation) KH be drawn 
parallel to AO, meeting OF in H, OH will be to OF 
Jlill in the fame given ratio. 

Again, if DI be drawn parallel to AO, meeting OF 
in I ; then OK : OH (: : OD (OF) : OI : : FG : DE) 
: : q : p; whence OK is alfo given ; and from thence 
the following conftruftion. 

In any radius OF of the given circle, take OH to 
OF in the given ratio of w to « ; and upon HF let a 
femi-circle be defcribed: take alfo a fourth pro- 
portional 
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p6rtionaI to ^, f, and OH ; with which, as a ndxQSf 
from the center O, dcfcribc an arch, cutting the 
femi-circlc in K ; and, having drawn HK> make OA 
parallel thereto. 

PROBLEM XXVU. 

7hi Sidi of the Square^ and the JU£us •/ tb$ CircU^ 
ii/cfiied in a right angUd TriangU ABC, bang given ; 
!• deUrmine tb€ UriangU. 

Draw thevdiagonal BD of the fquare ; and from the 
enter O of the given circle, to the points of contaft, 
\Q draw the radii OG and Or; 
and upon the hypothenufc AC 
let fall the perpendicular BQ.^ 
calling the fide of the fquare, 
a \ the radius of the circle, b ; , 
and ACL» *•' ^^^^ becaufe 
F of the parallel* lines, we fhall 
have FG {a-b) : BF {a) : : (OD 

•:BD::)OP(*):BCL=:^^: 
whence DCL (=v/BD*-BQ!) 

is alfo given. 
Let it, for bTevity-fake, be denoted by c ; and let BQ, 
fjL^^ =rf: then we fhall have, AQSx) : BCL(rf) : : BQ. 

(d) : CQ=^; and alfo (by Elem. i8. 4O AD (^+0 : 
CD (— ^ )• • AB : BC : : Adr^; : BQjdJ ; whence, 
by multiplying extremes and means, we get dx^rcd^r 
dd^cx'. and, from thence, *=^^5~^- ^y "^^ 




whereof every thing elfc is readily found. 



Geomtricalh/. 
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. The eeonjictrical conftru6lion,. and the trigonomor 
trical folution of this problem are very cafy, Foo 
fincc the pofition of the point ,D with refpedi to* thfe 
circle, is given ; a right-line DPA drawn from thence 
(by Elem. 21. 5.)' to'totich the circfe,* will determine 
the Cringle : and then, from the given lin^s QP 
aha ODi the angle D may be found*: by taeans 
'whereof and ABD- (=f a right angle) together 
with the given fide BD, all the reft will bctf6na« 
known* Z 



PROBLEM XXVIII. 



>* 



To determine the Sides of a regular Pentagxtn and Decagon^ 
infcriifed in a given Cirde, ^ 

Let AB, BC. CD, tffc. be fides of the decagon, 
and AC a fide of the pentagon : and let AD be 
drawn, interfedling the radius OB in P, It is evident 
In the firft place, that 
the angles BAP and 
OAP, ftanding on 
the eoual arches BD 
and BF, are equal to 
one another, and alfo 
equal, each of them, 
to the angle AOP, 
infifting on the arch 
ABfElem. 10.3.) And 
fecondly, that the 
triangle BAP (as 
well as APO) is an 
ifofceles one, hecaufe the perpendicular A«C, makes 

3u5il angles BAC, DAC with the two fides AB, AP 
the triangle. Hence it appears very plain that all 
the three lines AB, AP, and OP are equal among 
themfelvcs; andlikewife that AO (OB) : AB (OP; : : 
OP (AB) : BP fhy Elem. 18. 4.) feeing the angle BAO 
R is 
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is bifcScd by AP. Moreover, by letting fall the two 
perpendiculars PQ^and CM, upon AO and ABM, the 
triangles BCM and APCt(as BC is =:AB=AP, and 
the angle MBC=MAD=PAQ^) will appear to be 
equal in all refpafts; and fo, BM being (=AQ^) = 
iAO, we have AC1» (=SC1*+AB1*+2BMxAB, 
Eiem. II. 2.j =BC1*+XB1*+AOxAB. But, by 
the above proportion, ABl* is = AO X BP: there- 
fore, by writing AOxBP in the room of ABl*, we 
get :5C1» .rr'BCl* + AO X AB + AO X BP = BC|» + 
AOl* : whence (BC being firft found) AC will alfo 
become known. — If AO be now denot ed by «, and AB 
by X ; then from the eq uality of ABl* and AO x BP, 
you will have x*=:axo—xi from which * will be 

found =4/ -i^ — ^; and from thence AC ( = 



x/xx-i-aa) 



=.v/I^2, 



As to the geometrical conflru£lion, it likewife very 
cafily follows from above. For, fince the fide of the 
decagon appears to be equal to the greater part of the 
radius divided according to extreme and mean pro- 
.portion ; and the fquare of the fide of the pen- 
tagon exceeds that of the decagon by the fquare of 
the radius ; the following folution (given by Dr. Barrow, 
as an improvement upon Euclid^s) is manifeft. 

Draw the radius Ok, at right-angles to the diameter 
AF; and, having bifedted the radius AO in Q^, let 
QS be taken, in AF, equal to the diftance QR : fo 
fliall OF : OS : : OS : FS (Elem. 19. 5.) and confe- 
quently OS=AB the fide of the decagon. 

And, becaufelcS)* (fuppofing RS drawn) is =Usl» 
+ OR1 •, it is plain alfo that RS will be equal to the 
fide AC of the pentagon. 

PROBLEM 
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Having the Hypothenufe AC of a right-rangU Triangle 
ABC, and alfo the Radius of the 'infcribed Circle 
DEFG ; to find the two Legs AB and BC. 

From the center D ofthe given circle, to the points 
of contadi, let DE, DF, and DG be drawn ; alfo 
draw AD and CD: 
and put DE ( = 
DG = DF) -a, 
AC = A, AB = Ar, 
and BC-y. 

It is evident, that 
CE muft be =CG 
^y — a ; becaufe 
the right - angled 

triangles CDE and S F B W I 

CDG, having DE=;DG, and CD common, are equal 
in all refpedts. In the very fame manner is AE=AF 
=x—a. 

Therefore y-^a^x ^a:=zb (=AC) ; from which 
equation we have ;c+^=3-f 2^. But, from the pro- 
perty of right-angled triangles, w^e alfo have *;^+j^=: 
hb. And, if from th« double of this, the fquare of 
the former equation be fubtradled, there will remain 
xx-'7.xy'\-yy:=zbb'^j!^b^/^a. 

From whence, by extrafting the fquare root, on 
both fides, we get x—y^\/bb-'/^b'-j^aa. Which laft 
equation, added to, and fubtra<ftcd from, the firft, 
giv es Zy = 2 ^? ■!■ ^ -f. ^ybb ^ j^b — 4^^?, and 2,y=i2a+b^ 
y^bb — 4«^ — 4^?^. 

Geometrically, 

Seeing the difference between each leg of the 
triangle and the adjacent fegment of the hypothenufe, 
is equal to the radius of the circle, it is plain that the 
fum of the two legs (AB+BC) will exceed the fum 

R 2 of 
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two fcgments (or th« whole hypothcnufe) by 
the radius ; and .Will therefore be given =AC 



of the 

twice the radius ; and .Will therefore be given 
>2BF. Whence, if BI be fuppofed equal to BQ AI 
will likcwife be given =AC+.2BF, and the angle 
.BIC = half a* right-one. Hence the following con- 
ftru<£lion. 

Draw an indefinite* line, in which take AH equal 
to the given hypothenufe, and HI equal to the diameter 
of the given circle ; alfo make the angle AIN -equal 
to half a right angle ; and from the center A, with 
the interval AH, let an arch be defcribed^ meeting 
IN in C ; from which point upon AP let fall jthc 
perpendicular CB ; fo ihall AB and BC be the two * 
legs required, 

PROBLEM XXX. 

Tie Perimeury and the Area^ of a right-anghd Triangle^ 
ABC being given ; to determim the Triangle^ 
Put the given perimeter (AB+BC+AC) =/, the 

=:«*; and let half 
the fum of the legs. 
AB and BC be de- 
noted by x^ and half 
their diiBTerence by 
y: then, AB b^- 
ing -x-^y, BC = 

______ *—y9 and AC= . 

A T B H a I ^-2*, we fliall have 

Jr+7 X X -y frrA B X BC) = 2fl* ; and J+^* ^^-^l* 
(=AC*j =:/)-2^1*^ that is, by rcduftion, xx-^yy =^2/1^1 
and 2xX'{'1yyz:zpp-^/^pX'{-^x* 

Now, by the addition of the latter of thefc 
equations to the double of the former, there arifes 
^xx—pp — ^px-^-^x-^-z^a*: whence x comes out a 

i^iifl^l^+ff. From which value that of ^ = 

\/;v*-"2tf*, will likewife be given. 

Geometrically. 
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Qe9fneiricalfy» 

^^* iFfiom the ccatcr D, of a circle infcribed in the 
^liangle, lines be fuppofed drawn to the angular 
pokitSy the propofed triangle will, by that means, be 
divided into three others ADB, BDC, and ADC; 
-whofc* bafes are the three fides of the firft triangle, 
and their perpendiculars all radii of the faid circle. 
Fff^m which it is evident that the triangle ABC is 
equal to a reftangle under half the fum of its three 
fides (which we will here exprefs by the given line 
AQ^) and the radius DF of the infcribed circle ; and 
confequently that /the radius DF will be given by 
taking a third proportional to AQ^and the fide faj 
of the fquare exprefSng the given area. Whence, 
makinff QH and QJ, each, equal to DF, fo fo\ind ; 
it will appear from the preceding problem that AH 
will he = the hypothenufe, and Al = to the fum of 
the two legs, of the propofed triangle : which quan- 
tities being both given, the method of cooflruflion is 
m9nik&/rom the laji problem. 



PROBLEM 
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PROBLEM XXXL 

Tie Sum, or Difference of the two Legs AC and BC of' 

: a right-angled Triangle ABC being given, together 

tvith the Sum, or Difference of the Hypothenufe AB 

and a Perpendicular CD falling thereon from the 

Right-angle ; to find all the Sides of the Triangle^ 

Put AC + BC=j, AC-BC = ^, AB + CD=)>, 
H/Tv^ AB-.CD = ^; 

then will AC 
s-\-d 




AT^FD B E ' — ^^ ^ 

^: but AB|»=AC1*-kB51*; and ABxCD ( = 
2 area ABC) =rACxBC: which, in fpecies, give 

p*-{'2pq + q* = 2S^'{-Zd\ 

and/>*-^*=j*--^*. 

By adding, and fubtra(£ling the double of the laft of 
thefe equations to and from the former, we have thcfc 
two other equations, 

viz. 3/+2>^-f =4$*, 

and, -^*+2/>^+3^==4^*. 
From which, when any two of the quantities, s, d, 
f, q, are given, the other two will, ealily, be deter- 
mined. 

Thus, let s and p be given ; then, from the former 
equation, we have ^*— 2p^=3/>*— 41*; whence^*— 2^^ 
4.^»=4^*-4j«, and jf — ^=2v//>*— i* : therefore CD 
('^^j^.^/^n?, and AB=)>-.v//-i\ 

If d and q be given ; we ihall have CD=v/f*— ^» ; 
bccaufe/-j*=j*-^% or f-s^zzq^-d* (p. above) 

But, 
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. But, if s and q be given, the n will 3/>^-r2^= 
4j*+.^* ; which, folved, gives ^=f/3M+^^—j^. 

Laftly, if ^ and, ^ be given, we fhall ha ve3j*-i-2^ 
z=^d*+p\ and confequently q=y\/2^d'^pp-jp. 

Geometrically^ 

The very fame properties whereby the algebraical 
folution is above brought out, lead us alfo to geome- 
trical conftrudlons of the feveral cafes of the pro- 
blem under confideration. But it will be fufiicient, 
here, to exhibit that of the cafe, wherein the fum of 
the legs (AEj and the difference of the hypothenufc 
and perpendicular (AF) are fuppofed given, being the 
moft difficult. 

Thus, becaufe AC1?+BC^.*=a51% 
andiACxBC (=2ABxCD) =2ABxBF; 
we fliall, by adding thefe equal quantities, 
have AC1M-BC?i»+2ACxBC (or "aE1% E lem. 6.2.) 
=:AB!» + 2ABxBF=ABl»-h2ABxAJi-AF=3ABi»- 
aABxAF. 

Therefore, if an arch, from the center A, with the 
radius AE, be defcribed ; and, from its interfe<5lion 
(H) with FH perpendicular to AE, another arch fee 
alfo defcribed, with the radius 2AE, cutting AE pro- 
duced in N ; then the hypothenufe AB of the required 
triangle, will be y of the line AN thus determined. 

For H7r» (4AEI*) being =AN1> + AH1* IAH') 
-2ANX AF^£/^w. 10.2.) and therefore 3AE1*-AN]» 
-2ANxAF; it is plain,* if AB be taiic^. =7AN. 
that3AE*=3ABx3AB~6ABxAF: and confequently 
that AEl* = 3AB1*— 2AB X AF, the very fame as 
above. 

From the value of AB, thus given, what y«?t re- 
mains to be done, will be effected with great facility. 
For, if in FH there be taken FK=FB, and KC he 

drawn 
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irawnparalkl to AN, interfcaing a fcmt-clrtl?^,^. 
fcribcd opon AE, in the point C, that point wiH, it^is 
evident, be the vertex of the trmgle. . 



LEMMA. /\ 



Jf a Line le drawn from the Vertex u einy Point in rite 
Bafe of a Triangle^ the S^^ of the two Solids under 
the Squares of the two Sides and the alternate Seg-^ 
punts of the Bafe^ will he equal to the Solid under 
the whole Bafe and its two Segments^ together with 
the Solid under the fame Bafe and the Square of the 
dividing Line. 

Let ACD be. any propofed triangle, and BD tlic 
^D dividing l ine ; then, I 

fay, that aDI* x BC + 
V Cl3|»x AB==^Cx AB 

\ xBC-fACxBDi*. 

Y For, if AB and CB 

\ bobifc6ted in M and N, 

>y and a j>crpendicular DE 

\ be let fall upon AC, it 

f — --»- — X — :i--^_ A is known, 

A M B EN r 

#w i^I^**^Bl5^* = ABx2ME?jE/^»i. 9. £/ 2. 

1 Cni* -• W\- = BC X 2NE I Cor. %. 

Whe nce i t follows, 

that AD]* X BC - EDI' x BC = AB x BC x iME ; 

and "CDl* X AB - 5E)1* x AB = AB x BC x 2NE. 

Let thefe equal quantitjjps be added together, and the 

furas wil l alfo be equal j V. 

that is,. aD|» X BC + Cni* X AB - AC X BDl^'C^ 

ABxBCx2MN) =ABxBCxAC; and confequently 

AD*xBC+'Ci5;*xAB=:ACxABxBC+ACxlDl», 

CoROL. I. Hence, if AB=BC, then will TS:^ 
+'CI5'^=2AB*+2BDl*. 

COROL. 
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,. Co ROL* «. But , if AD=DC, then wc fliall have 
A]5l» X BC +CDl* X AB ^ AD',* x BC + aU* x 
AB=AD1* X AC : whence AU^* x AC =: AB x BC 
xAC+BS)*xAC; and confequently Ai51*=ABx 
BC+BD>. 

CoROL. 3. Laftly, if the angle ADB = the angle 
,CDB (or AD : CD : : AB : BC, Eltm. 18. 4.) then 
AD X BC being =CD x AB, it follows that aI51 * x BC 
5= AD X CD X AB ; and that CDl* x AB = AD x 
CD X BC, Uea cc AD1» x BC + CDl* x AB = AD 
xCDxAB+BC = ADxCDxAC = ABxBCxAC+ 
5Dl»xAC fp. «ioz;^;; and confequently ADxCD= 
ABxBC+Bd1». 

PROBLEM XXXIl. 



From three given Points^ A, B, C, in the fame Right" 
linep to^ draw as many Linesy to meet in a fourth Point 
D, fo as to obtain a given* Ratio among themfelves* 

Call AB, a\ BC, i; AC, r ; and AD, x\ and let AD, 
BD, and CD be, D, 

in proportion to 
one another, as p^ 
q, and r, rcfpec- 
tively. Then, BD 

being = — , and 

CD = ^ we ^ ^ 

fliall, by the preceding lemma^ have x^Xb+ X a = 

abc + cx^-^^ . 

Whence bp^+ar^-^cq^xx'^abcp^ ; 

S and 
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?ind confequcntly jr=^\/ j 



tf^^* 



After the fame manner the problem may be refelve^) 
when, inftead of the ratio, the fums, the differences, 
or the reftangles of the three lines, are given. 

Geometrically* 

If frorti any point E, in BD, two lines EF and EG 
be fuppofed drawn, fo as to form the angles BEF and 
BEG, rcfpcftivcly, equal to BAD and BCD, it is 
«C^ident, from the fimilarity of the triangles BEF, 
BDA, and BEG, BDC, 
• , JBErBF: : BA : BD 
^^^^ IBE:BG::BC;BD. 

And, confequently, that BF : BG : : BC : BA- There- 
fore> if BF be taken =BC, BG will be = AB, 
Moreover, from the abovementioned, fimilar, triangles, 

. . JBD : AD (: :q:p) : : BF (BC) : FE 
we have j BD : CD (: : J: f/ : ; BG (AB) : GE. 
Whence FE and GE are given ; and from thence the 
following conftrudlion* 

Take BF=BC and BG=AB; alfo take a fourth 
proportional to ^, py and BC, and another to 7, r, 
and AB; and, with thefe as radii, from the centers 
F and G, let two arcs be defcribed ; and, 'to tlieir in* 
terfe£tion E; draw BE and FE ; alfo draw AD, making 
the angle BAD=BEF, fa fliall its interfedtion with 
BE, produced, be the point of concourfe required. 

The trigonon\etrical calculation, from this con« 
ilru£lion, is very iliort and eafy : for, all the fides of 
the triangle FGE being given, the angle F may be 
found ; then, in the triangle BFE, two fides and the 
included angle being known, every thing elfe is readily 

determined. It may be obfervca that there is ariother 

conftruftion of this problem ; by means ot the inter- 
fedlion of two circles, fo defcribed that' lines draWn 
from the given points to meet in tlie peripheries thereof, 
may obtain the given ratios (fee Elem. 15. 4. ifi edit.) 
but the method given above I look upon as preferable.-*- 

• As 
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As to the limitations, it is pkin the problem become; 
impoffiblc when the two circles, defcribed from C and 
F, do not ipeet each other ; th^t is, when q is given 
either, lefs than the difference, or greater than the ixxifk 

of^andlf. ^ 



PROBLEM XXXIII. 

The' hvo Sides AD, CD, of a Triangle being given tue 
Lengthy together with the Length of a Line Dfi dividing 
the Bafe AC in a given Ratio ; to determine the Bafif^ 
or Line fo divided* 

Call AD, a; BD, 3; CD, f ; and AB, x% and let 
the given ratio of AB to 
BC be thai of m to n. Hence 

BC=:=— , and AC (=* 

m 

+:tf) = i±»^. And 

m / m 

therefore, hy th e lem ma^ < 

m m 

m m 

Whence,, by reduftron, «tti^*+mV— «xm+«xi*= 

m-i-nxnx*.. ■' 

, - / mnaa 4- mmcc mbb 

And x^\/ — =1- • 

^ m-^nxn « 

' .'If DB be fuppofed to bifedk th e bafe ; the n, m and n 

being equal, x becomes ^V/ ^^• 

•••■•• ^- • t 

But, If DB be fuppofed to bife^ the vertical angle* 

we fc^l have «;»(;: AD : CD) : ya:c(Elem. 18.4^ 

S 2 Whence, 
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Whence, by writing a and c i nftead of m and » , ottr 
equation becomes » ( = 1/ ■ — •^ — ' J = 



«»-— , 



Geometrically. 



In any right-linc EG, at pleafure, let there fc© taken 

• EF and FG in the given ratio of AB to BC ; and, 
•* Xrom the points £, F and G, let three lines be droWn 
•' -to meet in a point D (bythe loft pr^AUm) lo as tp ob- 

• tain the given ratio of AD, BD, and CD, rcfpcftively ; 
' then, if DA be taken of the given length, and ABC 

• f>e drawn parallel to EFG, it is manifeft that ADC 
will be the triangle required. 

PROBLEM XXXIV. 

, Spppojing two Sides AC, BC, of a Triangle ABC, to te 

' given in Length ; and that two Lines BE, AD, d^aum 

from the oppi/lte Angles, t^ cut off given Segments AE, 

BD, are equal to each other \ it is propofed to determine 

thf other Side AB of the Triangle. 




Put CE=^, AE=i, CD=r, BD=<4 CA=/, 
CB = ^, AB = X, and AD 
(or BE) =». Then, by the 
lemma^ we have the two fol- 
lowing equations. 

^Xb+x'^xa^fuh+fyisfl, 
/* X d-^x* Xc^gcd-k-g X 2*. 
Ey/_ ""^*""''-*-*^ ^ From the former of which, 
multiplied by ^, let the latter, 
multiplied by /, be fubtracSed, 
^^ ^^^ and there will arife bg^-df^ 

Therefore .=V/^HZ^1>^1I^. 

Geometrically. 
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^3B 



v\ ,- Geometrically*- - • - ; " 

" 3f DF be drawn parallel to BE, the ratio Aertrf 
to BEi (or A0) will be given, as CD to CB ; and CF 
willlikewife be to CE in the fame given ratio,, and 
therefore will be given in length. Hence it is evident 
that the pofition of the point D with refpefk to the fide 
AC (firft laid down) Will be determined by the inter- 
'•^ie^ioii of two circles ; one defcribed from the center 
• G, with the given interval' CD; and the other, ]i|r 
Mkm. 15. 4. i/i edit, fo that lines drawn from F and ^, 
to meet any where in the periphery thereof, may obtain 
the faid given ratio of CD td CB. Through y^hich 
pwnt, fo determined, the other fide CB of the triangle 
iMft be drawn ; and then, AB being joined, the thk^g 
is done. 

PROBLEM XXXV. 

jSI the Sides of a Trapezium ABC J), about which a Circle 
may he defcrihtd^ being given in length ; to determine tb^ 
Diameter of the Circle. . , 

Let the diagonal AC bp drawn, and upon BC aqd 
AD let fall the perpendi- ..-— -^ 

culars AE and CF. And 
put AB=^, BC=i, CD 
= f, AD=^, and BE 

Now the external angle 
CDF being equal to the 
internal, oppofite, angle 
B (Elem. 17. 3.} the 
triangles ABE and CDF 
are fimilar: and there- 
fore AB {a) : BE {x) 

: : CD (c) : DF=^. But AS1*+BU1»-2BCxBE 




D 'VF 
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{«AC1*) =s'^*+cnj*+aADxDF; that is, in 

« - - ' 

From which equation at is found :?;.^^i — ZSf^ — T; 

' 2ca 

^hcnce AE {—s/a^^^x) *nd AC (=v/afl+^^— a*»X 
Will alfo be giren : and then it will be A£ : AC : : J^ 
r the diameter fought (Elcm. 24. 3). „ 

Geometrically, 

If the twO'diagonals of the trapezium be'drawn, 
onterfedling each other in E, the triangles ABE and 
C£D, as well as CEB and A£D, will be equiangular 
(EUnu 12. 3.) 

J AB : CD : : BE : CE 
IBC:AD: :BE:AE. 

^K. And, fincc the 

ratios of CE and 
AE to BE are 
thus given, it 
follows, that, if 
any line FG be 
drawn parallel x^ 
AC, the parts, 
thereof GH and 
FH, intercepted 
by BC, BE, and 
BA ( produced ) 

will be to BH in the fame given ratios, 
JAB: CD: :BH:GH 
IBC: AD: :BH:FH; 

and confequently, that, if BH be taken =AB, GH 

will be given ==CD, and FH^^^iL^. Whence 



Whence 




or that 



the following conftruftion. 



BC 



Make 
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Make FH a fourth-proportional to BC, AB, and Ai> 
fhy Elem. 13- 5) ; and, in the fame Hue produced, take 
HG=CD : then (iy £km. 15. 4. \Jl edit.) let a circle 
. IK be defcribed, fo that two lines drawn from F mi 
G, to meet any where in the periphery thereof, may 
obtain tlie given ratio of AB to CB. And from H, 
as a center, with the radius AB, let another arch bq 
defcribed, interfefting the former ih'B ; draw BF aa4 
BG, in which fet off BA and BC of the given lengths , 
then, through the three points A, B, and C, let a circle 
be defcribed, and the thing is done. * 

PROBLEM XXXVL 

All tint Sidesy and the Area of a Trapezium A BCD bang 
' given i to determine the Trapexiwn. 

Suppofe the diagonal AC to be drawn ; fuppofe alfo 
CE and CF to l^ per- 
pendicular to AD and 
AB : and make AD 
=^^, DC = *, BC = r, 
AB=^, the given area 
ABCD = rS DE=;^, 
and BF=jf, 

The n wil l aqJ^bb-^- 
2ax (=ACl^) ^cc+dd 
^oJy fE,km. Cor. 2.9.2..) 

an d ay/ hb^ XX + d A '' JB ^ 

\/ cc-yy ( = 2ADC+2ABC). —ar* (by the ^Jlim.) -- 
, Put f*+^/*-a*-^*=2/; and, by the firft equation^ 
you will have ax—dy =/. 

Moreover, by fquaring the two lift equations, and: 
then adding them together, you will have 
tf*^»+c»^* + ^ad s/bh—xx X ^ cc —yy - 2adxy = /^^ 
Hy^*. Whicb> by dividing by zad^ and making jfirj^ 

^"^Z^d iZ^""iJ"^ isreducedtov/^i~^x n/^c-;;/ 

-g+xy. . :;» 

. This/ fquared, gives <^V — i*/ — j*a* = ^* -F 2gxy : 

which 
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wbtcli, by writing - ■?* ■• in the coosi 0^ iu 9f^ 
^ wUl bccoinc A*£» - 1>Y - t2L^l±I^ = f + 9ijx 
jiiL: whence, putting iV-i5f.-^=A, ^^ 
+Jt=*, and ^•+1^+^=4 we get *=*,+//; 

•»dtberdbwjr=:y/i.+ij-l. 



^ Geometticalfy. 

Bccaufe A^h + IJC]* + 2 AD x DE (=7aC1») = 

E ^ rw^^r aBI* +"BD* + 2AB X 

P TV BF ^£/^;„. Ctf^, 2. 9. 2.) 

^ it is plain that 2 AD x DE 

— 2ABxBF is given = 

ABl» + BCi* - AIT.* - 

Find YAy JE/pw. 1. 4»^ 
3. 6.) a line £ whof e 
fquare fliall be =Sb1' 

+"6C!*-Al5l*-C!yi»; 

I^]^ fo fhall 2AD x DE - 
MBxBF = £S and confequenUy DE ;^^~* 

»AD' 




But 



A BxB F 
AD 



(fuppoCng PQjerpendicular to AB, 

and BP a fourth proportional to AD, AB, and fiC) 
appears to be =BQj and ABxCF (&ice AD : AB 
: : BC : BP : : CF : PQJ will alfo be cqn^ to ADx 
PCL/^£/m. 10. 4.) 

Hence 
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4fthde we have DE-.BQ=4i^, and ADxE© 

fABxCF (=±2r») «ADxEC+ADxPCL: whence, 
by taking a third proportional (T) to 2AP, and Z? 
IM another (F) t© |AD and r, there refults DJW 
BQ:=r; and EC+PQ=r. 

Therefore the problem is reduced Jo this ; to find two, 
W«CDE, PBCb>/A^j/ />&^yK»i of their fin^-i^E; 
PQ^, tf«^/ f Atf JDiff'erence of their confines DE, BQ^ (an'- 
fwering to given., but unequal^ radii Y>Cx BP) «^^ Al 
^^/^ ^/7;f» quantities. 

And the conftruftion thereof, (which is exceeding 
evident) will be as follows. 

Draw two lines cutting each other at right-angles 
in M, in which take MP =^, the given fum of the 
fines; and MN = 7i the given difference of the co« 
fines : then, from the centers P and N, with the 

(AR V "RC \ 
-:__- \ and DC, let two arcs 

be defcrihed, interfering each other in B ; through 
which point draw OA parallel to MN ; and join B, 
P, and B, N; fo fhall PBO and NBO (rrCDE) be 
the two angles required. Which being known, the 
trapezium itfelf is very eafily conftruSed. 
' This problem, it may be obferved, becomes impoffible 
when the two arcs, defcribed from the centers P and 
N, do iTiot meet, but fall fliort of each other ; that is, 
when the given area is greater than that of a trapezium 
of the fame given fides, infcribed in a circle, determined 
by the preceding problem. 

But, beCdes the above, there is another liinit, for 
the leaft value, of the area (except in one particular- 
cafe) and the problem will be impoffible when one of 
the two circles falls wholly within the other, as well 
as wlicQ it falls wholly without it : -but this laft de-- 
peads upon the particular order of joining the given 
lines ; whiy-eas^ the cafe is otherwifc with rcfpefk to 
the firft, or greateft limit. 

' T PROBLEM 
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PROBLEM XXXVII. 

To divide a givin Angle BAC into Hvd Paris BA%amJ 
' CAI, y& that their Sines BE and CF fnay^ttafn a 
gTvm ratio ; fappofe that ofmton. \ ^- •-' 

Put the chord BC of the given angle =^7, and- the 

part thereof BD, inter- 
cepted by A I, =ai: 
then, becaufe of the 
fimilar triangles - BBE 
and CDF, it wdl be, 
BD fxj :CD fa^xj :: 
BE : CF : : m : n^ by 
hypothejis. 

Therefore nx^m xa-x; and confequently x=z ■ ^^, .. 

From whence, and the given angle ABD, the angle 
BAD will be found. 

The geometrical conftrudion (like the algebraical 
operation) may bo performed by dividing the fubtenfe 
BC ill the given ratio of m to n : but the following 
method is preferable. 

In AC take AG=»i; and, in BA produced* t^kc 
AH=« ; then a line AE drawn parallel to that joining 
the points G and H, will divide the angle as required. 
For, hy trigonometry^ AG fmj : AH fnj : : fine AHG 
(BAE) : line AGH (CAE) : from this conftruaion 
the numerical folution is exceeding eafy ; both the 
fides AG and AH, and the included angle HAG 
being given. 




PROBLEM 
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Ji dip}4e ^ given JngU B AC into two fuch Parts BAG, 

i CAG, Sjai the Jte^ar%[ie under their Sinesy BE and 

' CF (to a given Radius J may be of a given Jltagnitude. 

Let. AH be , perpendicular . 
to the chord BC; alfo let 
BH-( =CH) =£1^ AH = 
bi ffiE X CF = c», and HD 
Mi ; ftippofing AG. to in- 
tcrfeaBCinD. 

Becaufe of the fimilar 

triangles DAH, DBE, and ^ 

DCF, A B 

, JAD(s/^AT^): AHr^;::BD/^^;c;:BE 

Venave j^p (y^;^;^^)^ ^H^^;: :CDr^-;.;:CF. 
Whence, by compounding the two proporti ons^ 

■ _ hhxaa — xx 

K + xx :bb: : a+xXa-x : BExCF^^^ ^^^^^ =g*> 




='v/j 



From which equation x is found — .^ y^ ^3 + ' 

By means of which and the foregoing proportions both 
BE and CF will become known. 



^ '-3; 7 '^ ■" 

h' /t A- . 



T 2 



Geometrically. 
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Geometriialtji^ * 

: If CI he fuppofed pcrpeftdictite to AB, an* T^'to 
Cl; then, the oppofitc angks CNF and ANt~be- 
ing equal, their compfcnlents 
NCF and NAI will Iikc^ife 
be equal: and rherefore..^,tbe 
triangles CFK and ABE 6^ 
ing eduiangular, wc h9vcji$ 
:BE::CF:FK, or AB ^ 
FK=BExCF=c» faccar^^ 
to obfervation $.J . whence F 
18 given. Therefore if, from 
I^ ^ the extremity of the chord 
'GFM, there be drawn MN perpendicular to Cl» 
the length thereof, being twice tliat of FK, will swo 
be givea; and, from thence the fqllowing Wn* 
ilruSion; ; 

Take IL a thirct proportional to |AB and the fide 
^^J of thfe given fquare, exprcffing the magnitUjSb of 
,the propofcd rcdlangle ; draw LM perpendicular to 
A^i meeting the arch BC in M j then a lift* A6 
drawn to bifcft MC will divide the angle BAC as re- 
quired. 

The numerical folution, from hence, is very concife 
and eafy: for, having found the value of iL (by di- 
viding the mcafure of the given re6langle by half the 
Y^ius) let the co-fine AI of the whole, given, angle 
be added thereto ; then the fum AL will be the co-&3c 
of (BM) the difference of the two, required, parts.«r* 
This problem becomes impoflible when IL is given 
greater than IB ; that is, when the reftangle propofcd 
IS greater than half the redangle under AB and BL 



PROBLEM 
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PROBI^EM XXXIX- 

-Sljjafc^f -a w^fj .4«r/^ MCN /«/<? $woJuch P^rf j.MCDt 
IZr NyOrVA^/ fi«V TangmU AD, BD; ^B^J' olitaina^in 
' . ^fio yjuppofc that of m to n. 



Tiit the radius^ €0=^?, the tangent of the gvca 



«glc MCN.=r^, and 
:fliat 'AD) of the 
jJait MCD=;r. Theft 
It will appear, from 
'Problem 25, that the 
tahgent BD of the 
Tfemaining part NCD 
is truly exprefled by 



Hence we have m : n 







_., and thcrefpi^ 

aa-\-hx .. 

From which x \%^iwxA 



mXa* 



' mb \ 



ittb 



Geometrically. 

The ratio of AD to BD being given, as m to.w, 
the ratio of their fum AB to their difference AE (fuj- 
pofing DE=DB) will be given, as «+« to m— ^, 
And, if 'NG be drawn parallel to BA, meeting CE 
. and CA in R and G, the whole line NG will be to 
the part GR in :the fame ratio of «+« to m—n : and 
it is evident, that, if two perpendiculars NP and RQ^ 
be let fall from the points N and R upon AC, they will 
likewife be in that ratio. Whence the following con* 
ftruftion. 

In NP, perpendicular to MC, take PH a fourth 
proportional to »»+», ,»!—», and PN; draw HR pa- 
rallel 
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rallcl to CM interfefUng the arch MN in R, and draw 
CD to bifcft NR, and the thing is done, 
X For the trigonometrical calculation, it will be 
jft+« :«-«:: NP : RCt; :>^ 

that is, as «+« is to «— «, fo' is the fine of the whsftfe, 
jgftVBti, angle to the fine of the difiSrreace of itsit**?6, 
required, parts i whence the parts themfelves will^tie 
iuxown.. 'i* 

PROBLEM XL. r 

. ■ i 

To divide a given Angle BAC into two Parts BAP and 
CAP, fo that the Reiiangle under their Tangents BD 
and CE (to a given Radius AB) may be of a given 

. AQagnitude* 

If the radius AB (or AC) be denoted by a; die 
Yi tangent BK of the given 
angle BAC, bv h\ «k1 
the tangent Bf) of the 
part BAP, iy ;^; theii 
the tangent CE of the 
remaining part CAP will 

be rcprefcnted by — ■ ■ , 7*^ 

(fee the note to Prob.^:) 

And we fliall, therefore, 

a'^xb'-xxx , 




have 



aa'\'bjc 



=BD 



ccxaa-i^bx 



bcc 



=?<^^.+ 



which, by making d^b -, becomes dx 

»(* aA 

^xx=^cc; whence x=id;^^^dd — cc. 



Geometrically. 
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.' Geometrically. 

- ir^a line DF be drawn* to make the angle BDF 
equaf to CAJE, the triangles BDF and CAE will be 
fimikr-, aild we Ihall, therefore, have ACxBF=BB 
mCEssc* faccdrJing to Obfervation' ^. ^. *88) whcfl^ 
-8F, and confequently AF, will be given. Moreover tte 
fum of the angles BAD and BDF being equal to the 
given angle BAG (by hypothejis) and the' fame fum 
+ADF equal to a right-angle (by Elem. Cor. 4. to 
9. 1.) it is evident that ADF is equal to the difFerence 
between the faid given angle BAC and a right^oae. /^ 

Therefore, having taken BF a third proportional to 
AB :^nd the fide (c) of the given fquare, make the 
angle AFO = the angle FAC ; and from (O) the in- 
terfeftion of AC and FO, let a circle be defcribed 
-tiirough A and F, interfcTdting the tangent BK in D, 
and D; from either of which points draw AD, a?id 
'$be thing is done. 

In order to the trigonometrical calculation, let the 
diameter GH be drawn to bifeA the arch AF in H, 
and let DM be perpendicular thereto : then, having 
found AF, it will be^ as AN (|AF) : DM (NB) : : 
fine AH (co-fme NAO) : fine GD (=co-fineiDD) 
=5 co-fine of the difference of the two required angks 
BAD and DAI.; whence, as their fum is given, the 
angles thenifelves will be known. 

This problem becomes impoffible, w}ien the circle 
OAFG neither cuts, nor touches, the line BK ; 
that is, when the given redkangle is greater than the 
fquare of the tangent of half the propofed angle, 
and the angle itfelf is acute; or, when the faid reftanglc 
is lefs than the fquares of half the tangent of the 
propofed angle, and the angle itfelf is obtule. 



PROBLEM 
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PROBLEM XU. 'v 

7o draw a Um DE paralUi to a riven line AI, fkm td 

hurJeH tvf9 otier Lines AB, AC, given by F(^itiem» 
anJ therebj form a Triangle ADE of^hgivem Mti(* 
fntudi* 

Let the given area of the triangle be denoted by 

tf* ; and let the fines of 
the given angles DAE» 
ADE, and AED (to 
the radius r) be cx- 
prefled by m, fi, and 
j^, relpefiively : then, 
making EP perpendi-* 
cular to AD, and call- 
ing AD, *; we have 
(h //««^ trigonomtryj 
as p :m 




and r 
: EP=i!!!l. 



DE = 
DE 



Hence 



^f 



and therefore jc^\/^ffL^a\/l^. 
^ mn ^^ mm 

Geometrically. 

Let AF, perpendicular to AB, be the fide of a fquare 
€qual to the triangle ADE ; then, if AL be taken s= 
2AF, and FK be drawn parallel to A B, g f> it is evi- 
dent that the triangle ALK, being ==AFIS will alfo 
be equal to the triangle ADE. Mo reover, by maJk^ig 
KM parallel to Al, it will be aDJ* : AMI* : : Alffi 
(ALK) : AMK (Elem. 24. 4.) : : AL : AM (Ekm. 7.4;) 
: : AL X AM : AMI*. And confequcatly aE^^AL 

xAM 
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xAM. Thereffift A^ being a tncan proportional 
between AL and AM, upon the former of thefe let 
ii*&<bi-<Jjrdc _ANL ^e defcribedj interfeftini^ ^IN, 
^^^pendi(:ular, to A5, in N; make AD ='tHe cl^prd 
JkSix 4^^d dra^ DE^p^ral}el to AT,, arid the thin| is 
&nt fElem. i^. J^.^ ' "' ^ "* ^ ' 

PROBLEM XLII. 

through' a given Point B, between, tw^Unes AB and AC, 
.given by Pofiti$n^ to draw another Lim DE, fo th^t 
- . thfi Triangle ADE^ formed thereby^ may le-4jf-tt-given 
. Magnitude* 

Let PG and PF be parallel to AC and AB,. and PQ^ 
and'ER perpendicular 
to A5 : alfo let AG 
and PQ;, Twhich are 
given by tne pofition 
of P) be denoted by 
ind A, refpedUvely. 
Then, calling AD, 
*!, and denoting the 
given area by r*, we 

fliall have, DG (x'-a) : ?QjbJ : : AD CxJ : ER=-^': 

X'—a 

and therefore— x-i. {=ERxiAD) =c». 

Whence xx - i-^ ;= - ^^ ; and confequently *= 
b . o . 




Geometrically^ 

^' If upon AF, a parallelogram AFHI be conftituted, to 
krontain the given area, it will appear, >y t^ki rig away 
AFPMI fr6nfl each of .the equal quantities AH and 
ADfi, that the remainders PHM and PFE + IDM 
Will I^C>wife fee equalj. and fo, thefe three triangles 
..' X *" U being 
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being all fimilar to one another, it follows thatTHI* 
v^m be ~TFI»-hDI» (Ekfn. 04. 4.) Whence ^is 
confiruftion. '-* 

. From the center F, with the interval PH, let ih 
Jiiirch be defcribed, eutting PQ^ perpendicular to AR 
in N ; make ID -FN, and draw DPE, and thethbi^ 
ts^done. For it is evident that KH* (FSI*) is =:inF> 
*+T>r» vHKl *.) — Hence it alfo appears that the probleth 
will be impoflSble when PH is lefs than PF r or 
when the triangle propofed to be conftrufked is/lefs 
than twice the parallelogram AFPG. 

PROBLEM XLIU. .:: 

Through a given Point P, between two Lines AB, AC 

S'ven by Pojition^ to draw another Line DE, /o that 
e Sum of the PartSy AD + AE, cut of. thereby^ from 
the two former^ may be a given !^uantity. 

Let PF (parallel to AB) be denoted bv m^ and PG 
Q (parallel to AC) by 

*; alfo let AD + 
AE = r, and, AD 
= ;r .• then, by 
rcafon of the pa- 
M A/ 0/ XP N rallcl lines, we 

B ihall have DG Cx- 
a) : PG (h) : : AD 

And therefore —+;r (=AE+AD) =r. 
x-^a 




From which, by 4:edu6lion, xx^c + a-^b x x= ^ac ; 
and confequently ;>?= ■ J JLV^ ^ ' ""^^* 



Geometrically. 
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rf^v' . % Geometrically. ^ . ^ . .| 

J The trtaugles DGP and PFE being Cmilar, x\^ 
reftangle unaer DG and FE will therefpre be e qual -j;,9 
j*be-giv.4fn re£biogl€ whder AF and AG=AEl*;iby 
iijfting AM=? AF, and making AR a mean propprtiondl 
Jietwccn AM and AG. Moreover, if : MN be tsktax 
ijs Ihc given fum of AD and AE, Jt is aiaftiifeft thaj 
^b^ fum of DG and FE (whofe redlangle is abayjs 
^ivcn) will, alfo, be given =GN. ,,,. 

^- ' Thci'efore, having dcfcribed a fcmi-circlc upon QK, 
let RS be drawn parallel to AB, intetfeiSling the peri- 
phery thereof in S; from which point, upon AB, let 
fall the perpendicular &D, and through P d raw DPE, 
and the thing is done. For DG x DN = DSl* =: AEI*^ 
AM X AG =. AF X AG = DG x EF : wherice EF =- 
DN; and confequently AD+AE (=«=AD+AF+DNj 

■, . ■ ^ ■ - ^ ■ - ; '« 

It is plain, this problem becomes impoffible, when RS 
l&tts below the femi-circle GN ; or> when the fum of 
AD and AE i» fuppofed to exceed that of AG and 
AF' by lefs thsm the double of a mean proportional 
between AG and AF, 

Much after tl^c fame manner the problem will be 
refolved, when the difference, the ratio, or the 
reftangle of AD and AE is given. 



.-►T^.> i 



V a PROBLEM 
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PROBLEM XLIV. 

TlrjQugh a jriven Pointy P, bettvixt twp Right-^liwes 
AD, AE, given by Pofition^ fo to draw a Rijkt- 
line BPC that the Reflangle (BP x CP) under the Farts 
thereof f intercepted by that Point and thofe Lines, may 
he of a given Magnitude. '^ 

Let PF and PH be parallel to AC and AB, and Wj 

perpendicular to AB: 
then, calling PF, 4t\ 
PH, h\ FG, t; »id 
BF, *; we have BFI* 

10. 2.) 




And, by fimilar tri- 
angles, "S? (x) :BP:.: 

PHV*; :CP=i-xBP. 
BD Confequently BPxCP 
==-^xBP*=:— xSJ+jrJ^^^. Hence, if the given 
value of BP X CP be denoted by J», then will 
\-_.=tfj+;f;p-2r;p: which equation, folved, gives 






Geometrically* . ' 

The reftangle under two unknown lines being 

f riven, another line muft therefore be found, or af- 
umed, under which and fome given line in the figure, 
an equal re<9:anglc may be contained, (Ftd. Obfer. 5. 
p. 88/ 

As, 
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As, in the prcfcnt- cafe, the Hrc AP is given, both 
in length and pofition, let the redlangle under it, and 
a! part, f Q^, of the fame line produced^ be therefore 

afiumed ==bPxCP; then the , cbnfequence will be, 

Jt, 
ihaty befides obtaining PQ=r— — -, the criangles PQC 

-. ' . AP 

and PBA (fuppofing QC drawn) will alfo be fimilar 
becaufe AP : BP : : CP : PCLO And fo, the angle 
PCQ^ being =5 the given angle PAB, it is evident that 
a fegment of a circle defcribed upon VQ^(by £/?«• 22. 
5.) capable of containing the faid given angle, will 

: ioterfeA AE in the point (or points) required. 

Thi6 probtem will, it is manifeft, be impoifible, vAftn 
€h^ circle, defcribed as above, falls fhort of AE ; ^r. 



X - 



according to the algebraic folution* when^— -+f 

20 

is negativ e ; th at is, when the propofed re£banglc is Icfs 
^n tbxar^c, or, its equal aPHxPF-FG. 



PROBLEM 
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PROBLEM XLV. 

The Area (a») ef a rlght-angkd Trt'migte ABC, ^fi 
Suks are in Arithmetical Proffe£ion\ being gvueji^t^ 
. determine the Triangle* b *-• ' '' 

Put the greater leg KR^x^ and the common dif- 
ference =jp; fo fliall BC=;t-j, and •AC=:;r+/; and 

Iji grefe rc ^^ . . ^\ s: : 

^^J^;:7>*+**Ibythequ^ftiom' ^ ;; 

From the Former of which 
equations we have xx + 
3t^ + J7 =s 2*x - 2jfy -^yy ; 
and confequently 4/ = *; 
whence, by fubffituting for 
■ X in the fccond equation, 
B B ^R A. ^^ g<5^ 27X2y=«»: from 

which y is given -\/^ 5 and a? (=4^) ^^^^. 
Therefore £€==3^/^, AB^4^/^ and AC = 




^v/? 



GttmttricttUj, 



- r h is well known that AC+BCx AC^BC ^^s^S^ -» 
BC!») is =aSI» ^£^«. Cero/. /» 8. 2.) And,- by IH^ 
^cftion, AC + BC is = 2AB (becaufe AB iiw^ 
»jithn> etical mea n between AC JUfidBC.) Theritfore 
aABxAC-BC=ABl*; and confcqucfttljr AC -^^ ifc 
f^iAB: take thefe equal quantities ^m fh^"c^uai 
quantities AC + BC and 2AB, Mid the t«m^^ei%i 
aBC and i|AB, will be equal ; find conie^ue^tly 
31AB - 4BC. But |AB X BC ( =fBC x BQJ' !- 
BD> (=«•) ; and therefore BCT=*BDl». " ' ' 

■:■ ■■ ■'' m^ 
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'6« 



Hence, if BH be taken to BD (a) in the proportion 
©C-S3 tq-^; a mc^ proportional BC between DB^ti^ 
liB,, will be tbc lefler leg of the triangle required; 
'whbfe greater leg BA, being in proportion ther^o, 
as 4 to 3, is alfo given from hence. 

•■ PliOBLEM XLVI. ,.^ 

ithe Area (a*) of a right-angled Iriangle ABC, 'wh$p 
Sides au^n Geometrical Proportions (eiug given i/io 
determine the TnangU. ' ..-: '^ 

Make AC = X \ 



then BC = 



a/ 



*» + 



Therefore, 



4^^ 

XX 



v/ 



** + -^^, by the quejl. 



Hence ^ 



=^\/ 




4 



XX XX XX 

-%a^ =4*^/20 ; and x^ax. 



V 



2+^20. 



Geometrically. 



_^vi^, i>y hypothejisy hX^ : AC : : AG : BC, there* 
fore isT^* f'SCi* : : AC)* : SC}* (Elem.X:or. i. to 11.^} 
^ But AtlS fuppoCng Cn perpendicular to Al^ 
is equal/to ABx AD rand ISCl* equal to ABxBD 
{^Um- Car. /<> 19. 4 3 , . 

i .TherrforeCAFj*:ABxAD: : ABxAD:ABxBD; 
pr, AB; AD;:.AD:BD. 
. \^he^ce the follqwiog conftruflion. 
l5raw:;$iy line. EG, at pleafure; which divide at F 
(by Elem. 19. 5.} accordi^ig to extreme and mean pro^ 
portion ^fo that EG : EF : : EF : GF) ; ereft the 

perpendicular 
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perpendicular FC, and upon EG- let a femi-circlc. be 
defcribed interfering it in C ^join £, C,^ a^d G, C i^ 
and let AB (by Prob. \i^) be drawn', parallel to EG, 
to cut oft the given area ABC (=^*),. and the, thing 
is done. For it is manifeft that AB is divided, by CDT% 
in the fame proportion with EG ; or that, AB : AD 
: : AD : BD, as above, 

PROBLEM XLVII. 

^jJtng,one Side AC, dndthe oppojtte Angle KBC of a 
triangle to be given ^ together with the Side DE, or DF, 
- (jf'ihsiinfiribed Rhombus EF ; to find from thence the 
ether two Sides tf the Triangle. 

Conceive a circle ABCI to be defcribed about the 
triangle, and the diagonal of ^ the rhombus pro- 
duced to meet the circumference thereof in I ; alfo 

let AI and Ct be drawn ; 
which .will be equal ^to ^ach 
-2i other (Elem: 12. 3.) as be- 
ing the fubjenfes of the 
equal angles IBA and IBC, 
formed by the diagojaal and 
fides of the rhonibus : and 
fince the arcs AI and Gl, 
as well as the chords, arc 
equal, the angles IAD and 
IBA, infifting upon them, muft likewife be equal ; 
and confequeritly the triangle IAD fimilar to tl^ tri- 
angle IBA. 

But the vertical angle AIC of the ifofceles triangle 
ACI (as well as the bafe AC) is given, being =2 
right-angles -ABC (Elem. Cor, 17, 3.) whence I A 
will be given (by plane trigonometry.) , -^ 

* Put, therefore, IA=^, BD=^, and Y&—x\ then, 
from the fimilarity of the triangle above fpecified, we 
ihall have, si^b (ID) : a (lA^ : : a (lA) \ x fIBj 
.whence xx'-bx:=zaa\ and cgnfequently x:=::\/ aa-r\bf} 
^\b. From which, and the known values oflAand 
♦the angle ABI, the value of AB, l^c will alfo be 
known. * . Geometrically. 
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GeofHetticaUjn^ ^ / 

The geonvetrical conftru£tion beteofv as t)ie ie£k 
angle BI x DI (by the foregoing proportion)^ is given *^ 
Ail^» is obvious from Pt'obleca 6 ; and is thus» ^ 

Having> upon the given fide AC, defcri*:«J a feg* 
ftnent of a circle ABC capable of containing the given 
angle ABC (Ekm. 22. 5 ) ; and^ in the other feement* 
AlCf conftituted the ifofceles triangle AIC> make IG 
perpendieular to I A, and equal to half (BD) the given 
diagonal of the rhom^js ; alfo> in IG produced, take 
GH equal to the diftance GA ; and, through H, from 
the center I, let an arch be defcribed interfe^ine the 
circle ABC in B ; then draw BA and BC» and tht 
thing is done. 

PROBLEM XLVIII. 

from twt given Points A and B, to draw two Unes 
AC ana BC, 1$ meet in a Right-line DE givin 
by Pojitiohy 4md form an Angle ACB of a giveh 
Magnitude. 

Make AM and BN perpendicular to DE ; and let 
AF be fuppofed ' 

parallel to BC : TVJ.-^ 

then, calling ^i^ 

AM, ai BN, 
b; MNy ci and 
MC, x\ it will 
be a« * : c — »' 
(NC) : : a : MF 

at --ax . 

Buk MP aipid MC arc tangents of the angles MAF 
and MAC; which angles together (bccaufe of the 
parallel lines AF and BC) make an angle CAF equal 
to the given angle ACB : therefore^ if the tangent 
«f the fai4 given^' angle, to the radius AM^ be de- 
• X noted 
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noted by t, it will appear, from Problem 25, that 

MC+MFxAM* . . ^ 

AM»-MCxMF "^^ 



ac — ax 



This, in li)ccies, gives 



III - ^^j^— ^», ^» - , . .. .J ■ 

MX^-axx ah^€X+xx 

a* — r 



i=/. 



Which, by rcduSion, becomes -^^^- 4.-JJ^^ 

*;r — f AT + ^i. Whence, making c + -J;^—-^ = ^ 

andux— -^=v/', we h^yc/^xx-dx ; and confequeiitlr 

x=id±s//Hdd. 

When the linQ MN is parallel to that joining jthe 
given points A, B ; then, BN fbj becoming =AM (aj 

we have, in this cafe, ^/i=r, and /= «* ; and 

therefore *=— +.\/ •— ^« + J^^* Which n^ay 

fcrve as a theorem for finding the fegments of th© 
bafe of a triangle (and confequently the triangle itfelf) 
when the whole bafe, the perpendicular, and the ver- 
tical migle arc given. * 

As to the gcouietricarconftnidtion of the general 
problem, it is extremely obvious ; fince a fegment of 
a circle dcfcribed upon AB (by. Elem. 22. 5.) capable of 
containing the given angle, will interfe« DE in the 
point (or points) required. Whence it alfo appears 
that the problem will be impoffible when the circle falls 
ihort of the line FE ; and, confequently, that the 
angle ACB will be the greateft poffible when the circle 
touches the faid line ; or, when DC is a mean propor- 
tional between DA and DB (Elem. Cor. to 22, 3.) 

PROBLEM 
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:. : PROBLEM XLIX. 

To find a Point C, in a Right-Une DE, given by Pojtthn; 
Jo that two Lines CA, CB being drawn from thence 
to two given Points A and B, - the one BC Jhall ixceed 

'the other AC by a given difference d. 

Let AR and BS be perpendicular to DE ; and let 
thefe perpcndi- 
ciihTsr, together 
withRS (which 
ase ^L known 
from the pofi- 
tion of DE) be 
denoted by tf, 

by and • r, ref- ^ _ 

peftively : then 5 ]J\ B 

ptrtting AC=^, we have RC ( = ^ac1--aS) 

» ^,xx-t^^ an d SC ( = yj w^ -B5>) = 
y/ XX 4. av^+ dd-^bb:ne-^ y/xx—aa* 

iFrom which equation, by fquaring both fides thereof, 
we get xx+%dx'{'dd'^hbz^cC'^7£\ /xx—aa- \'XX'-'aa. . , 

This contracte d becom es %c\/xx — ^a = ^^ — ^^i ^dd 
^cc — ldxy or, s/xx-^aa-zzm-^nx ; by dividing by* ar, 
and putting =^> :ind— =». 

Therefore, by fquaring again, xx-^aa^zmm-^imme 

J^nnxse*^ whence i--^nnxxX'i-'imnx::^aa'J^mm^ or xx^ 
imnx aa'jrntm 

Andconfequently *=v/'^^^^^^+^— •^^. 

»^ I— «« 1— a»] I— w 

X 2 Geometrically^ 
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Geometrical^. 

If AB be drawn, and bifeded in F» and CM be fi}p« 
p ofed perpe ndicular thereto^ it is well known that Ffnt 

BC+AC X BC-AC ^E»7 /^ ^ * -TV *:. 

s= -^g ^£Zfm. Cor. 2. 9, aO Therefore^ 

fmce BC-AC=PQj and, confcg uently, BC 4ACs 

Pa+aAC, it follows that FM=i3;±ij^ii^« 

PQ 3* ACxPQ^ 



dAB 



Afi 




But, fincc 
both AB And 
PQjare given, 
the value of 

lAB' ^^* 

a third pro- 
portional ' to 
£ aABandPQ) 
}s alfo given. 
Let this, 
therefore,, b^ 
exprefled by 



FG , fo that FMi may be =*= FG+ ^^^?^ then 



AB 

it is plain that GU= ^^^^% or that, CM is to 

AC in the given ratio of EQjto AB, 

But the ratio of GM to HC (fuppofing GH per* 
pendicular to AB) is alfo given by the pofition of the 
line DE ; whence the ratio of HC to AC (where 
both belong to the fame triangle AHC) will be ex* 
hibited : for, taking Gl =PtX> and making IK peiv 

j^. ahvej and confe^uentlf HC : AC : : HK : AB. 

3«t, 
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' Batt if KL be fupfbki parallel to AC, meeting 
Ha produced (if nefed be) in L, it is nunifeft that 
-HC: AC - : HK r KL. Therefore ?X=AB, whence 

th? following cohftruiSti on. ,. 

Having take^ FQ=^, ,GI=PCb and €te&^ 

-tkc perpendiculars GH and IK, and alfo drawn HA 
{as above fpecifiedjy from the center K, with the interval 
AB, Jet an arch be defcribcd, cutting HA produced 
in L ; and, having drawn LK, make hC parallel 
thereto ; which will cut the given line DE in the 
point required*. ; 

The trigonometrical cal^laition^ froi^ this cpi|a» 
ftruftion, may be as follows. _^ 

Having computed FG (=,-21 j and fubtradlcd ifc 

from FD and FA, the remainders GD and GA witt 
be given ; and it will then be as GD : GA : : tangn, 
JPIiG for co-tang. D) : tang. AHG; whence the 
imgle LHK is likewife known. And, {iticejin. DHG 
. (or co^/n. D> ; rad. : : IG (PQ^) : HK, the value 
of HK.fas well as thofe of KL and the angle ItHL) 
will be known : from which the other two angles ef 
the. triangle HKL being found, the angle DAC ( = 
t;CA-D=HKL-D; will alfo be obtained. 

After the vpry fame manner the problem may be 
refolved, when the fum, inftead of the difference, of 
the lines AC and BC is giveo. 

As to the reftriftions of the laft problem, it is evl* 
dent that the given difference muft never exceed tho 
dlftance AB : but when the line DE paflkh bet^ween 
the points A and B, the limit will be ftill lefs; but 
is eafily ^ determined. In any cafe, from the given 
pofition of DE. It is a little remarkable, that the above 
folution fails in that particular cafe, only, wherein the 

feneral problem becomes moll fimple ; that is, when 
)E U perpendicular to AB, But here the operatioa 
wiU, alf0; become more fimple an4 expeditii^us : for 

the 
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the pofition of MC (with which D£ is fuppofed. to 
coincide) beiog squally givea, ^the hi^h of AC^ 

— — — (p* above) will alfo be koovtm. And^ -fi 

with this, as a radius, an arch he defcribed, from the 
center A, it will interfctft the perpendicular JMC (or 
DC) tn the point required, r ^ 

PROBLEM L. % 

From two gtvitt Points A, C, in tbt Didmeter EF of St 
given Semicircles to draw two Lines to meet in ti^ 
Circumference^ Jo that one of them CD wtfjr exceed the 
other Al> hy a given Differenecy not greater than the 
Diftance of the two given Points • 

The radius BD being fuppofcd drawn ; put AB=:^, 

BC =*, AC = ^ 
BD = r, AD = r, 
and CDscAT + i/; 

d being the given 
difference; 

Then, hy the 
Lemma at p, iJiS, 
w e iliall have x^xb 
+ Ar + fl?|» Xa — ahe 
+ rr*^ or, i«*;+ 
ax"^ 4- 2adx + ad^ =i 
abc+cr^. 

Whence ;r»+?f^=tfA+r*~i:^, 

c ■ c ^^^ 

and confcquently x:s:^/ ab-kf^-^^ — .-— . 

Geometrically. 

The geometrical conftruftion is alfo deducible 
from the Lemma above fpecified. 

from thence, that aDI* X 4§-+^ 




For it is evident 
» is =ACxBC+ 
AC 
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wJfb their .Solutions. x^g 

^^2^^=;ACxBC+ACxBG (by taking BG^; 

^^ =ACxBC+BG=ACxCG- 

Therefore, having taken BG a third pi:oportio;xaI to 
-AB and BD ; and CL a mean-proportional between 
AC and CG ; draw BK perpendicular to GF, meeting 
the circumference of a femi-circle, defcribed upoa 
AG, in K; aad, having drawn AKM, and tajceii 
AH equal to the given diiFerence of AD and CJD, 
upon H as a center, with tte radius LC, let an arth 
be defcribed, interfc<aing AK in M ; fjtom which poiht 
Upon GF let fall a perpendicular MN ; then, if from 
A, with the radius AN, another arch be defcribed, it 
will interfe<a the arch of the given femi-circle in the 
p<Mnt, D, required. 

For AB : BC : : ABi*. : AB xBC (=Bin», Ekm. 
Cor. 19, 4, :;5l^» (Sn;*) :NM1»=aD)*x— . 

AndNMlMADl'x^) +fiNl»=fiMl*=ACxCG 

BC 

fiy conftr.) =ADI»X-^+Cl5l« (p. above.) 

Therefore CD=HN=AN + AHiAD+AH; and 
confequently CD-AD=AH= the given difference, 
*;' conJtruHton. 

The method of calculation, from this conftruaion, 

is fufficiently eafy : for having computed BG f-^*V 
. — * - AB / 

RAKTl,-^r^.^.V^?-^^^^ ^"*^ »'^° *^« ^ngl= 
iiAK. (which IS had by the proportion AB : BC • • fqu 

rad. •• fqu. tang BAK) ; you will then have, in the, 

triangle HAM, two fides and one angle; whence 

every thmg elfe is readily determined. . - 

PROBLEM 
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PROBLEM U; 

frMk f&r Middle F, and the two ExtmhesA. and %j£ 
.. a ^uen JSgbt»linc AB, -/« draw three lines to mmm 
^a.fointpi in a Right-Une DE given iy Pofithnl^Ji 

ojr'to'be in Geometrical Proportion^ or fo ibat AC ;..ir C 

::FC;BC. ^ , 

:i'^^«^ufeSei*+A(Tl*=t2FCl»+4BF]» (Elm. Ti. a.) 
And BCx'AC = FU]» (by Hyp. and Eltfm. to. 4.) it » 
evident th at "SCi* - 2BC X AC + aC1*= 2SF », at 
BC-ACl»=2iin*=BG)% by taking EG as the 
diagonal of the fquare whofe fide is BF. 

Henc« BC-AC 
is given =5 BG; 
and fo the cafe 
in queftion is te^ 
duccd to Problem 

J9; to \yhich I 
lall therefore rc^ 
fer for the remain- 
ing part of the 
fplution.^— — It ap- 
pears from hence that a point In the circumference of 
a given circle, whofe center is in the line AB, may 
be fo determined, by the Iq/I problem^ that three lines 
drawn from thence to the three given points A, F, B> 
ihall be in geometrical proportion. 




PROBLEM 
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^t 



PRpBJmM LIf . 

$rwntwo given Points A, p, within a gitim fS^U^ H 
draw tfUfo Lit^ AC, BC, to meet 'in the Penpbery 

» there^ fi t^at the Sum of their Spiares my bf a gH^en 
l^udntity. 

Through the given points let £F be drawn^^mei^r^ 
the circumference of the ^ - 

circle in E and F ; . parallel 
to i^hich, draw the diameter 
iPQ^; and let the chord 
CG be drawn to cut EF 
and PQ, at right-angles, in 
BandH. 

f ut EF ^ tf, EA = b, 
EB =i r, DH = //, ED = X, 
and DC=;f; and let the given quantity, aCI* + 
Kn% be denoted by e^: then will DF=a-*, DA 
=*-*, Tf^-c-xy DG-y+%d. 
ButEDxDF=CDxDG fElem.zi.^,) 

And 13A]*+DCl» + iJb]*+Dtn*i=^»+5Cl* fElem. 
8.2.) Which, inXpecics, 



>y 


\ 




J- 




H 7 



give 






or 



[ax^xx^^yyVzdy 
I %xx'\'2yy—ibx--icx:=^ee'-bh-^cc. 
Whence, by adding the double of the former equation 
to the latter, we get %ax-'%bx--7£x^ee-'bb''cc'\-^y\ 
bi-i-cc-^ee . a^h~^c ^. 

-+ -7— X*=r/+^:r, 



and confequently ^3 



by making 



hh-^-cc^ee 



Ad 
=/J and 



%d 

■i n * I I 

id 



-=^. 



No«r> 
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N4>W9 the value of /thus fwnd being- if^ftilfit«^ 

in the firft equation, there arifcs ax^^g^ff-^^fgxih 

or, i'\'ggxxx-\'^dg'\-2fg'*axx^'^ff''2df. 
.From which; by making m^i+gg^ n^za—oJg'-afgj 



^ ,p=^fx/+zdf the value of x is fouiia 



X 



-"%' 



4/9ZV m 



RTi 



Giomettically* 

That the locus of the vertex of a triangle, whereof 

the bafe and fum of the 
fquares of its two fides 
arc given, is the cir- 
cumference of a circle, 
defcribed from the mid- 
dle of the bafe aa a 
EL center, it i$ cvideat, Ji^m 
Elcm. II. a; becaj^fe the 
line drawn from the 
vertex to the middle of 
the bafe, is an invariable 
quantity. 

Therefore, having bifeftcd AB with the perpendi- 
cular IMN, take MN and MR equal, each, to half the 
fide (e) of the given fquare ; draw NR, and, frppa A 
to the perpendicular MI, draw AK equal to NK ; and 
upon the center M, at the difiaoc6 MK, let ^a_ai:f:h 
be defcribed ; which will meet the circumference of 
the given circle in the point C, required. F or *A C, 
BC, and MC bein g i^ra wn, it is evident that AC P+ 

BC1*=2AM;*+2CM1* = 2AM1»+2MK1*==21S»= 

2Sy|*=4RMl* =g*. In th is problem it is rcjiufite 

that MC (^\/|7-ZST|») fhould be greater than 
the difference, and lefs than the fum, of the radius 

of 
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il'oqsi its' center. -'* 



PROBLEM LIII. 



'•*^ 



.i\ 



To ^tnxw a Lipis VQ^thrwgh a given Point A, fithavHA 
Reiiemgle of two Perpendiculars^ fol^i^i thereon from 
t%vo other given Points^ B and C, may be of o^-giveM 
Magnitude. 

Let B A and CQ^be produced to meet in E ; and up- 
on BE let fall the per- ' ^ 
pendicular CF ; which, C ' >»*' 
and the fcgment AF, 
are both ?iven, by the 
pp^tion of the propofed 
points. 

: Put, therefore, CF 
=<?, AFnA, AB=:r, 
;and , EF =5? *,: then 

will CE = \/aa+xx : E 

and it will be (by Jimilar triangles) y 

as CE;EF::AB:BJP = 




^/aa'\^xx 
andCE : EF : : AE : EQ^^^it^: 

whence CQ^(=CE-EQ^) =^AJ+^- ^ ^"^^^ ^ 

yaa'\-xx 
aa^hx 

and, confcquently, BPxCQp-^ — ^^ — =^* ; fup- 

ppfing ^ to denote the given magnitude of the propofed 
redlangle. 

.Fj^om jthis equation, by making ^ — -—ff--., aad/s: 

^c-^-gg 

Y 2 aag 
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|i4 Gsm&iTBiCAL Pmtoiittis^ 

i^^ '% the valot of * 1$ fobritf tfiHh v/W"^ 
jy^nce every tiiiiig elfe is readily detmnined.^ .^^ 

: If QM be fuppofed parallel to AB, the triaogle 
.CQM willy it is plain, be fiipUar to ABP ; and am- 
fequently ABxQM=BPxCCL^£/^ 04. 3.) f?|* : 
whence QM is given ; and, from thence the following 
.i^fViftrcidion. 

Find a third-proportional to AB and the fide fg) df 
the friven fquare ; and, in BF produced, take FD equal 
ta the double thereof; draw DG parallel to FC, inter- 
fering the circumference of a circle, defcribed from the 
center A with the radius AC, in the point G ; and^ 
having drawn CG, draw PQj>erpendtcular thereto. 

For the trigonometrical calculation, it will be AF : 
AD (AF+FD) ; : co-f. HGC : co-f. HG, the dif- 
ference between the angles BAP (HAQ^) and CA^L: 
from which, as their fum is given, the angles themfelves 
wUI be known. — This problem becomes impoffibie when 
FD is greater than FH ; that is, when the proposed 
r^£tangle is greater than half the reflanele under AB 
.andFH. . 



PROBLEM 
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STwv Zmw AR' 'ACr ^tfU?« /-^ Oeyahe PStnf K 

being given both ifi P^filkn' and Length \ to dram 

^ , another Line IfQ^througb that. Pointy fo that two Per* 

^ ftniticvitars EPf C(X^ falling thereon from the J^x&mn 

of tht two given Linesy may form two 7rw»j^« ABP, 

ACQ^ equal to each other » 

LetBA and CQ^bc produced to meet in £; ^ttd 
^upoii- BE let fall the 
perpendicular CF : and 
put CF=^, AF=*ar 
AB s: c^ and. £F sz <y. 
The areas of fimilar tri- 
angle$ being, in pro-* 
portion, as the ^uares 
of their homologous 
fides f and both t^c 
triangles AECL, ABP, 
being fimilar to ECF3 we have CLP (aa^ix)z 

|CF X EF (1^) : : AS1» (r*) : area ABP = ^~. 

And, aa-^xxi iax : : x+bV (i=ABl*) : area AEQje 
ifliif±?!. This, taken from the area AEC ( = 




aa-hxx 



iaxin^J leaves the area ACQj= ^^^^'^^^^''^^^ . 

aa+xx 

Which bei ng eq u al to A BP, by hypothefis, we thc«* 

fore have x-^bXaa-^bx^c^x: fromi whence, making; 

dzz ^^'T^^ +bp x is found =z\/aa+ldd''id^ 



GeomarkaUjf* 
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: If Ai^be ftippofed pcrpcndieu}ar^^»d'C<j6al, wAFi 
mi ^ p^rpcodicuL-r to ?Qj tlfc triangle A^, JWW 
faail^ur to ABP, will alfo be equal to it ; aad CoiM 
quently equal to ACQ^; and, if thefe eqvel triai^es 
he^ fucceffively, taken from the trapezium AQCA» ^ 
remainder p^(Xj ^"^ A^* ^'^ likewife be equal. .^ . . 

I' - '1 



1 '} 



. Hence it appears that the pariallelograra und^r O 
and DE, whofe angle is CDE (fuppofine DE paralKl 
to, and an arithmetical mean between, CQ^and Bp) li 
equal to the given triangle AC^; and confeqiidrttly 
the altitude thereof equal to half that of the th^ 
*nrfe. Whence it is evident that the point E hraft 
lajj, fomewhere, in a line FI drawn through the middle 
^f AD (or AC) parallel to iC (Elem. 2. 2.) But the 
point E, fince the angle AED is a right-one, will 
likewife fall in the circumference of a femi-circle 
defcrihed upon the diameter AD (Elem. 13. 3.) And 
therefore FE, being a radius, muft be equal to AF ; 
and confequently DG=sAD; fuppofing DC produced 
to meet AQ^in G. 

Therefore, in order to the geometrical conftruSion, 
having made Kb perpendicular, and equal to, AB, and 
drawn AD to the middle of C* (as above intimated) let 
DG, in DC produced, be taken equal to AD ; and 
from G, through A, draw GP, and the thing is. done. 

It often happens that the demon ftrat ion of a geome- 
trical conftruftion, to be the tnoft neat and elegant, 
proceeds upon principles very different from thofe 
whereby wc firft arrived at fuch conftruftion. The 

cafe 
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cafe above is an infiawceifit: >*rhere, from the fimilar 
tfiaagks, : it is manifbft that QCL{^) : QC i tGp 

• If (5tc. K AB atid AC be two femi-c6njugiite dtai^^^ 
ters qF an eljipfi«> then the line PA (^,' determincctai 
above, wiir be the pofition of the gfcater iiris : aiiai 
if, upon the the diameter CA, a cifclfc be defcribed 
interfering AD in H and K ; thert AH, and AK will 
be equ^ in length to the greater, 'iitid lefier, femi* 
axis, .refpeftively. ". 

From whence- the moft ufeful properties of the 
conjugate diameters of an ellipfis inay be ver y eafily 
deduced. Such, as that, the fum of the %«afes 0f any 
two conjugate diameters, is equal to ftie fuiti of the 
fquJ^-cS'Of the twoaxe»: and that, any paralfclogrant 
iiefcribed about the conjugate diameters of an ell ip Ad 
is equal to the re^langle under the two axes ; aiid f(f 
forth. But thcfe are matters not altogether property 
fee infifted on in this place. 

However it will : not be improper to obferve, thlit 
the iatt problem is always pofEble, except in tlrofe twi 
cafes, wherein- the given lines are perpendicular, ant 
fprm one continued line. . - . /-^ ^ 



^' . PROBLEM 
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AM md Am, making a given JngU M Am» two ft^^ 
. fm£athfif MC and mCk ttOUdx it if frpp^ful f» 
J!nd tbi DiftaHC4 of their Interfeaum% 0$ jrtm A rfr 
pvm anpUarfoint. 

Since the angles AMC ftnd AndC vat Mh i4#K 
ones tbc cii-cmiference of « circle^ defcribcd upoa the 

diameter AC, will pafe 
through M and m. There- 
fore, if Mm be drawn, and 
a perpendicttlar m£ be let 
fall upon AM, the triangles 
AiwC and i«EM will appear 
to be equiangular; becaofe 
the angl^ ACm and EMm, 
infifting on the fame arch 

Aw, are equal ; and AivC 

M equal to iwEM, being^both right angles. 

If now the ratio of mil to Am (which is given becmfe 
the angle EAm is given) be den6ted by that of j 
to r; and the ratio of AE to Am by that of <: tJO r; 

we fliall have AE=— x Am ; and therefore Mm]* (ss 
r 

AMI* + A^* - 2AM X AE) :;= AMl» + AS* - ^ 
X AM X Am : whence, by reaf on of t he fim ilar triangles 
above fpecificd, it will be, w E> : mA\^ (: : ^:r*) 
:;M;;1*:AC1* = 4 X Ai^' + AW^--^xAM 

X Am ; whence AC is given. 

As to the geometrical conflmAion, it is indicated 
by the conditions of the problem^ without any fort^ of 
argumentatidn. 




PROBLEM 
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PROBLEM LVI. 

'^ find a Pomt .C, from whence threr hLtbl-Snei .drium 
to fo many pvm Points A, B> and E, Jiall ^tain 

* the Ratk cf 4hr$e given ^ntitUi a, b, ^mtd «, 
refpeefively* • . 

The given points being joine4; make AB=/, AE 
t=^, and AC=ijr: then, -g 

^ 3C being J^l and EC 

ajff /'i^ b^oth^) we 
alfo have AM ( =|AB 

-*• ~lAB—y ^ T + A M Tb 




(Elem. 9. 2. C(?r. 2.) ; and Am (=|AE+ 



:AC^Z^) ^X+ifnilifl; fuppofing CM and 

2AE / 2 2aag 

Cm to be perpendicular to AB and AE, refpe^ively. 

Hence, putting ^=*> -^ = *. ^nd z = 

f aa^i^hxx^ ^ ^^. = / + q, we get ^x = 
2^ 2aaf ^ '2 lb ^ 

Sibz --fh; and therefore Am ( = 7 + 3) = 7 + 

ife!;i=/+^; bv making / = !. -4- ' ' 

Now, fince ^^jf tke lafl probkm) AMl»4-Awl*- 

' 5£ X AM X Aw 2= -^ X ACl*' (where $ and c denote 

' the fine and co-linb of the given angl^ MAw, to the 
radius r) we fliall, from hence, by fubftirtrting the 

Z above 
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«79 GzOM^Tf^l^AL PjtOBl3JMS, 

«bove values of AM, Am, aadAQ, obtain ^efiillow^ 

,: Frpm, the refblution of vhich the value of'^«'^2N^ 
from thence the pofition of the point D> will-^^'^ 
determined. 

Geometrically, 

If, in AB, there be taken AF=^, and FH be di«wn, 
p to make the angle AFH 

"^ = ACB and meet AC 

in H ; then, the ratid of 
FH to AF (hj ntafon 
of the fimilar triangles 
,AFH, ACB) being the 
_i fame with that of BC 
B to AC, it is evident th^it 
FH is given — ^. 




M<ircover, if HG be drawn, making ^he angle AHG 
=AEC, it will likewife appear, that both HG and 
AG are given. 

For, fence AG : AH : : AC : AE, 
And AF : AH :. : AC : AB ; 
it follows that AG ; AF : : AB : AE ; whence AG is 
given : and then it will be a : e \{: : AC : EC) : : 
AG : HG. Whence HG is given ; and, from thence, 
.the following 

Conjlrufilon* 

Take AF=:^?, and make the angle AFG=AKB ; 
alfo take AI=:r, and driw^IK parallel to F<5; mpre- 
over, from the centers F and G,» with the intervals b 
and AK, defcribe two arcs, and from the point JHof 
their interfeSion draw HF and HA, then %a line, BC, 
drawn to make the angle ABC =AHF, will cut AiJ> 
produced, in the point required. 
>i As to the trigonometrical folution, it is too obvwys, 
from the conftru6lion, to need an explanation. But 

it 
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kfwltt be prope^ to tsJce' notice that the problem iffeff 
becomes impoffible, when the two arcs, dcfcribeil froftf 
the centers F and G, neither cut, nor touch, each- 
other ; that is, when the diftance FG is, either, greater 
than the fum, or lefs* than the ditierence, of b and 
AK,. . ■ > 

PROBLEM LVIL 

7hr9e Points^ A, B, and^^ being giveni to detHmirtt a 
:f(mrti> Point C9 Jo that Lines (AC, BC, EC) drawn 
from thence to the three former^ may have given Dif- 
ferences. (Provided the Difference of no two of 
. the faid Lmes be given greater than the Diftance 
,of the two given points from whence they are 
drawn.) 

Suppofing the given points to be joined, put AB=tf, 
AE =^, AC=:;f, 
BC = ;r + />, and 
EC=:r + y (where 
p and q reprefent the 
given differences.) 
Then, if upon AB 
and AE, the per- 
pendiculars C M 
and\Cw be let fall, ___________^ 

it will be (by a, A M B 

known property of trianglesj AB (a) : BC + AC 

i2x+p) : : BC - AC fpj : BM -^ AM ^^J±l^i 




whence AM = {a — ^r^jrP . ^nd, by the very 

fame argument. Aw = |* - J^illL. . Which two 

values, by putting |/? - ^ =/, . and' lb ^^ = g 

"(for the fake of brevity) will become/-^, and j-^f. 



Z 2 Moreover, 
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sf% Geombtbicai pROSlttiS^ 

Morcovtr, if tbc fine, and the co-fine of diOjpvea 
anelc lAAtftr to the radius r, be denoted by s and iv 
tefpedivcly, it will appear, from the prd>Iem precedihg 

tte laft^ that AMi*+A^»'-^xAMxA»f=s^x 
AC.*; or, (in fpecics) /-^^ + IT - V ""T 
x/--^x r-^ = i^.' Which equation may 

be reduced to .^+4f ^ ii- x *» - 

a^ hb rak rr 

a b . ra rh -^ * r 

Whence, by fubftituting for the cocflScients of the 
powers of x^ iic. the value of x^ will be found, and 
from thence the pofition of the point C. 

Geometrically* 

•\ _ • 

If AB be bifedled in F, and FG be taken a third 
proportional to aAB and PQ^(BC-AC), it is evident, 

fr$mJProblem 49, that GM= ^^^^^ 

And, for the very fame reafons, if AE be bife£led 
ixi/t and^ be taken a tliird propqrtional to 2A£ and 

RS (EC - AC) we fhall alfo have gm = :^£iSM, 
Whence it appears that GM is to gntj in the given 

jaftly, of GI to gi; by taking GI=PQ^ and ^/=s 
AB X RS 

AE 

• * 
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- I^lteitlbre. GVh iuid fH» and aUb^IC and iK/ be 
dr*irny.iiifitrfedin|^ im H and K, it is manifeft th;|r 
tiie .Kquimd poipt C • muft fall, &aiewhere, m ^xijf 
light-line de paShg throngli H and K ; fince, in this 
cafe (and no other) it, wilTbe GM : GI (: ^ HC r HBftf 
2-; gmigi ;OTt akcrnatdy, GM : ^m: :Gl: gi. By 




rcafoning in the very fame manner, from- the triangTct 
ACB and BEC, the pofition of another rigbt-bfee» 
vrherein the point C falls^ may alfo be determined \ 
whofe interfeftion with de will confequently be the 
point required. 

But, inafmuch as the cafe, from the pofition of de 
thns given, is now reduced to our 49*** Problem, th^ 
remaining part of the folution is likewife given, from 
thence^ by a different method : according to which, 
and what is above demonftrated, we have the following 

Conjiruhion* 

Having taken ^ a third proportional to aAE^n^ 
RS ; and gi a fourth proportional to AE, AB, and 
RS ; and having alTo taken FG a third proportional to 
S^AB and PQ^ and fet off GI=PCi., and drawn the 
right'linc de tl^rough the interfedlions of the perpcn-*. 

diculars 
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§74 Geometrical Problems, 

^tculars GH, ^H ; IK, /K, as above Jftctfied\ Ifst-aii 
arch of a circlei from the center K, at the di^ance 
cf'AB he ncjtt dcfcribed, and. through A let ML bfc 
drawn, meeting it in L ; then a right-line AC jBtawh 
parallel to that joining the points Land K, wiUqit 
A'sn the point required ; as is rvidint from the.abdvt^ 
ikentibned troblem^ By means of which the tfigoiia- 
metrical lolution will alfo be brought out* 

•' In this conftruftioh, the folotion of the problm 
. for dcfcribing a circle to touch three given circles, i% 
determined. * 

• LEMMA. 

ff from the Vertex of any plane Triangle AfiC,. a rig^(p 
line CD he drawn^ to divide the Bafe AB tn the Ratio 
$f fwo given Numbers n and m ffe that AD : BD : : 
11 : m) ; then the Sum of the Multiples of the Squares 
#/" the two Sides of the Triangle^ whafe FaHots are the 
Jaid given Numbers^ taken alternately ^ will be equal to 
tbi Sum of the Re^angle of the two. Parts of the Bafe. 
• emd the Square of the dividing Line^ repeated as ofieH 
as there are Units in the two propofed Numbers 
(that isy m times Ad*+n times BCi*=m+n times 

ADxBD+ro*) 

For, let AD and BD be bifefted in M and N, and 
C^ upon AB let fall the per- 

pend icu lar C E ; then will 
AC!»-DC1» = ADX2ME 
fElem. Cor. i. to 9. 2.) 
Whence it is evident t hat m 
times ACl*-»i times DC]* 
=m times ADx2ME. 

And, oy the very fame 
A. M ED N ' 7\ a rgument, it appears that 
n times BC i*- » times L>U> is = » times BD x 2NE. 

Therefore, 
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]^^' Therefore, by adding thefe equal quantities t ogct^h eyi 
isjl^ times aC1*+« times SCI* — wi + « times DC I* iq 
j^ :tlmes ADx-aME+n times BDxaNE. But m\ 
n : : BD : AD (ty hyp.) : : BD x 2NE : AD x aKg 
(Elem* 7. 4,); and therefore n times B0X2NE=;» 
tiws ADxaNE. ' . "\ _ 

Let the latter of thefe equal quantities be wrote 
aboy cy. in the room of the former; fo w ill ?? Jiiiiq| 
401*^+ n times llCt*-m+ n times DCl*=5= m iimcs 
AD X 2ME + m tim es AD x 2NE = m times 

ADx2ME+ADx2NE= m times ADxAB = »2+« 
times ADxBD (becaufe, by conftru aion m : m+n : : 
BD : AB) ; and conf eguen tly m times AG* + « tW^i 
Bc|* = »i+ n times DCi* + m + « times AD xBD. 

It is plain from hence that, if /» and n be fuppofed 
to denote two given lines, inftead of numbers, the 
fum of the folids fflxAp * andw xBCl* will be eq ual 
to the fum of the folids m-^nxDCl^ and m + 'ix 
ADxBD. 



PROBLEM 
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PROBLEM LVIIL 

Fffim any Numhir of given Points, ^,6,0)0} 8tC» 
to draw as many Lines AP, BP, CP, &c. to nuet in 
a Right^line MN given by Pojition^ fa tb(U the Sum 
£/■ all their Squares may be a given ^uantity^, 

Upon the given line> from all the given points, let 

fall perpendiculars^ AQ^» 
BR, CS, lie. which per* 
pendiculars, as well as the 
diftances between them, 
are all given from the po-^ 
fition of MN I put, there* 
fore, AQj= a, BR = b^ 
CS=^, DT =if, EV=e, 
QR=rr, QS=j, QJ=/, 
tsfc. Alfo put QP=*, and 
the given (um of all the 
propofed fquares =i* 
SP=*-.j, &c. 




Then, RP being =:x— r, 

{APY=^aa+xx 
Wi'-=:bb^xx-'2rx'h 

Put aa + bb + cc + dd &c. =«% r + i + / fefr. x=j?, 
and rr+ss+tt i^c. =y* ; and let the number of the 
given points b^ denoted by n : 
then our equation will be reduced to 
<t*+nx'-20x+y*=i^: 



+ //J 



from whence x is found =~+V/ — 






,' GeometricaJfym 

If JPCLbe drawn to bife<a the diftancc AB, then 
will AP>+BFl*=2ACLxBQ+aQPl% by tie lemma. 

And» 
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^77 



tN 



Aad, if QC be dravTn, and QR be taken equal 
to I thereof; then will 2Q?)»+CFl*=3QRxCR 
gPR.1*, iy thejamt. Whence, by adding tbefe equal 
-quantities tofB hetf, and taking 2QJP1* (comnK>n) antfay, 
i»e have 'SPl* + SFl» + Op1»*= aAQ.x BQ.+ 3.QJL 
X CR + 3RB». 
Again> by draw- 
ing RD, and 
taking R S = 
4 ther eof, we 
have S^l* + 
15P1« = 4RS X 
DS + 4l?l», by 
the lemma. 

A nd therefore 
AF1» + BF1» + 
CF1» + DF,* = 
'aAB X BQ,+ 3QR X CR + 4RS X DS + 4SPI S by the 
addition of equal qjuantities. 

In fhe fame manner, if SE be drawn, and ST be 
taken =f thereof, we ihall have 4§P1* + SP)* = 
5STxET+5TF1». Whence, again, by the additioij 
of equal quantities, APl*+BFI»+t!Fl*+DR»+EFi» 
:^2AQ.x BCL+3QRXCR+4RSXDS+5STXET+ 

Hence it is evident (without proceeding further) that, 
let the number of the given points be what it will, 
the fquare of tho laft of the lines QP, RP, SP, TP, 
(ffr. drawn as above, will always be a ^w« quantity ; 
bc^aufe the fum of all the redangles 2AQj<feQ^^ 
3QRxCR, 4RSXDS, l^c. (or that of their equals 
AB X QB, QC X RC, RD x SD, ^c.) is given, by the 
pofition of the points A, B, C, D, (ic. 




Aa 



In 
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\ 



In order, therefore, to the geometrical conflniflion 
let a reftanglc be conftituted (by Elem. 7.6.) equal to 
the excefs of the given fum of the fquares above the 
Ibm of the faid recStaneles : then find^ mean pro- 
portional between the length of the wfiangle, fb 
determined, and that part of its breadth defined by the 
number of the given points ; with which, as a radius, 
from the laft of the points Q^» Rj S, T, £sfr. let the 
circumference of a circle be defcribed ; which will in- 
terfe£t the line MN, in the point P, required. 

If, inftead of the right-line MN, the circumference 
of a circle (or any other curve-line) given by poiition, 
be propounded (wherein the lines, drawn from the 
given points, are required to meet), the method of 
conftrudtion, will, it is manifeft, be exa£kly the fame. 

And it may not be amifs to obfer ve f arther, that if 

iixAF|*+*xSFl»+fxCPl*+rfxDPlS f^f. (where 
«, bf e^ d^ fsfc. reprefent known quantities, either 
numbers or lines) be fuppofed given, the locus of the 
point P will, Jliili be the circumference of a circle, 
determined after the fame manner, from the premifed 
lemma. 

For. by fAa:|a- ••/•«, 

Sscffe |«^^DS::<:.+^+. 
this cate (^ST : ET : : r : a+b^c+d, 
and then proceedi ng as above, it will appea r th at aX 
AFl*+*xBFlM;^fX^FI»+ btc. is equal to ^+ ^xACL 
X QB -|-^? + ^ + gx QR X RC + ^ +^-fr + ^xRS x 
SD -t- a+b+c+d^e x ST X TE + ^j + ^ +7+7+1 x 
TP1». Whence it is evident that TP is a given 
quantity. 



PART 
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PART III. 



Wherein 



The THEORY of GUNNERY, or the 
Motion of Projectiles, is confidered. 



XT is, ufually, taken for granted, by thofe whp 
treat of the motion' of projeSiles, that the forec of 
gravity near the earth's furface is every where th6 
fame, and afts in parallel di regions ; and that the 
ofFeft of the air's refiftance upon very heavy bodies, 
fuch as bombs and cannon balls, is too fmall to be 
taken into confid^ration. 

That the error arifing from the fuppofition of 
gravity afting uniformly, and in parallel lines, mull be 
exceeding fmall, is very obvious ; becaufe, even, the 
greateft diftance of a projedlile above the furface of 
the earth, is inconfiderable in comparifon of its diftance * 
from the center, to which the gravitation tends : but 
then, on the other hand, it is very certain, that the 
refiftance of the air, to very fwift motions, is much 
greater than it has been commonly reprefei^tcd, 

Neverthelefs, if the amplitude of the projeftion, 
anfv^ring to one given elevation, be firft found 
by experiment (which our method fuppofcs to be 
done) the amplitudes in all other cafes, where the 
elevations and velocities do not very much differ 
from the firft, may be determined, to a fufficient 
degree of exaftnefs, from the foregoing hypothefis : 
becaufe, in all fuch cafes, the effefts of the re- 
fiftance will be nearly as the amplitudes themfelves ; 
aadi were they accurately fo, the proportions of the 
A a 2 amplitudesit 



Digitized by VjOOQIC 



i8o Tbc Theohy of GvKNERT, or 

amplitudes, at different elevationSy would then be tfio 
Very fame as in vacuo. 

I* or this reafoHy and to avoid having recourfe to 
principles and calculations no ways adequate to the 
experience and underftandin^ of befi;inners9 for whofe 
nfe this little tradl is chiefly mtehdeo, I fliall, in what 
follows, conform to the method of other writers, fo 
far, as to take no notice of the air^s refiftance ; but 
confider the motions as performed im vacuo. 

Now, in order to form a clear idea of the fub*- 
je£l here propofed, the path of every proje6kile is to 
be confidered as depending on two different forces; 
^ that is to fay, on the impeUant force, whereby the 

motion is firft began (and would be continued, in a 
^ight-line), and on the force of gravity, by which the 
proje£lile, during the whole time of its flight, is con- 
tinually urged downwards, and made to deviate more 
and more from its firft direction. 

As whatever relates to the track and flight of a ball 
(negledtiiig the refiftance of the air) is to be deter- 
mined from the adtion of thefe two forces, it will 
be proper, before we proceed to confider their joint 
effe£l, to premife fomething concerning the nature 
of the motion produeed by each, when fuppofed to 
z6k alone, independant of the other ; to which 
end the two firft, of the four following hmmas^ are 
premifed. 



• 



LEMMA 
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LEMMA I. 

Ev^ry Bodyy after the impreffed Force^ whereby it is put 
in Motion^ ceafes to a6i^ continues to move tmiformly 
in a Right^line ; unlefs it be interrupted by fame ether 
Force or Impediment. 

This is a law of nature, and has its dcmonilration 
Irem experience and matter of fa£lt« 

Corollary. 

It follows from hence that a ball, after leaving the 
mouth of the piece, would continue to move along the 
line of its firft direction, and defcribe fpaces thereia 
proportional to the times of their defcription, were 
it not for the adion of gravity ; whereby the direflioa 
is changed, and the motion interrupted. 



LEMMA IL 

The Motion^ or Velocity^ acquired ly a Ball, in freeJy 
defcending from Reft^ by the Force of an uniform 
Gravity, is as the Time of the Defcent ; and the Spacg 
fallen through^ as the Square of that Time. 

The firft part of the lemma is extremely obvious : 
for, fince every motion is proportional to the force 
whereby it is generated, that generated by the force 
of an uniform gravity muft be as the time of the 
defcent ; becaufe the whole effort of fuch a force \% 
proportional to the time of its aAion : that is, as the 
time of the defeent. 



To 
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To dcmonftratc that the diftanccs dcfcended arc pro- 
pj y^ portional to the fquares of the times, 
* "^y let the time of falling through any pro- 

T^ pofcd diftance AB be reprefented by the 
right-line PQ^; which conceive to be 
divided into an indefinite number of 
very fmall, equal, particles, reprefented^ 
each, by t^efymbolm; and let the diftance 
defcended in the firft of them be Ac; 
in the fecond cJ ; in the third de ; and 
fo on. 

Then the velocity acquired being 
always as the time from the begin- 
ning of the defcent, it will at the 
middle of the firft of the faid particle^ 
*■£ be reprefented by Jm ; at the middle 
of the fecond, by ifw ; at the middle of the 
th»rd, by afw, ^c. Which values conftitute the 



V 



■ i 



s 



fcries — , 

2 



3«r ^m 



JUL 



9m 



l^c. 



But, fince the velocity, at the middle of any ©ne of 
the faid particles of time, is an exa£b mean between 
the velocities at the two extremes thereof, the corref- 
ponding particle of tW diftance AB may be therefojc 
confidered as defcribed with that mean velocity : and 
fo, the fpaces A^, cd^ de^ ef^ i^c. being, refpeflively, 

equal to the abovementioned quantities — , -2^, -1^ , 

-^ — f fie. it follows, by the continual addition of 

thefe, that the fpaces Ar, Ai, A^ A/, l^c. fallen 
through from the beginning, will be exprefled by 

i!. - JfL, J?fL, i^, ^i^, l^c. Which are, evi- 

2^ 2 % 2 2 , 

dently, to one another in proportion, as x, 4, 9, iby 2J9 
Isfc. that iS| as the fquares of the times. ^ E. Dm 



CoROU 
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COROLLAHY. 

Seeing the velocity acquired in any number (n) 
of the aforefaid, equal, particles of time (meafured 
by the fpace that would be dcfcribed m one finglc 
particle) is reprefented by n times m, or n «, it will 
therefore be, as i particle of time, is to n fuch 
particles, fo is « i«, the faid«diftance anfwering to 
the former time, to the diftance, «»i», corrcfponding 
to the latter, with the fame celerity, acquired at the 
end of the faid a particles* Whence it appears that 

the fpace -^ — (found above) through which the hall 

falls, in any given time «, is juft the half of that 
(n^m) which might be uniformly defcrfbcd with the 
laft, or greatcft, - celerity, in the fame time* 

Scholium. 

It is found, by experiment, that any heavy body, 
near the earth's furface (where the force of gravity 
may be confidered as uniform) defcends about i6 feet» 
from reft, in the firft fecond of time. 

Therefore, as the diftances fallen through are proved 
above to be, in proportion, as the fquarcs of the 
times ; it follows that, as the fquarc -of ^ i fecond, is 
to the fquare of any given number of feconds, fo is 
16 feet, to the number of feet a heavy body will 
freely defcend in the faid given number of feconds. 
Whence the number of feet defccnded in any given 
time will be found,, by multiplying the Iquare of the 
number of feconds by i6. 

Thus the diftance defcended in 2, , 3, 4, 5, l^c* 
feconds, will appear to be 64, 144, 256, 400 F, l^c, 
re£Mgively. 

wReover, from hence, the time of the defcent 
through any given diftance will be obtained, by dividing 
the faid diftance, in feet, by 16, and extradling the 
fquare root of the quotient j or, which comes to the 

fame 
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fame things by cxtraAing the fquare root of the 
whole dillance, and then taking i of that root for 
the number of feconds required. Thus, if the diftance 
be fuppofed 2640 feet ; then, by either of the two 
ways, the tifhe of tlie defcent will come out 12.84 
feconds, or ift''. 50"*. 4^'. 

It appears alfo (from the corcLJ that the velocity per 
lecond (in feet), at th^end of the fall, will be deter- 
mined, by multiplying the number of feconds in the 
£dl by 32 : thus it is found that a ball, at the end 
of 10 kcond^, has acquired a velocity of 320 feet 

per fecond. After the fame manner, by having any 

two of the four following quantities, viz. the force^ 
the time^ the velocity ^ and diftance^ the other two may 
be determined : but this not being abfolutely neceflary 
in what follows (though equally ufeful in other dii- 
quifitions) I fhall put down the feveral rules, or 
equations below, in a note, * to be taken, or omitted, 
at pleafure* 

LEMMA 

* Let the fpa&e freely defcended by a ball^ in thefirfl 
fecond of time (which is as the accelerating force) be de^ 
noted by f , alfo let t denote the number of feconds wherein 
any diftance^ d, is defcended \ and let v be the velocity^ 
"j^x fecond^ at^the end of the defcent : then will 

V=2ft=2\/lS=— 

A ^^ ' 

"" ltr~'.at""4d' |M| 

All which equations are^ very eaftly deduced from fJ^Ki?© 

original onesy d=ftt, ««!/ v=:ift, already demonflrated \ 

the former in the propofition itfelf\ and the latter^ 

in the corollary to it ; by ' which it appears that the 

meafure 
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LEMMA III. 

A Ball, proje^ed in the Direffisn of a Right-Rne AC 
making an Angle, with the Horlzm AB, is, iy Meaiti 
ef its Gravity, defle^ed continually, more and more, 
from its firji Dire^ion; hut the Ceterity with which it 
approaches any Perpendicular (BC) to the Horizofii is 
neither increafed nor decreafediy the J^ion of Gravity. 

For, let a line HMQ^, 
horizon, be con* • 

ceived to move pa- 
rallel to itfelf, to- 
wards BC, along 
with the ball : then, 
,as the gravity al- 
ways a<5s in this 
line, it can have no 
cfFeiSl in inakin? it, 
either, move tafter 
or flower towards 



perpendicular to the 



BC; but is wholly ^ 
employed in draw- ^ 




ing down the projeaile along the famfe, from its firft 
diredlion AC ; and thereby caufing it to defcribe a 
curve-lme AMB. u t ' ' 

"CoEOL, 



meafure of the velocity at the eyd of t^e firJi fecond is af ; 
whence the velocity (v) at the end 0/ 1 feconds mujl con- 
fequently be exprejfed by 2f X t or 2ft. 

Having proceeded thus far, Ifhall here take the oppor- 
tunity to point out, and reafy an inadvertant exprejfion, 
atp.^Tp of my Book of Fluxions, relating to this fubjea. 
^^It IS there faid, ty way of remark, . that, whatever 
ratio the times have with refpeft to the diftances 
dcfcendcd, i^c. the fame alfo will the velocities have, 
B b ' . being 
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COROLtAKY. 

• 

Hence it appears that the proje£liIei at the end of 
a given time, is in the very fame vertical line HG, 
as it would be in, if gravity was not to a<Sl ; and that 
the horizontal diftance AH, as well as the hypothenufe 
AG, is proportional to the time wherein the projeftile 
a6iually moves through the arch AM, correfponding 
to the laid diftance. 



being proportional to the times. fVhicb obfervatton^ 
it is clear ^im the words themfelvesy ought to be rejiralned 
to thofe cafes^ where the velocities are proportional t9 
the times ; that is, where the accelerating forces are equal. 
Therefore^ itiftead of the f aid obfervation^ as it nowjiands^ 
read^ What is above demonftrated with rcfpeft to 
the times, holds alfo in the velocities^ when the 
accelerating forces are equal* 



LEMMA 
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LEMMA IV. 

The Dejh^ions artjingfrom the A^ton of Gravity^ or the 
vertical DiJlanceSy MG, BC, intercepted by the Path 
cfthe Ball and the Line of Diredion^ are in proportion^ 
to one another y as the Squares of the correfponding Parts 
AG, and ACy of the faid Line of Direhion, 

. Conceive a line GML to be carried along, parallel 
to BC, fo that its extreme point G may trace out the 
line of diredlion 




AC, in the very 
fame manner as 
the proje6tile itfelf, 
would defcribe it, 
were it not to be 
defle£led therefrom 
by the adlion of 
gravity : then, 
nnce, by the pre*, 
ceding lemma,, the 
projeSile is always 
in the line GML, 
and the force of 
gravity is, wholly, 
employed iri urging 
it downwarfls, along 
that line ; the ef- 
fe6l produced by the 
faid force, or the 
diftance MG of the 
ball from the extreme point G, at the end of any 
given time, will confequently be the very fame, as if 
the line GML (inftead of being carried uniformly to- 
wards CB) was to have continued in its firft poution. 
AR, and tl^e ball fufFered to defcend from reft along 
that line ; the force employed being the fame in both 
cafes. But it is proved, in Lemma 2, that the fpaces AP 
and AR that would te defcribed in defcending, freely, 
- B b 2 from 
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from reft, are as the fquares of the times ; therefore 
their equals GM and CB are likewife as the fquares of 
the fame times ; that is, of the times wherein AM 
and A M B are defcribed : which are to each, other ai 
aG\* to AO* (iy CoyqL to Lem. 3.) 

' Corollary L 

If B be taken as the point where the projedile im- 
pinged on the horizon AB, and in BC (perpendicular 
toAB) there be taken CI=GH; then a right-line, 
drawn from I to A, will cut the vertical line HG in 
the very point (M) through which the center of the 
proje£ tiIe p afle th. 

For'ACl* : AGI* : : BC : MG, as above. 
and ACI* : SG]* :. : ^BC]* : HGl», by Jim. triangles. 
Thercf. BC : MG : : BC|» : HC)*, by equality ofratm : 
and confequently MG x BC=H^\ 




D H 



This, turned into an analogy, gives BC : HG : : 
HG : MG ; and fo likewife is BC to CI (becaufe of 
the parallel lines.) Whence it is evident that HG and 
CI are equal to each other, in all pofitions of HG : 
by means whereof, as many points in the curve, as 
you pleafe, may be determined. 

CpROL. 
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CoROLLAllY IL 

If GNS be drawn, parallel to AB, interfering 
BC in N, and meeting the circumference of a fcmi- 
circle, defcribed upon BC, in S ; it will further ap- 
pear, that the height tHM) of the ball is <jvery- 
where a third proportional to BC arid NS. For, 
fincc BC : HG : : HG ; MG, it follows, by divifion, 

that BC: CN : : HG { BN ) : HM = ^^ilf^ = 

g~- (Elem. i6, 3.) Hence It is evident that the projec- 
tile will be at its greatcft height, when it has performed, 
juft, thehalf of Its flight; fincc it is well known that 

NS (and confequently —1- J is the greateft poffible 

BC y 
when it coincides with the radius QR- 

It appears moreover that the heights im, HM, of 
the ball, in any two vertical lines, eoually diftant from 
that paffing through the higheft point E of thetrajcAory, 
are equal ; becaufe the correfponding ordinates ns and 
NS are equal, as being equally diftant from the center 
Q^of the femi-circle. — Laftly, it is apparent that the 

greateft altitude DE is =|BC ; becaufe -^-L, whea 

BC 

NS coincides with OR, becomes =1^3l=c5BC. 

. * BJ 

Which may be otherwife made out, by confidering, 
that, as AF is but the half of AC, its fquare will be 
only J of the fquare of AC ; and therefore FE only 
i ofBC (by the km.) And fo, DF being =PC (bf 
Jim. trian^.J DE, as well as FE, muft be =iBC. 



PROPOSITION 
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PROPOSITION I- 

The jfmfiRtudef or horizontal Range of a Ptece^ wiA €k 
liven Charge of Powder y at an Elevation of \^ Degrees^ 
being known^ from Experiment \ to determine the 
Elevation fo as to hit an Objed^ at a given Diftance^ 
§n the plane of the Horizons the ^uanttiy of Powder 
remaining the fame* 

Let PQ^be the giren amplitude, at an elevation 
(QPR) of 45 degrees ; let AB be the given diftance 
^ of the obje6k, and BAD the 
required elevation : .in A B, 
produced, take AO=PQ^, with 
which as a radius, from the 
center O, let a femi - circle 
AME be defcribed, and let 
AD, produced, meet the peri- 
phery thereof in H ; join E, H» 
and make DB and HI perpen- 
Q^ dicular to AE. 





Since the charge of powder, or the velocity at 
both the elevations QPR and BAD, is fuppofed to be 
the fame, the times of flight, during which the dif- 
tances PR and AD would be uniformly defcribed with 
that, velocity, will therefore be to each other, dire dtty 
as the faid diftances ; and confequently PR]* ; AD)* : : 

RCt 
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RQ^ : DB (hy principles already explainedf vidm Lem* 3 
and 4.) ' 

But PRl» ( ='PQr+RQl*) =2RQ> (becaufe the 
angle P "( =4i ^) ==R0 Hence the above proportion 
beco mes 2 RQi* : AD1» : : RC^: DB ; from which we 
have AEn*=2RQxDB=AExDB,^j^ conjhuaion. 

Moreover, from the fimilar triangles ABD and 
AHE, we have AE : EH : : AD : DB ; whence EH 
xAD=AExDB=iADl* (p. above) and confequently 
EH=AD: and fo, the triangles EHI and ADJB 
being equiangular, it is plain that HI is, alfo equal to 
AB. Whence follows this eafy 

ConftruSiion. 

With an interval equal to the given amplitude, at 
the elevation of 45% let a femi-circle AME be def- 
cribed ; * make OM perpendicular to the diameter 
thereof, in which take ON equal to the given diftance 
AB, and through N, parallel to AE, draw HNi&, in- 
terfering the circumference in H and h ; then either qf 
the direftions AH, or AA, will anfwer the conditions 
of the problem. ^KL. 

Corollary I. 

If OH be drawn, the angle EOH will be =2EAH 
fEiem. 9. 3.) and it will be, as OH (PQ^) : HI ( AB) : : 
radius : fine EOH ; that is, in Words, as the given 
amplitude, at 45** elevation, is to any other propofed 
amplitude, fo is the radiusy to the fine of twice the 
elevation correfponding to the latter. From whence 
it is evident, that the horizontal amplitudes, at dif« 
ferent elevations, are to one another as the fines of tfie 
doubles of the faid elevations ; and Aat, the amplitude 
of the projeftion at an elevation of 45 degrees (when 
HI coincides with MO; is the greateft poflible. . 

COROL. 
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Since it is found above that AExDB (=ADI») = 
EBl*, it follows, that AE]» : EHI* : : 7fEl» : AExDB 
: : AE : DB : : fAO (iAE) : CV (JDB- vid. Corel. 
2. to Lem. 4.) that is» as the fquare of the radius^ is 
td the fquare of the Jine of the angle of elevation, fo 
is half the greateft horizontal amplitude^ to the greateft 
altitude of the projeSile. 

, Hence it appear^, that the diftance which the ball 
would afcend^ if proje£ted in a vertical direflion 
(ufually called the impetus) is juft one half of the greateft 
amplitude ; fince, in this cafe, the Jine of the elevation 
becomes equal to the radius. 

therefore, as a body [in vacuo) afcends and defcends 
with the fame celerity ; and feeing the diftance AG, 
exprefling the perpendicular afcent, is as the fquare 
cf the celerity at A (p. Lent, 2); it follows that the 
greateft horizontal amplitude AO, being =2AG, is 
alfo as the fquare of the fame celerity. 

From whence, and CbroL i, it is manifeft, that the 
amplitudes, when both the elevations, and the velocities, 
differ, will be to each other in a ratio compounded 
of the ratio of the Jtnes of the double elevations, and 
the duplicate ratio of the velocities* 



PROPOSITION 

.4- '* 
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PROPOSITION II. 

The grtatejl hmzontai Amplitude^ and the Angle of Ele^ 
vation being given ; to find at what Diftancr the Piece 
ought to he planted^ to hit an ' Object fl^ whole Height 
abovey or DepreJJion below^ the Level of the Piece is 
al/ogiven^ 

. Let BC be the perpendicular height, or dcprcffion 
of the propofed 6b]efl:, and AB the required diftance ; 
let BC, produced, meet the line of direAion AD in 
p, and let P be the place where the path of the pro- 
jecftile (produced) meets the Icvel-of the piece : make 
rQj)erpendicular to AP, and CN parallel to AD. 




B N 



By the laft propofition it will be, as radius : fin. 2 A 
: : tne greateft horizontal amplitude, to the diftance 
AP ; which, therefore, is known. 

Moreover, it appears from the fourth proportion, in 
Corol. 1, to Lem. 4, that PQ^: BD : : BD : CD. 
n * i^Qj BD : : AP : AB 1 , ^ ., ^. , 
^"* 1 BD : CD' : : AB : AN 1 hM^^^r triangle,. 

Therefore, by equality of ratios, 
AP : AB : : AB : AN ; 

C c whence 
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whence AP : PB : : AB : BN fhy dhifionj 
and confequently APxBN=ABxPB. 

Let AP be now bifeiacd, in O; then ABxBP (or 
its equal APxBN) being =:A01» co OBl* fElem. 7. 2.) 
we therefo re %ave ()Bl» = AOl» + AP x BN=AOx 

AOT2BN ; whence AB is Hkewife known. ^ E. L 

Corollary. 

If the amplitude AP, the elevation PAQ^ and the 
diftance AB of any perpendicular BCD from the 
place of projedlion A, be fuppofed given ; then the 
height, or depreffion of the ball in that perpendicular, 
may, from hence, be found. 

For it is proved that AP : BP : : AB : BN ; from 
which BN is given : but, as the raciiusy is to the 
tangent of BNC (or BAD) fo is BN to BC. 

PROPOSITION III. 

Having the greateft horizontal jfmplitude^ or Range of 
a Piece^ with the Dijiance and the Height (or Depreffion) 
of the Objeily to find the Angle of Elevation. 

Let BC Xin fig* T and 2) be the perpendicular 
height, or depref&on of the objeft, AB the given 

horizontal diftance, 
and AH the required 
direftion : alfo let 
PCL (fig^ Z^ be the 
greateft horizontal 
amplitude, anfwer- 

^ ing to 45? of ele- 

^ 3 O Hk' vation, (vid. CoroL 

I. Prop. I.) Draw AC, in which produced (if need be) 
take AG = VQj make MGO perpendicular to AG, 
meeting AB produced (if neceflary) in O; and from 
the center O, with the interval OA, let the circum- 
ference of a circle be defcribed, interfeding AG pro- 
duced. 
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duced, in E ; join E, H, and kt HI, AN, and QR, be 

perpendicular to AE, / 

AO, and PQLrefpec. ^^ 

tlvely^ and let BC 

be produced to meet 

AH in D. 

It appears, from 
"what has been al- 
ready delivered, that 

ADl* : iPEl* : : DC 
: R CL. Whence, 

F5:i» being =2PQ]» 

= 2AGl»=.iAE>, 
Jlruaion) we have AUI* : \ AL1» 
: : D C : fAE; and confequently 
ADl*=AExDC. 

But, the triangles ADC and 
AEH being equiangular (becaufe 
ADC = DAN = E, and DAC 
common) we likcwife have AD : P Q. 

DC : : AE : EH; and therefore AExDC=ADxEH 
=:Aul* (p* above) whence EH=AD; and fo, the 
triangles ADB and EHI being equiangular, we like- 
wife have HI=AB ; and from thence this eafy 



and 



RQ^PQ^=|AE- (hy con^ 




Conjiru^ion. 

Having defcribed the circle AHEF, as above directed, 
and drawn MG perpendicular to AE, take therein 
G« equal to the given horizontal diftance AB, and 
through «, parallel to AE, draw H;&, cutting the cir- 
cumference of the circle in H and h\ then either of 
the direftions AH, or Ab^ will anfweir the conditions 
of the problem. 

From this confl:ru6lion we have the following cal- 
culation, viz. As AB : BC : : AG (PQJ ' GO; which, 
added to, or fubtraded from Gn (AB), gives On. 

C c :Z Then, 
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Then, as AG {?QJ :0»:: confine of OAG : rt- 
fine HO ~ (HAi) the difierence of the two re^d|-ed 
ctevations : from which the elevations themfelveswSi 
be known : and from whence, if BC be fiippofed^ta 
vanifli, the folution to Prop. i. will be obtained ; bei 
only a particular cafe of that above. ^ E. 

Corollary I. 

'Hence the time of the flight may Kkcwife be deter- 
mined : for, S. AHE ( ACD) : S. HAE : : AE : 
(iSiHAE 
e, AHK ^AEzr) HE = AD (p. above) which being 

proportional to the time of the flight (vid* Lem. 3.) 

it follows that the faid time will, always, be as 

i^.HAE 

■ ' ^y^ ; becaufe AE is fuppofed conftant. There- 

fore, if the time 
of the perpendicular 
afcent, or dcfcent, 
through the impetus 
AN, be found, aud 
denoted by 7] it 
is evident that the 
time fought will be 
truly reprefented by 
^.HAE ^^ . ^ 

OCD^^^^ *^^ 

is, the cO'Jtne of the 
obje<a's elevation 
above, or depreffion 
below the level of 
the piece, will be to 
F the Jine of the ele- 
vation of the piece 
above the ohjcdl, 
as twice the time 

of the perpendjciilar afcent, or defcent, is to the true 

time of the flight. 

COROU 
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COROILARY H. 

If the elevation of the piece, together with ih© 
di|lance^ aad the height (or depreffion} of the ofe-* 
je£l, be given, the impetus may, from hence, be 
alfo found. 

For, firft, it will be AB : BC : ^ radius : tang^ 
BAG; whence (as BAD is given) EAH will likewife 
be known. 

Then, 5. EAH fCAD) : 5. AHE ( ACD) : : SE 
( AD) : AE. Alfo 5. ADC : radius : : AB : AD. , ^^ 

Therefore, by compounding thefe proportions, 'we| 
have S. CAD x S. ADC : radius x S, ACD : : AB : 
AE ; which is four times the required impetus ('^d*l 
CoroL "^.Jo Prop, i.j 

Corollary III. 

Moreover, if the elevation, and the impetus te 
given, the amplitude of the projeftion on an afcend- 
irig, or defcending plane- ACE, whofe inclination is. 
given, may from hence be derived. , 

For, 5. AHE (ACD) : S. EAH (CAD) : : AE :: 
EH (AD.) And S. ACD : 5. ADC : : AD : AC. 

By the compofition of which proportions we have 
D S. ACD : 5.,CADx5. ADC : : AE : AC; when«- 
AC is given. 

Corollary IV* 

Hence, alfo, may the ratio of the amplitudes, on 
the fame plane, at different elevations, be deduced >. 
for the firft and third terms, of the laft proportion^ . 
continuing invariable, the ratio of the 2*! and 4'^ will ''^ 
likewife be invariable ; that is, the re(Sangle under the 
fine of the elevation above the plane, and the co-Jine 
of the elevation above the horizon, in any one cafe, 
will be to the like reftangle, in any other, as the 
amplituxie in the former cafe, to the amplitude in 

the latter. 

• 

CoROL* 



Digitized by LjOOQIC 



19S ^he Theory ^Gunnery, ^ 

. CoB.O|«LARY V. 

Bat, if the elevation be fuppofed conftant, and the 

planers inclination to vary ; then, fmce, by the above 

Ai- ' r ff 5, CAD X 5". ADC 
proportion, AC is unwerfally = ^^ — x 

AE (where AE and the angle ADC are fuppofed con- 
ftant) it follows that the amplitude will be, barely, as 

— 1^. ; that is, inverfily^ as the fquare of the r<j- 

fine of the inclination of the plane, applied to the^«tf 
of the elevation ttbove the plane. — If both the incli- 
nations, and the elevations, differ, it will appear, from 
the fame equation, that, the amplitude will be, w«i- 
verfally^ as the redlangle of the fine of the elevation 
above chc plane, and the confine of the elevation above 
the horizon, applied to the fquare of the co-Jim of the 
planers inclination. 



CoROLtARY VI. 

Since it is proved that HI is, always, equal to AB, 
it is evident that, when the former coincides with 
MG, and thereby becomes a maximum^ the latter will 
alfo be a maximum : in which circumAance AC will 
likewMe be a maximum; and the point D will thtn 
coincide with M and H (as in the annexed figures} be* 
caufe AD and EH are always equal to each other. 

Therefore, fince, in this 
ca(e, the angle HAE 
is ( = E) =NAH, it 
appears that the ampli- 
tude, on any inclined 
plane, will be the great- 

eft poffible when the 

ABO F line of direaion AH 

bifefts the angle EAN, included between the plane 
and the zenith. 

• 

COROL. 
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Corollary VII. , , : 

Hfcnce the greateft amplitude, on any incliried 
plane, with a given impetus, may be determined J 
for the right - angled 
triangles A O G and 
liOB, having AO :5= 
H O, and the angle, JJy 
O, common, are equal 




in all refpedls : there 
fore it will be, as the 
tangent of A H G (or 
BAH, the piece's ele- 
vation) is to the tang, 
of CHG (or CAB, the plane's inclination) fo is AG 
(twice the given impetus) to the difference CG be- 
tween the faid double impetus and the amplitude 
fought. 

Corollary VIIL 

Hence, alfo, if the greateft amplitude, on an inclined 
plane be given, the impetus may be found : for, it 
will be as the radius^ is to th^ Jine of the plane*s incli- 
nation BAC, fo IS the given amplitude AC to the 
difference (BC or CG) betwixt it and twice the im- 
petus* Fid. Carol 2. to Prop. I. 

Corollary IX. 

But if, inftead of the plane's inclination, the per^ 
pendicular height, or depreflion of the objeft above, , 
or below the level of the piece, be g iven ; then, AC 
being_=AGTBC, and aH» ( = AC1»-BU1*) =^ 
AG]* + 2 AG X BC, the greateft diftance AB, at 
which the ball can pofTibly hit the objedl, will there- > 

fore be =V AGxAG"Iir2BC From which, as all 
the fides of the triangle ABC are given, the angle 

BAC 
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SAC will likcwifc be known; and , from thence, the 
elevation, BAH, by CoroL 6. ' 

From the latter of the two cafes here confvlered 
(where the objeft is fuppofed below the level of the 
piece, as in fig, 2.) the greateft amplitude of a ball, 
projedied from a given ti^eigbt above the planp gf the 

borizon, is given ; being = V AG x AG+aBCj (as 
mBovfJ in wmch BC denotes the given height. 

C0B.0LLARY X» 

But, if the horizontal diftance AB is given, and it 

fcc required to determine the greateft height the ball 

can poflibly reach, in th^ perpendicular BCD ; we 

fliall then have, HG (AB) : AG ; : radius : tang, of 

the elevation (BAH or AHG) ; and, as radius : tang. 

BAG (=2BAHc/D9o) t : AB : BC;_which therefor© 

is know n. But, becaiife AC=AG + BC, and BC1» 

=:A0-AB1% the value of BC will, alfo, be truly 

^,. AG* wAB» 
cxpreffed by —^^ 

CORALLARY XI. 

Laftly, if there be given the perpendicular height 
or deprcffion, of the objeS, and its horizontal diftance, 
In order to deteimine the elevation, and the haji 
impetus, to hit the objeft : then it will be as AB : 
BC : : radius : tang, BAC ; whence the elevation RAH 
is alfo known, by Corel, 6 : and, as radius : tang. AHG 
(BAH) : : HG (AB) : AG; the half of which is the 
impetus, by Prop, !• CoroL 2. 



Here 
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Herefollmv the praSIiMl Solutions of the federal 
Cafes depending on the foregoing Theort. 

I. Of ProjeElions made on the Plane of the Horizon. 

PROBLEM I. 

The greaiejl Amplitude of a Piece being known (from 
Experiment) to fin& the Amplitude^ at any propofed 
Elevation* 

Solution. 

As ^he radius is to the fine of double the propofed 
elevation, fb is the given, to the required, amplitude 
(by Prop. I, Cor* i.) 

Ex. Let the gr. amp. be 8000 feet, and the given 
elcv. 30*^ i6^ 

Then, as radius • . .10. coco 

to fme 60® 32^ . • . 9. 9398 

Ibis / 8000 . . • 3* 9030 

Amp. req. 6965 f. • • • 3.8428 

PROBLEM 11. / 

^e.ImpetuSj or the gfeateji Amplitude (which is the Double 
thereof) being known^ to find the Elevation^ toftrike an 
Objeh at a given Dijiance. 

Solution. 

As the greateft amplitude, is to the given diftance ; 
fo is the radius, to the fine of the, double elevation (by 
Prop. I. CoroU i.) 

Ex. Let the gr. amp. be 7500 f. and the given 
diftance 5620 f. 

D d Then, 
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Then, as 7500 . . • 3. 8750 ' 

is to 5620 . . • 3- 7497 , 
fo is radius • • • lO. 0000 

to the fine of 48® ^t\ or 131** 28^ 9. 8^47 
Therefore 24? 16' is the lower, and 65** 44' the 
higher elevation, required. 

PROBLEM III. 

7%i Jngli rf Elevation^ and the Dijlance of an Ohjei^^ 
being giveny to find the Impetus^ fo iu to Jirike the 
Objeei. 

Solution. 

*^ As the fine of twice the elevation, is to the radias, 
fo" is the diftance of the obje6k to twice the impetus 
(by Prop. I.) 

Ex, Let the elcv. be 32® 12' and the given dift. 
6500 i. 

Then, as fine 64*^ 24' . . . 9. 9551 



is to radius - • 
fo is . 6500 

to . . 7208 
Whence 3604 is the impetus required. 

PROBLEM, IV. 



10. 0000 
3. 8129 

3- 8578 



Ibe Jlmtlitudej at any one known Elevatiwn being giveni 
to find the Amplitude at any other known Elevation* 

Solution. 

As the fine of double the firfl: elevation, is to the 
fine of double the fecond, fo is the amplitude at the 
former, to that at the latter fby Prop, i.) 

Ex. Let the firft elcv. be 25® 12', the fecond 36* i^^, 
and the given amp. 5250 f. 

V Then, 
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Thciv as- fioc 50* 24' . co. ar. «> 6. i r 32 ' 
to fine . 72** 3c/ . . 9. 9794 
fois • • 5256 f. . . 3. 7201 

to the amp. rccj. 6498 £• . . «|3»> Siiy. . "' 

^'' PROBLEM V. , i 

The Amplitude of the ProjeSiion^ with a given Quantity 
of Powder^ being known ; to find the Reqmfite of 
Powder^ fo as to Jirike an Object at a given Diftance^^ 
^ ihe Elevation remaining the fame. 

Solution. 

As the given amplitude, is to the propofed diftance, 
fp is the ffiveh weight, or quantity of powder, to the 
quantity wught, nearly. * 

Ex. Suppofe the requifite of powder to throw a 
Ihot 4000 feet, at 45* elevation, to be i61b. What^ 
quantity is neceflary, to ftrike an objedt at the diflance 
of 5000 feet. 

Here it will be, as 4000 : 5000 ; : 16 : 2olb. the 
quantity fought. 



* In this /olutiotty the velocity communicated to the bally is 
fufpofed to be in the fubduplicate ratio of the quantity of 
poFwder ; nuhich is notftriHly true^ e/pecially in large charges | 
fince ff confiderabk paM of the powder^ iu fuch cafes^ is hlonvn 
outy unfit ed; there are^ befidesy other reafons to be affigned^ 
twbyj the velocity cannot be exa^ly in the proportion above 
fpecifiedm 



;. Dd2 PROBLEM 
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PROBLEM VI. 

The DiJIance of the Ohjefiy and the Elevation efthtPiecei 
being given ; to determine the Time of the Flight. 

Solution. 

As the radius is to the tangent of the elevation^ To is 
the given diftance of the objefi, in feet ^ to the f^ua^c 
of ibur times the number of fecondsy required (vid.f. 184 
and l^T*) 

Ex. Let the elevation be 32®, and the diftance of 
the objecft 5280 feet. 

Then, radius • . . 10. 0006 

tang* 32^... 9. 7958 
dift. 5280 . . . 3. 7226 

. S?"" 44 • • • • ^- 759^ 
J of which, or 14% 36, is the time required^ 

But, when the elevation is 45 degrees (which is 

commonly the cafe, in throwing bombs, iic.) ' then 

J of the fquare root of the diftance, infeetj will give 

. the number of feconds taken up in the flight. The 

.knowing of which will be of ufe in adjufting the fufe. 

11. Of ProjeSionSy when tbf. ObjeB fired at^ is 
above^ or below ^ the Level of the Pieccp 

PROBLEM VIL 

. T7?e horizontal Di/lance^ and the Angle of Elevation^ or 
DepreJJion of an ObjeHy being giveny with the Ele- 
vation of the Piece y to find the Impetus^ fo as to hit 
the Obje^U 

Solution. 

" As the reftangle of the fine of the elevation of the 
piece above the obje6b, and the co-fine of its ele- 

vation 
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vation above the horizon, is to the reAangle under 
the radius and the co-fine of the ohje£i's elevattony 
or deprcffioni fo is i of the given hprizpntal d^aiu;e 
of the c^jeA, to the impetus required (h^ Prop 3. 
CoroL 2.) 

Ex. Let the horizontal diftance of the objeft be 
5600 feet, and its elevation 8^ 15'; and kt the efeva- 
tion of the piece be 32® 30' : then 

24** hj', CO- an of its fine . . C. 3865^-q> 

32® 30', co-ar. of its co-f. ^ ~ '^ 

radius • . • • 

8** 15^ its co-fine 

1400 f. . • • 
- 4000 f. the imp. req. 



o- 0740 Jl 

10. 0000 \ 2 

9- 99SS i| 
j^ 1461J2 



2I3. 6o2i 

PROBLExM VIII. 

The horizintaf Diftancey aud the jingle of Elevation^ er 
DepreJJion of an Ohje£l^ being given^ toother with 
the Impetus; to find the Elevation of the Piece^ to Atf 
the Obje^. 

Solution. 

As the radius is to the tangent of the obje6l*s elfc- 
vation, or deprcffion, fo is twice the impetus to a 
fourth number ; which add to, or fubtraft from, the 
given horizontal diftance, according as the objedl is 
elevated, or deprcfled : then fay. 

As twice the impetus is to the fum, or remainder, 
fo is the t:o-fine of the given elevation, or depreffion, 
to the co-f5nc of an angle ; which added to, and fyb- 
traSed from, the angle included between the objeS 
and the zenith (or vertical point), gives the double of 
the complements of two different elevations, wherebjr 
the ball may hit the obje6t (fee Prop. 3.) 

Ex. Let the horizontal diftance of the objeS he 
j6oo feet, and ks elevation 8** 15'; and Icf the given 
impetus be 4000 f. 

Then, 
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vThen» asranms • • • • zo. ooo» 

i$ to tang. 8** i^ . . . 9. 46»J^ ^ 
(o is 8006 .... 3. 9031^: 

to . 1160 .... if3. 0644. - 

TTus added to 56CXJ gives 6760. 

Therefore^ as 8000 ... 3* 903^'^-^ 

is to . 6760 . . . 3. 82^9: 

(6 is co-f. 8® 15^ . . . 9. 995 1*' 

to the co-f. 33. 15 ' • . . • 9* 9223 " 

Which, added to, and fubtraftcd from 8i^ 45;^ g'vcs 
J 15* 00', and 4^ 30*^, refpc<aivcly : the halves of • 
which are 57** 30', and 24**. 15'; whofe con^|»le- 
ments 32*^ 30', and 65® 45^, arc the two elevations 

lei^uircd. 

PROBLEM IX. 

Thi Impetus^ and the Angle of Elevation^ Iting given ; ti> 
find at what Diftance the Piece ought to be planted^ 
to hit an ObjeH^ whofe Diftame above^ or belowj the 
' Level of the Piecey is alfo given* 

Solution. 

As the radios, is to the fine of twice the giveo 
elevation, fo is the impetus, to half the horizontal 
amplitude, at that elevatioa {by Prop. 1.) 

And, as the radius, is to the co-tangent of the 
elevation, to is twice the perpendicular height^ dr' 
depreffion, of the objeft, to a fourth-proportioaad ; . 
which take from, or add to, half the horizontal ampb- 
tude, according as the objeft is elevated, or depreflid f 
then find a mean proportion between the half-amplttitde, v 
and the fum, or remainder ; which, added to the faii 
half-amplitude, gives the diftance fought (by Prop. 2.^ 

Ex. Let the impetus be 3000 feet, ihe elevation 
40% and the height of the obje6l 2Q0 f^et* 

Then, 
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Thcoi as .radius 




. • 10. OQOO 


td fiiic . 80^ . 




9' 9933 


f9 is . 3000 . 




3- 4771 


to . '. 2954 • 




• Jl3- 4704 


Andy, as radius . 




10. ooop 


is to co-t. 40** . 




10. 0762 


fo is . 400 . 




2. 6021 


to . . 477 . 




. l|2. 6783 



Now, the difference between the two numbers above, 
found is 2477; whofe log. being added to that* ^pf,, 
2954, and the fum divided by 2, the quotient will 
be the log. of 2705, the required mean proportional; 
whence the diftance fought comes out 5659 feet. 

III. Of ProjeBtons on. Planes y incUrnd to that of 

the Horizon. 

PROBLEM X. 

7i^ Inclination, of the Plants ^nd the Elevation and 
Impetus of the Piece, 
fUtude of the Proje^ion. 

Solution. 



— ,_._, _^ — ~ ^ ,™-,y — — 

Impetus of the Piece, b^ing known j to find the Attt" 
ie ojihe ^ ' ~' 



As the fquare of the co-fine. of the plane's incli- : 
nation to the horizon, is to the redtangle of the fine- 
of tTie elevation above the 'plane and the co-fine cf . 
the elevation above the horizon, fo is.^ times the 
impetus, to- the amplittide of the projeflion {hy Prop 

3-<^-3.) ... - 

Ex. I. Let the impetus be 4000 feet, tbe.elcvatbn 
32**. 30', and the afcetit of the plane 8® 15'. - Thcit. 
the elevation above the plane will be 24** 15'; and, the 
operation as follows. 

8« 
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8' rj*, co-arith. of iti co-f. 



ft4-i5' 



t.fan^$ repeated 



32^ 30' 




its fine 
its co-f, 
16000 f. its log. 

5658 feet the amp. req. 

Ex. 2. Let the elevation and impetus be the fame 
as in the laft example ; but let the plame in this cafe 
have a defcent of 8r^ 15' (inftead of an equal afcent.) 

Then the operation will ftand thus, 

8® 25', co-ar. of its co-f. 

The fame repeated • 
40® 45^, its fine 
32*^ 20', its co-fine . 
16000 f. its log. 



8992 i. amp. req. 



o. 0045- 
o» 0045 

9- 8147 
9. 9260 

4- 2041 < 



al3' 9538 



PROBLEM XL 

^e Inclination 4>f the Plane^ the Elevation of the Phce^ 
and the ^ Amplitude of the Projeffiony being given; to 
Jind the Impetus. 

Solution. 

As the re£tangle of the fine of the elevation above 
the plane and the co-fine of the elevation above the 
horizon^ is to the fquare of the co-fine of the plane's 
inclination, fo is the given amplitude, to 4 times the 
required impetus fby Prop* 3. Cor^ 3.) 

k Ex. Suppofe the plane to have an afcent of 8* 15^ 
and that the amplitude thereon, at an elevation of 
32* 30', is 5658 feet. Then, the elevation above the 
plane being 24^ 15', we flxall have 

24" 
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114* 15' co-ar. of its fine 
31® 30'' co^ar. of its co-f. 
^^^ 15' its co-f. 
The fame 
5658 f. its log. . 
16060 f. 



o. 3865- 
a 0740 
9' 99S5 
9- 9955 
3' 75^6 , 
2)4. 1041 



} of which, or 4000 feet, is the impetus tts\. 

PROBLEM Xir. 

J^e Incltnatim 9/ the Plane^ the Impetus j and the Amfli* 
tude being given, to determm the Elevatim. . 

Solution. 

As the radius is to the co-fine of the plane's incli- 
iGition, fo is the given diftance, on the plane, to the 
horizontal diftance cofrefponding : from which, the 
impetus, and the plane's (or objcift's) elevation or 
deprefiion, the elevation of the piece may be found, 
iy Prob. 8. 

Ex. Let the plane have an afcent of 8** 15', and let 
the given amplitude thereon be 5658 feet, fuppofing 
the impetus to be 40QO feet. 

Then, as the radius • « 10. 0000 

is to. thfe co-fine of 8® 15' 9. 9955 
fo is 5658 fibct ' . . 3. 752 6 

to • 5600 feet • . 1 I3. 7481 

the horizontal diftance of the place where the hall 
impinges : as for the reft of the operation, it is exactly 
the fame as in the example to Pr9b. 8i ; for which 
reafon it will be needlefs. to repeat it here. 



E t PROBLEM 
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PROBLEM XIII. 

Having the Jngle of Elevation^ or Defrejjion of the Ohjeff^ 
together with the Elevation^ and the Impetus of thc^ 
Piece ; to determine the Time of the Flight. \ 

Solution. 

As the co-fine of the elevation, or depreflion of the 
objeft, is to the fine of the elevation of the piece 
above the objc<S, fo is half the fquarc root of the 
number of feet in the impetus given, to the required 
number of feconds in the flight. 

Ex. Suppofe the elevation of the objedl to be 8** 30' ; 

that of the piece 45® ; and the impetus 3600 feet. 

Then, the fquare root of 3600 being 60, we have 

As the co-fine 8® 30' . co^ar. o. 0048 

is to the fme 36® 30' . . 9. 7744 

fo Is 30 . . . . I. 4771 

to 18,04 feconds req. . . i|i. 2563 

IV. Of the Maxima and Minima, in the. 
Motion of ProjeSliles. 

PROBLEM XIV. 

The greateft horizontal Amplitude being given, to find the 
greateji Amplitude on a Plane whofe Inclination to the 
Horizon is alfo given. 

Solution. • 

Take half the wangle included between the plane and 
the zenith; the complement of which is the required 
elevation (by Prop. 3. Cor. 6.) Then fay, as the tan- 
gent of the faid elevation, is to the tangent of the 
plane's inclination, fo is the given amplitude,, to the 
difference between it and the amplitude . fought (by 



Prop. 3. CoroL 7.) 



Ex. 
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Ex. Let the greateft horizontal range be 8000 feet, 
and the inclination of the plane 12® 30', defcending. 

Here the angle included between the plane and the 
zenith, or vertical point, being 102*^ 30', the half 
thereof will be 51° 15', and the elevation 38*^ 45'. 

Theref. as tang. 38® 45' . 9, 9045 

is to tang. . 12^30' . 9. 3457 

fo is . . . 8000 f. . 3. 9031 

to ... . 2210 f. . 3. 3443 

Which, added to 8000 (becaufe the plane defcends) 
gives X0210 feet, for the true anfwer in this cafe. 

PROBLEM XV. 

The greateft Amplitude^ on an inclined Ptane^ hcing given^ 
to find the greateji Amplitude^ an the Plane of the Horizon. 

SOLUTIOIC. 

As the radius, is to. the fine of the plarfe*s inclination, 
fo is the given amplitude, to the diilerence between it 
and the required amplitude (by Prop. 3. CoroL 8.) 

Ex. Let the inclination of the plane be 12° 30% 
defcending, and the given amplitude 10210 feet. 

Then, as radius • . .10. 0000 

is to 5. 12° 30' . . . 9. 3353* 
fo is • 1 0210 ... 4. 0090 

to . . 2210 . . . 3> 3443 

Which taken fro;n I02I0, gives 8000 feet, for the true 
diftancc fought. 



E e 2 PROBLEM 
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PROBLEM XVI. 

Tilt impetus, and the perpendicular Height^ or Depreffm^ 
\ ^ an Obje^ being given, to find the greateft horizontal 

t>ijiance at which the Ball can, pojpbly^ bit the QbjeS^ 

ami aljo the Elevation anfwering thereto. 

Solution. 

Take the difference of the two given quantities, if 
the objcft be elevated ; but otherwife, their fum ; 
then find a mean proportional between the Impetus and 
faid difference, or fum ; the double of which will be 
the diftance fought (by Prop* 3. Cor* 9.) 

For the elevation, it will be, as the diftance thus 
found is to the height, or depreffion of the obje^l, fo 
is the radius to the tangent of an angle ; which added 
to, or fubt^a<Eled from, 90 degrees, refpediv^y, gives 
the double of the required elevation (by Prop. 3. 
Cor, 9.) 

Ex. Let the impetus be 4000 feet, and the depref- 
fion of the objeS, below the level of the piece, 2210 
feet. 

Here we are to take a mean propoportional between 

4000 and 6210 ; which is = v/4000 x 62 10 = 4984 ; 
whofe double 9968 it the required diftance^ 
Mor«$over, we have, as 9968 . 3. 9986 

is to . . . 2210 . 3. 3443 
fo is radius . . . io> oooo 

to tang. .• 12*^30' . 9- 3457 
whence the elevation appears to be 38** 45' 

From this problem, the greateft amplitude of a ball, 
projediled from a given height above the level pf .tt^e 
horizon, is given. 



PROBLEM 
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PROBLEM XVn. 

Having tbt horizontal Dijlance of the Objeif^ togeihir 
with its perpfndicuktr Height^ or DepnJJiony abovi mr 

* • below the Level s>f the Piece , to determirie the leaft /«- 
fetus^ poJ/ibUy whereby the Ball may reach the Ubje^i 
and alfo the Elevation correfponding. 

Solution, 

As the horizontal diftance of the objcSis to its 
perpendicular height or depreffion, fo is the radius t« 
the tangent of an angle ; which added to, or fubtraftcA 
from 90 degrees, gives the double of the elevation 
(by Prap. 3. Cor. 6.) 

And, as the radius is to the tangent %i the cle* 
vation, fo is the given horizontal dillance, to twice 
the impetus required (by Prop. '^^ CoroL 11.) * 

Ex. Let the horizontal diftance be 9968 feet, and 
the diftance of the objcdl below the level of the piece 
2210 feetv 

Then, as . 9968 . , 3. 9986 

is to . . 2210 . . 3. 344J 

fo is rad. • • • « 10. 0000 

to tang. 12° 30/ ... 9. 3457 

Therefore the elevation is 3&** 45' ; and it will be 
As radius . . . .10. 0000 

is to tang. 38® 4S' • • 9- 994S 
fo is . 9968 . • 3. 9986 

to . . 8000 . . 3. 9031 

The half of which, or 4000 feet, is the impetus fought 
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PROBLEM XVIIL 

Tojpul the greateft Height a Bail can^ pojjibfy^ reach in 
a Perpendicular to we Horizon \ the Impetus and the 
Dijiance of the Piece from the faxd Perpendictdar^ 
heing given. 

Solution. 

Find a third proportional to the impetus and half 
the given diftance, which fubtraA from the impetus^ 
and the remainder will be the anfwer (by Prop. 3. 
CoroL ID.) 

Thus, if the impetus be 4000 f. and the given diftance 
6000 feet, then it will be, as 4000 : 3000 : : 3000 
:2250; lyhich taken from 4000, leaves 1750 fcet^ 
for the greateft height the ball can pofllbly reach in 
the propofed perpendicular, with that impetus. 



PART 
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PART IV. - ^ 

EXHIBITING 

A new J and very comprehenfive Method for ex- 
trailing the Root's of Eauations in Numbers i 
by increafing the Dimen£ons of the mhwwn 
^antity. 



XN this method (as in the common method by con- 
verging feries) the value fought is, firft of all^ td 
be nearly eftimated (either from the equation itfelfi 
or from the nature of the problem whence it is derived) ; 
and forae unknown quantity (as z) muft be affumcd to 
cxprefs the difference between that value (which wc 
will denote by r) and the true value required : and 
then, by fubitituting r+% inftead of its equal, in the 
given equation, a new equation will emerge, affciSlicd 
only with % and known quantities. 

The equation being thus prepared for a folution, 
multiply it into two, or more fucceeding terms of the 
feries i+Az+Bz^+Cz^+Dz* isf<:. (according to the 
degree of exaftnefs neceffary) and let the coefficients 
of the homologous terms of the new equation hence 
arifing, wherein the fquarc, and the next, higher 
powers of z are concerned, be made equal to nothing: 
by which means the value of A, i^c. will be deter- 
mined, and as many terras of the equation deflroyed, 
at the fame time, as there are terms in the aflumed 
multiplicator minus one. And the terms involving the 
fuperior powers, which yet remain, being of very fmall 
value, may alfo be rejedled ; whence the equa,tion will 
be reduced to a fimple one : from which the value of 
z wiU be found. 

Let 
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Ex. I. Let the equation {propounded be «^=50* 

Here, x being fomcthing greater than 7, put 7+35 
=jr; then the given equation will become 49+14% 

or, — 1 + 142 +z*=o. This, multiplied 
by i+Az + B;i% 

fives i * — Az +14AZ* + A«* * >=o* 

i * * .-fie* +i4Bz3 + Bz*J 
Whence, by equating the coefficents of the like terms^ 
we have 1 + 14A— B=c, andA+i4B=o. 

From which equations A is found =— JLl. ; and B 

14/ 197 
and, by fubftituting thefe values above^ 

we have — i + 14 + -^ x z+ -^=0; 
197 197 

Which, by rcjefling the exceeding faiall quantity , 

*9? 

becomes — 1 + 14+-^ x 2=0/ 
197 

Hence —197 + 27722=0; 

and 2 = -^^ = .€710678, nearly : which value is 

true to the laft decimal place : and, if more terms of 
the feries i + Az+B2*+Cz* i^c. had been taken, thfc 
conclufion would have been ftill exa£ler in proportion. 

Ex. 2. Suppofe the given equation (when priepared for 
a folution) to be — 2+52— z^— o. 

Hefe, if four terms of the general ferics 1 + A2+ 
Bz*+Cz^ l^c. be talvcn, and multiplied by —2+52 
— z', our equation will be changed into the following 
one, 

v/2* 
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vizA *+ 52 +5Aa»+5Bz3+5C2* 1=0. 

Where, by comparing the homologous terms, we havp 
aB=5A, 2C=5B-i, and sC=A. 

Hence, 25B-5 ( = ioC) =2 A; but, by the firft 

of thefe equations, B=J^; therefore , "'*^ -5 = 



2 A, and confequently A= 



2, 
10 



121 



Let this value be now wrote inftead of A ; by which 
means our laft equation for the value^ of z (negledting 

the terms -Bs5*-C»*) is reduced to -a+c— i^ 
X2;=0. 

Whence z comes out =-^11=0.414 nearly* 

Let there be now given the general equation. 
-p+az^-bz^-^-cz^-^dz^ (^c. =.0. 

Then, multiplying by (i+Az) the two firft termr 
oftheferies, only, 

we get I ^^pAz^aAz* Isfc. J =^- 

Here, by making *+.aA=o, A is found =-A; 

and our equation becomes — ^+^-|-2£ x«=0 : 

a 

whence z is given = — ^ — — f£— . 

a 

The value of z, here determined, taking in two 
terms of the given feries, az+lfz*+cz^ ^c. I call an 
approximation of the fecond degree (as the common 
method of converging feries, which takes in the firft 

F ^ term 
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term only, may, by the fame rule, be called an ap- 
proximation oJt the firft degree.) 

But to obtain an approximation of the third degree, 
or fuch an one as fhall include three terms ot the 
original fcries, let the given equation, 
— ^+fiz+^a*+fz^ lie. =0, be now multiplied by 
three terms of the affumed feries i+A;r+B%* lie: 
, whence there arifes this 

• r ^P'^ ^^ + ^^* + ^^' isfe.'] 
equation [ ^ i'^Bpz^-^Baz^iieJ 

Where, by equating the homologous terms, we have 
^+Afl-B^=o, and c+A^+Ba=o. 

Let the former of thefe equations be multiplied by a^ 
and the latter by p ; and then add the two produfts 
together ; fo fliall 
alf + Aa^.+ pe + Abp = o ; and confequently A = — 

f-ii?. Whence z (= — ^-r ) is likewife given. 
aa + i'P * a -/Ay ^ 

To have an approximation of the fourth degree,^ 
four terms of the feries i + Az -H B&* lie, piuft be 
taken, for a multiplicator : by which means the equation 
given will be 

*-A/)z+Aaz*+A^z3 + Acz*. lie. / 

* * - B/z* +. B^z3 + B^zS lie. f - ^* 

* * ^ -Q^z^+CtfzSfrff.J 

Here we have 
p, __ Btf Ah c 

i P P 

o-Ca + M-\- Ae + d, 

from whence, exterminating C, there arifes 

Ba ^ Ab c ^ Bb Ac d _^ 

+ +—+ -H +— =0, 

p p p 41 a a 
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h 



or ^+±xB+A+JixA+^+iL=o. 

pa, P ^ P ^ 

Which, by fubftituting the value of B, ■ 

, a b Ka b b , c , . r d 

becomes — +— x +— +— +— x A +— +— = ; 

p a p p p a pa 

^•%. ' aa lb ^ c ^ J. ab bb c d 

that IS, — + — I- — xA+ — -I 1 1 — = o. 

pp p a pp ap p a 



Multiply the whole by ap'*' \ then will a^ '\'2abp + cpp 
xA+a*b+b*p-\'acp+cip^=0; 

whence A is found = - ^^^ + ^^ xP+^fiP, 

a^+zbp-^cpft 

and 2 = — ^-r-» ^s in the preceding cafe* 

By the fame method, an approximation of any 
higher degree, to take in as many terms of the pi^o- 
pofed feries as you pleafe, may be derived. 

For, it is evident, from above, that in all cafes 
whatever, 

B will be =^+jL, 

^ Ba ^ Ab ^c 

P P P P 

" p p p p p' 

where the laft value is, always, equal to nothing. 



F f 2 ^ Therefore 
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Therefore, , 
by making 



S - *B.+^QJrc 

y aT+iS+cK+dCL+* 



h 

tff + f 



^ _ tf r 4- ^g + ^ 
and -< "■ ^ ^ 

the value of ^ will be determined, by dividing the laft 
of thcfe quantities y,>, J, U Wr. by the correfpondmg 
quantity of the upper feries Q^ R> S, J^t:. and changmg 
«ie fign of the quotient. 



Whence we get 2. 



-, tf r. 



\ 



or, 



7+q: 7+r / + s 



-, i^c. for fo many different 



values of z ; whereof each is more exaft than the 
preceding one. 

Thefc 



Digitized by LjOOQIC 



^ RESOttJ^IOH^EojTATlONS. 221 

Thefe equations are eafily derived from thofe above, 
expreffing the relation of the quantities A, B, C, 
D, i^c. 

For, by writing Q^and j, inftead of their equals, ia 
the firft of thofe equations (B= 1 — j It becomes 

Which value of B, wrote in the a* equation^ 

r« _ Btf . A3 r 

C = _-+ + gives 

P P P 

C => f^+^+^+i:=RA + ri by fubftituting R 

P P P P 
and r in the room of their equals. 

Moreover the third equation, by fubftituting for C 

and B, becomes D = fM+^+^^+ii+^% 

P P P P P 

i.=SA+j. 

After the very fame manner E = TA + /^ F = 
VA+z;, lie. And, by putting all thefe feveral values, 

fucccffively, equal to nothing, we have — ^> """E"' 

— ^, lie. for fo many different approximations of 

the value A. Which being fubftituted in the general 

equation 2= — ^---, the very expreffions before given, 
tf— j>A 

for the value of z, are obtained. 

It will be proper, now, to fliew the ufe of the 
feveral approximations, or theorems, derived above, 
by a few examples. 



In 
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In the firft place^ then, let the equation given be 

This cqtiation, by making 24- z=Af, will be trans- 
formed to — 2+i2z+62;*+2'=o : which being com- 
pared with the general equation 

— ^+/?2+^z*+f%^+^z* isle. =0, , 
wchave^=2, a—ii, ^=6, r=i, ^/=:0, t^c. 

Therefore (by the firft of the three approximations, 
at/. 217) -A {=— ) is found =J. 

Whence 2 (= — ^r—j comes out = — = 0.1538, 

nearly. 

But, according to the fecond approximation, or 

theorem, the value of — A f = 7^ ) will be = 

^ aa+bpj 

^^ ■ = ^ : and confequently that of z ( = 

a-ApJ 505 ^^^ 

Laftly, the value of — A> according to the third 

approximation being = ^ ^^ ^ =. 

144 X 6 4- 96 _ 36 X 6 + 24 _ 48 ^Y^^ 

144 X 12 + 144 X 2 + 4 "" 30 X 14 + I "~ lOI ' 
correfponding value of z will therefore come out = 

''■ =0.154434 : which number is true in all its 

places. 

The very fame conclufions will likewife be brought 
out from the general folution. 

• For, 
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For, -p being here = 2, <j — 12, i = 6, c=tt 
J=0, i^c. (as before.) 

wchaveQ_(=— ) =6, 

Alfo, J ^j) =3, 

blc. 

Therefore X=JL, -1=37, ^^i40^_4L ^^,,^_ 
Q^ 2 R 78 S 505 loi 

fcquently =7 — r=r — , iic. as before. 

For a fecond example, fiippofe loz — %' = 2, pr 
— 2 + 102 — z' = o. 

In this cafe /> = 2, «=:io, i=o, f= — i, d=0^ btc* 
And therefore, for an approximation of the fourth 

degree, we have - A (^^±±^JLPAJPL\^ 

— '^ = -^^ ; and confequently 2 ( = — —r\ 

1000-4 H9 \ a—pX/ 

=—--=0. 200804c ; which value is true to the laft 
1240 ^^ 

figure. 

For 
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For a third examplcy let there be given the equation 
x^ +36**+432*=M72. 

Here the value of ^r appears to be about 4 ; let there- 
fore 4+z be wrote for x; whence •ur equation is 
reduced to 

56+7682+48»*+z*=o. 
\Vhich being compared with 
^P'^az+hz*'¥cz^+dz^ tfr. =0, 
wc have, in this cafe, 
^2-96, ^=768, ^=48, ^=1, d=Oj bfc. 

or, -1 = - 8, — = - i, — =--7» t^^- 
p P / 90 

Hence CL(y) = -8, 

R (^+l)=64-i=i^, 

lie. 
Alfo q (y) = -f» 

Therefore J.=-L, JL=-i23_=i5l, ±=38o)c« 
Q. 16 R 127x48 6096 S 4838s 
3040 . 

48385 ' ' jg 
From whence 2= =— & ia598, nearly; 

or, a= — -^=.0.1259894, «flr< nearly. 



48385 

,,= _^=.0.M_ 

Laftly, 



•r. «= ~ -68o8 =*0' 1259894802, /iV/ nearw. 
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Lafily, let there be given the equation 

"1 r T — r- ^c, = — . 

2 2.3.4 2.3.4.5.6 a.3.4«5.6.7.8 ^ 

Them, making %^x*y isle, we have 

— 1+2-—+ fafr. =o. 

12 iax3Q 12x30x56 

Here ^ = I, « = i, 3 = -—, c= — ! — , rf= - 

12 12x30 

L^_:»c. 

12x30x56 

And, by fubftituting thefe values in the third general 
approxi mation (v'id.p. 219), we have —A 

( aah'{-ac'\'hh X p-\'dpp \ 
"" aaa'{'Xakf-^cpp J 



12 12X30 12X12 12X30X56 



x-i-+- ' 



12 12X30 

30x56— 56-'i40+i _ _ 1485 
10x30x56+56 "" 16856' 

Therefore % ('=wt_Vi^^= 1.09661 ; 

\ a-'fhj 15371 
and;ip (sr-y/D =1.04719. 

After the fame manner the roots of other equations 
may be approximated : but I fliall here fliew, how the 
gefieral theorems themfclves may be rendered more 
commodiou$> for certain- particular cafes, by means of 
a proper transformation* 

It is known, if two quantities be, refpeSively, in- 
creafed, or decrcafed by two other, Imall, quantities, 
nearly in the fame ratio with the two firft, that 
the fums, or differences will ftill be in the fame ratio 
with the two firft quantities, very near. 

G g Wherefore 
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Wherefore, feeing the numerator of the fraflion 

tLLft^ cxpreffing the 2*. general value of -A, (viJ. 

aa + hp 

^.218) is in proportion to the denominator, nearly, as 

i to a, or cp to -^ ; let cp be therefore taken from 

the numerator, and -f^ from the denominator; agree- 

able to the above obfervation : by^which means the . 

fradlion itfelf will be transformed to = 

acp 

— -__- — = — ; ; fuppofingr= ^. 

And, in the very fame manner the fraftion 

aai+ac + Mxf+dff ^ expreffing the third value of 
aaa'^2ahp-{-cpp _ 

— A, IS changed to — 



adfp 
aaa + ^ahp + cpP — "~T — 



aahArac^-hh X f ,. «„..:„^ .^r^"^^ 



(by puttmg j=f — -j. 
b 



a^^iahp-^-sf 

But this laft value is ftill capable of a further re- 
duftion : for, the ratio of the numerator to the de- 
nominator being that of — ^ to iiilL+j^*, nearly (as 

r r 

appears from the preceding cafe) let, theref©re, the 
former of chcfe quantities be fubtrafted from the 
numerator, and the latter from the denominator: 
whence the fradtion itfelf becomes 



bsp I . . ^^ *^ 



aH ^ ac + bb X p ^ 4r4 + f+ Xp 

' r a ra * 



, asp c 
a^+zabp — r— ^^^^ y^p 
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ah -^ c -{^ hnu X P t ^^- h s * 

B cb — ad\ 



bb-i 



a 00^ ac 



Now, to exemplify the ufe of the theorems thus 
transformed, let the equation 96 +7682; +482* +2^=0 
(given at p. 224) be here refumed : 

Then, in this cafe, f being =—96, ^7=768, i= 

48, c = i, ^ = 0, £s)V. we have r (= 7-W~> ^ 

a b > 2\ 

( = c-l-) = i, andw (= ^)=-^- 

^ b * ^ a art 3a 

Whence, according to the firft approximation, 

a + rp ' 768 — 4 191 ' 
And, according to the fecond, 
'^ A ( =z ^ + ^ + ^^ X ^ v _ 768 X 4 8 + I + i X — 96 
aa + b + a'w X p 768 X 768+48 + 24 X —96 

= 768x^6172x2 ^^^ ''''''^'"S every term by 48) 
763 



12144 



Hence the value of z (= "^ comes out = — 

P 

Jii-= — 0, 1259894, nearly; or equal to — ^Vt^ 
1516 J7 7-T ,y n, 96389 

=—0.1259894802, more nearly. 

Thefe conclufions agree with thofe before given, 
by the former method. But the laft general ap- 
proximations, containing the feweft dimenfions of 
the quantity ^, will commonly be found to have 
the advantage, in point of expedition, when the 
value of that quantity confifts of feveral decimal 
G g 2 places, 
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places, and alfo when the coefficients a^ i, r, d^ of 
the powers of the unknown quantity z, are related to 
each other according to fome unknown law. 

Of this kind are the coefficients of fuch leries as 
arife in extradling the roots of pure powers ; and in 
thefe cafes the general theorems, or equations them- 
fclves, are capable of being rendered ftill more com- 
modious. 

Let there be aflumed the equation *■=* (which in- 
cludes all the cafes of pure, or fimple powers, accord- 
ing to the value of the exponent nj. 

Then , by afluming r nearly equal to *, and making 
rXi+z=;r, we fliall have r^ X i +z]"=A : 

and therefore ---+7:f3«=o; that is 

— --+I+»%+— X 2*+--X- X 2' 

r" 1 2 J 2 2 

tic. =oj or laftly - / +z + JLli^t+^illix^^^ 

a 2 3 

!s' + &fr. =0; by dividing the whole by «, and putting 

Here (by a comparifon with the general equation 
-^p^-az+bz^ tic. :=lO) we have fl=i, b=z^!—l^ c= 

-- — X , a= X X ^, iic. 

2 3 a 3 4 

Therf. r (l-4.^=lIl!^:Lzi^l±i, 



^^/3 a 4'^3 4^ 

^<i ar/ a "7 a ""T* 

Whence, 
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Whence, fbr an app roxim ation of the third degree, 

- A (=-i_v==_i!ir::i_; 

and z U f \J^n^^yi\f 

But, for ^n ap proximati on of the f ourth d egree^ 
"" A / ^^+^+^X^ t f X«— i4-«~iX2«-lXrT/ . 

and 2 = p-^hPP 

_ , 2«— I a»— ix«— I 

'+-7-^'+: IT— ^^^ 

Hence it is manifcft that the root *•, of the propoie4 
equation V=if, is equal to 

r^Jll^^Ik, nearly, 



or, equal to, r + ^ ^^iii± i^^ 

I + — - — x^+ x#» 

But both thefe exprcffions, in cafes where /> is a 
proper fradion, will be better adapted to pradice by 

making 1^=^ (=— )» ^"^ fubftituting -1 for /, iti 

equal : whence (after proper reduflion) 

or, ;,=r+. rxl^JTH 



nearly. 



=3, more 



To 
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To ihew now the u(e and great exadinefs of thefr Iaf( 
approximations, by an example, let it be propofed to 
extraft the fquarc root of 441. Here the general 
equation ;tf^ = i^, becoming ^ = 441, we have « = 2, 

i^=r44i, and v (=t- — )=-^; fuppofihg r to be 

ailumed =20. 

Therefore, by the firft approximation, 

* = 20 + ^^ ^l^^' - 20 + ^ =.2I + ^jJL^. 
40 1682 67280 67280 

nearly. 

And, by the fecond, ;tf == 20 + ^^^^^^ =21 — 
•' 2758481 



-, more nearly. 



2758481 

Again, let there be given the equation *'=50o: 
then, affuming r = 8, we have v C-^ — J=2 — 5JL 
= - ia8. 

Hence, by the firft approximation, 

nearly. 

And, by the fecond, ar = 8 - — i^iilS — = §- 

6072 , 

-^8^=7- 9370052599, more nearly. 

All the different approximations hitherto delivered 
were, originally, derived by multiplying the given 
equation into a certain number of terms of the aflumed 
feries i + Az + Bz* + Cz^ i^c. But there are other 
methods (though, perhaps, none fo general) by which 
the fecond, third, {sfr. dimenfions of the unknown 
quantity may, in like fort, he deftroyed (without af- 

' fuming 
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fuming^ any fcrics) and from thence tte value of that 
quantity approximated, to what degree of exaftnets 
you pleafc. 

Let there, for inftance, be given the equation, 
2z+%*=:i, or 2*=I— 2Z. 

Then, by fquaring both fides thereof^ there arifes 
js*=i~4J2+4%*, 

And if, inftead of the lafl: term 42*, its equal, 
4XJ—2Z, be cfubftituted, you will have z* =5 — 122: 
this, fquared, gives %' = 25 — 120Z + 1442* = 169 — 
4082, by fubftituting for %•, as before. 

Here, rejedling z' (on account of its fmallnefs in 
comparifon of the other terms) we have 408*= 169, 

and therefore 2 = -^-|- = o, 41421^, nearly ; which 

is true to the laft figure, inclufive. But, if you would 
have the anfwer fl:ill nearer the truth, let the above 
equation z* = 169 — 4082 be, either, multiplied, 
again, by itfelf, or into fome one of the preceding 
ones; Thus, if it be multiplied into 2*=5 — 122, 
you will have 
2"=845-4o682+48962*=574i - 138602 : 

where, 2** being rejefted, z is found = -i^LL=: 

13860 
0.41421356, ffff. 

Again, if there be given the equation 2^=32—/; 
then, by fquaring both fides thereof, we have 
z«=92*-6/>2+/)*: 
and therefore z' =92' — 6/2.* + p'^z = — tpz* + 

/>^ + 27 X 2 — 9^ ; by writing 272 — 9^ inftead of 
its equal 92^. 
' Now, to the. triple of this laft equation, let the 2'*« 
equation, multiplied by 2^, be added : 

By 
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By which means 2* will be exterminated, and you 
then will have 3s' +2/>2:^ = 81 - 9j!>f X a - 27^ + 2p^. 
Whence (rejcSing 3%^ +2^*) the value of z is found 
J^lZl^^'K nearly. 

Varipus other expedients might be ufcd, to eztenni- 
nate the 2% 3*, He. powers of the unknown quantity ; 
but what is already delivered may fuffice. 



PART 
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PART V, 

GIVING 

Some Account of the Nature of Fluxions; 

together with the Invejiigation of the funda- 
mental Rules. 



i.lN 



the t)o(^rinc of Fluxions all kinds of magni- 
tudes are confidered as generated by the con - 
tinual motion of fome of their bounds or extremes ; 
as a line by the motion of a point ; a furface 
by the motion of a line ; and a folid by the motion 
of a furface. ' So likcwife time may be confidered 
as reprefented by a line, increafing uniformly by the 
motion of a point : and, as quantities of all kinds 
whatever are capable of increafe and decreafe, they 
may be reprefented, in like manner, by lines, furfaces, 
or folids, conceived to be generated by motion. 

2. Every quantity thus generated is called a fluent^ 
9r flowing quantity : and the magnitude by which any 
flowing quantity would be uniformly increafed^ in a given 
timcy with the generating celerity at any propofed po- 
fition^ or infant * (was it from thence to continue in-^ 
variable) is the fuxion of the faid quantity at that po- 
Jitton^ or infant. 

3. Thus, 

* . Some Authors define the generating celerity, itfelf {and not 
the magnitnde it nuould produce) to he the fiuxion ; but ufe 
that magnitude as the meafure of the /aid celerity or fluxion j 
'which is J in effeSl^ coming to the fame things 

H h 
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3, Thus, let a point m be conceived to move from 

A, and thereby generate d right-line A«i, with a 

motion any how regulated ; and fuppofc the celerity 

jn thereof, at any 

^ ""^L. "•^ propofed pofi- 

•^ tion R, to be 

fuch, as would^ (was it to continue invariable from that 
pofition) be fufiicient to defcribe, or pafs uniformly over 
the diftance Rr, in the given time allowed for the 
fluxion ; then will the faid diftance Rr truly exprefs 
the required fluxion of the flowing line A/n, in that 
pofition. 

4* It appears from hence, that, when the generating 
motion is uniform, the fluxion, and the increment 
equally defcribed in the given time, are one and the 
fame thing : ' but, if the velocity continually in- 
creafes or decreafes, the fluxion muft then be either 
lefs, or greater than the faid increment, br the fpace 
atiually defcribed : flnce an increafe of the velocity 
muft neceflarily caufe an increafe in the diftance gone 
over, and vice vex fa. 

5;_^f 

Although^ in forming a juft and diJlinSl conception of the 
nature^ and quantity of a fluxion^ the conjideration of time 
is J abfolutely^ necejfary (on 'which^ enfen^ our ideas of*velocity 
depend)^ yet in the hufinefs and application of fluxions ^ it is 
not ahways requiflte^ that fome^ imlgar {or common) meafure 
of time ( as afecondy minute^ hour^ ^c.) fljould be propounded 
for the produHion of the fluxions of the quantities under con- 
fideration, A line generated hy the uniform motion of a pointy 
it is ohjerved ahoye^ may he taken as a proper reprefentatwe^ or 
meafure of time : and that interval of time {he it what it 
wiir) nxjherein the line^ fo generated^ is augmented by any 
lengthy orfluxion^ ajjignedy may be taken as the time under* 
flood in the definition^ allotwed for the, produHion of the 
fluxions of all other quantities that have any relation to, or 
dependence upon^ the faid uniformly generated line. And thefe 
fluxions themfekfes^ by means of the faid relation and the 
given lengthy or fluxion^ may be alfo truly exhibited^ indepen- 
dent of any particular^ known meajure of time j as will 
hereafter^ be fully made to appear* 
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5. It appears moreover, frqm the above definition, 
that quantities, wJiich flow, or increafe together, fo as 
to continue, always^ in a conftant ratio, have their 
fluxions, likcwife> in the fame conftant ratio. 

To illuftrate this by a particular example, fuppofe 
two liiies. Km and C«, to be fo generated, by the uni- 
form motion of two points m and », that the latter of 
them fliall be always equal to the double of ^he former : 
then, taking R, S, and r, s as cotemporary pofitions 
of the faid generating points, CS will be the double 
of AR, and Cs the double of Ar, by fuppofition ; 
whence Sj, the fluxion of CS, muft of confequence 
be the double of Rr, the fluxion of AR. 









■5- 



%r 



It is equally plain, on the other hand, that if the 
ratio of the fluents hm^ C« is variable, that of the 
fluxions muft alfo vary. Thus, if, while the point 
m continues to move uniformly on, at the rate of 
one inch (foot, yard, l^c) in a fecond ©f time, 
the motion of the other Point « be fo regulated that 
the number of inches (feet, yards, Qc] in the 
flowing line C« generated thereby, may be always equal 
to the fquare ot the number of thofe in Am defer ib- 
ed by the former point m ; then, in this cafe, it is 
manifeft, that the ratio of the fluents Aw, 0« is a 
variable one ; and that the ratio of the fluxions varies 
alfo; feeing the diftances i, 4, 9, 16, 25, l^c. de- 
fcribed in i, ;&, 3, 4, 5, if^c. feconds of time, by 
the point «, "increafe much fafter in proportion than 
I, 2, 3, 4, 5, l^c, the correfponding diftances gone 
■ over by the other point m, moving uniformly. 

H h 2 Hitherto 
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6. Hitherto regard has been had to the fluxions of 
lines; but the fluxions of fuperfices and folids arc 
confidered in the fame manner, and arc compre- 
hended with equal facility. Let a given right-lint nn 




be conceived to move parallel to itfelf, with an equable 
motion, from the pofition AB, and thereby generate 
the flowing reftangle Am«B; let alfo the difl:ancc 
Rr be taken (as above) to exprefs the fluxion of the 
bafe Am, and let the reftangle RrjS be completed : 
then, this reftangle being the fpace that is uniformly 
dcfcribed by the generating Line »i«, in the time that 
Am is in like manner increafed by Rr, it will therefore 
be the true fluxion of the flowing reftangle A«, by 
the defirtition. Jrt, 2. 

7. The generation, and the fluxion of any tri- 
angular, or curvilineal, fpace A SR, are conceived in 



NT 



like manner; fay fup- 
pofing a right-line mN 
to be carryed along, con- 
tinually parallel to itfelf, 
fo that the intercepted 
part thereof mn (which 
is itfelf a variable quan- 
tity) may pafs over, and 
thereby generate, the 
fpace ARS propound- 
A K '/" ed. And the fluxion 

of the fpace thus generated, if Rr be taken as the 
fluxion of the bafe (or abfcifla) Aw, will be truly ex- 
prefl[ed by the reftangle (Rj) under Rr and RS ; as w? 
fliall have occafion to ftiew more at large hereafter. 

S^From. 
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8. From what has been thus far delivered, It will not 
be difficult to form a juft idea of the fluxion of a folid : 
but it is time we now come to fhew the manner of de- 
termining the fluxions of algebraic quantities; by- 
means whereof all others, of what kind foever, arc 
explicable: in order to which it will be requifite, firft of 
all, to premife the following obfervations. 

, 1. 7^^/, the final letters «, w, x^ y^ z, of the 
alphabet are ufually -put for variable quantities ; and the 
initial letters a^ b^ c, d^ t^c. for invariable ones: 
thus, the variable bafe Km of the flowing reftangle 
Am«B (in Art, 6.) may be reprefented by Xy and the 
invariable altitude mny by a. 

2. Thaty the fluxion of a quantity reprefented by a 
fingle letter is commonly exprejfed by the fame letter with 

a doty or full-point y over it: thus the fluxion of x 
is denoted by x; and the fluxion ofj^byjP. 

3. Thaty the fluxions of all quantities (having t^ny 
relation to each other) are always to be taken^ as con- 
temporaneousy or fuch as may be generated together^ with 
fhfir refpe^ive celerities, in one and the fame time. 



PROPOSITION 



Digitized by LjOOQIC 



238 Some jfccomt of Flvxioss^ witb tBt 
PROPOSiriON I. 

9» 7b€ Fluxion of any variable Algebraic ^antiy 
being given^ it is fropofed to find the Fluxion of ihi 
Square of that ^antity. 

Let two points m and n be fuppofed to move, at the 
lame time, from two other, fixed, paints A and C, 
along the right-lines AB and CD, in fuch a manner, 
that the meafure of the diftance C«, defcribed by the 
latter, may be, always^ equal to the fquare of the co- 
temporary diftance Km defcribed by the former poiut 
ntp moving with an equable celerity. 

_^ — . . — I — , 

A r R B 

' ' -m ' 

C s e S D 

i — ■ ■ ' V, • 

Moreover, let R and S be any two contemporary 
portions of the faid points ; and, fuppofing the de- 
fcribed dift^nces AR and CS to be denoted bv x and y^ 
let the lines * and > be taken to reprefent the fpacesthat 
would be uniformly pafled over, in the fame given time, 
with the celerities of the faid points at R and S : fo 
Ihall thofe lines exprefs the fluxions of the variable 
quantities Am and C;r, when the generating points m 
and n arrive at the forefaid cotemporary pofitions R and 
S (by jhe definition^ jirt. l). 

Furthermore, if r and j be confidered as any other 
correfponding places of the propofed points, and the 
interval rR be denoted by v ; then, AR being =*, 
and Ar=x — v, we fliall have CS ( =J') = **» and 
Cj = X — -z/lS by hypothejis ; and confequcntly Si' ( = 
CS — Cj) ^Zxv—vv. 

From 

\ 
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From which it appears, that, while the former point 
m moves, ■uniformly, over the diftance v^ the othor 
point n paffeth over a fpace expreffed by Qjcu—vv. 

But this laft "diftance, fince the velocity of the gene- 
rating point n increafes continually (fee Art, 5,) is lefs^ 
than the fpacc that would be uniformly defcribed, in 
the feme time, with the velocity at S ; and greater thaa 
that which would be defcribed with the velocity at s\ 
and, therefore, is equal to, and may be taken to ex- 
prefs, the fpacc which might be uniformly gone over 
by the celerity at fome intermediate point e^ betwcea 
s and S, in the fame time. • ^ 

Therefore, feeing the diftance {2xv—vv) that might 
be defcribed with the celerity at the faid intermediate 
point ey is to the diftance (v) defcribed by «, in the 
fame time, as tlx-v to unity, it is evident that the 
faid (mean) celerity at e^ muft be to the celerity of >«, 
in the fame ratio ; and confequently, that, in the time 
the point m would move over the given diftance x^ the 
other point «, with its velocity at ^, would defcribc 
the diftance ^xx.— nfx: fince the fpaces defcribed in 
equal times, by uniform motions are known to be 
as the velocities of the faid motions^ 

This 

The ahovt method of invtfligatlon hath been reprefented^ as 
hearing a near affinity to the method of Prime and Uhinmte 
Ratios : againf ^vhichfo many objeHions have been far tedy by 
the celebrated author of the Analyft^ as to cmbarraf and ft agger 
a great number of perfons\ 'who are not well apprized hotvfar 
the faid objeHions are juftifiabUy nor ^wherein their main fore€ 
confifs. It is not my defgn to take a part in a difpute^ on ivhieh 
enough hath been already faid by others: though^ that the method 
itfelf is perfedly fcientificj I belie'veno one^ that underftands it^ 
Kvill /leny ; but whether the great inventor has therein expreffed 
himfelf nxjith all the caution and accuracy he voas capable 
of is another queftion. Had he called that a Limitiwg- 
RaTio 'which he names an Ultimate-one, the ingenious author 
above mentioned might noty ^erhapSy have found room for his 
Ghofb of departed Quantities. However ^ be this as it will, 

tbofe 
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This being dcWrmincd, let r be now fuppofed to Co- 
incide with R, and s with S, by means of the arrival 
of the generating points at R and S ; then ty being 
always between s and S, will likewifc coincide with S ; 
and the forefaid dilUnce Q.xx^nfxy that might be uni- 
formly defcribed with the velocity at e (now at S) will 
become, barely, c^xx ; which (by ArU 2) is equal to (ji) 
the fluxion of C« or **. From whence it appears, 
that the fluxion of the fquare of any variable^ or 
flowing quantity is found by multiplying twic^ the 
rooty or quantity itfelf, into its fluxion. 

Tlye fame otherwife. 

10. Let the diftance Kr be denoted by ft, and let 
other things remain as before: then, CS being =: 

A T \ r P 

C ■!. S / p 

— ■ te — ' — I 

tcsc^ and C^rrww, hy fuppojition^ the diftance jS, def- 
cribed in the fame time with rR (ssx^uj will t here- 
fore be truly expreflTed by xx-^uu, or its equal x+u 
Xx—u. Which difl:ance, as the velocity of n con- 
tinually increafes, muft be greater than that which 
would be uniformly defcribed, with the celerity at j, 
in the fame time. Whence it is evident, that the 

velocity 

tbofe ohjeBions have nothing at all to do with our Meth&d of 
invefti^ation gi'uen ahovi. The prejing (and only) difficulty^ 
in the bufnefs of ultimate ratios^ conffisy it is kno^n^ 
in confidering the *vahes of the quantitiet comfared^ in their 
ultimate fate^ therein their ratio is /uppofed to be taken ; 

Jot 
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velocity at s is to the, uniform, velocity of »i, in a lefs 
ratio than that of x-^-U x x-^u to ;^— «, or of x'\ru 
to i/»//)^, or laftly, of x'^uXx xo x (becaufe the 
velocities of uniform motions are as the fpaccs def-*- 
cribed in equal times.) Therefore, fince the uni- 
form velocity of m (mcafured by the diftance moved 
over in a given time) is defined by..v it is plain that 
the meafurc of the velocity of the other point at 
s (or the diftance that might be uniformly defcribed 
in the fame given time) will be lefs than x'\ruXx. 
Which quantity being, itfelf, lefs than 2;p x jJ- (becaufe 
u is lefs than xj the celerity at s muft confequently be 
lefs than ^xx^ take the point s where you will on this 
fide of S. 

Let now / and / be any other cotemporary pofitions 
of the Vno points, on the other fide of R and S, and let 
A/ be denoted by w : fo fhall the diftance S/, def- 
cribed in the fame time with Rr' (w—x)^ be truly ex- 
prefled by ww—xxy or its equal w+xXw—x (by 
iypothefis^ Which diftance, as the velocity of the def- 

cribing ' 

fir^ if ive leak upon them' as real magnitude^ it is ohjeiledy 
that their ratio tvill not flriHly- agree luith the ultimate 
ratio ajfigned : and if on the other hand^ they be tahn as 
mere nothings^ nve then lofe the inry idea of proportion. But 
cur in'veftigationy as is already obferved^ is not embarrajfed 
voith any fuch difficulty t for^ though the dijiance Ss 
vrotxjs^ indeed^ lefs and Icfsy continually^ and even vanijhes 
nuhen the generating point n arrives at S ; yet the velocity of 
that pointy which is the quantity in quefiion^ neither vanifhes^ 
nor ajfumei a nenv lavj ; but fiill continues to increafe in the 
fame manner as before* — It may^ pofjibly^ be objeSledy that^ as ^ 
the meafurc of the faid velocity is^ originally ^ derived by 
means of the difance nS, ive cahnot retain a clear idea 
cf ity vihen that dijiance is vanijhed out of the equation. 
Buty vjith equal reafon^ it might be urged^ thaty we can have 
no juf conception of the dimenfions and true proportion of a 
buildingy after the fcaj'olding by means of which it was 
raifed^ ii taken mxfay* . ^ 

I i 
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cribing point n continually incrcafes, muft, evidently, 
be lefs than that which would uniformly arife from the 
celerity at s\ in the fame time. Whence it is ahb 
plain that the faid velocity at /, is to the uniform 

velocity of w, in a greater ratio than that of w+jrX 
w—xl^.W'-Xy or of w+xy,x to x. But the quan- 
tity w+*X;t is, itfelf, greater than 2*Xj^, becaufc w 
is greater than x ; and fo the meafure of the faid ve- 
locity at / muft confequently be greater than ixx. 

Therefore, fince the velocity increafes continually, 
from C to D ; and feeing the meafure thereof, be- 
fore the arrival of the generating point at S, is every 
where lefs, and afterwards every where greater, than 
Q,xx\ it is manifeft, that, at S, it can be neither leffer 
nor greater, but muft have, or pafs through, the very 
value, or degree, exprefled by 2Xx. Q. E. 1. 

If the line Am (x) be fuppofed to be generated with 
an accelerated, or a retarded motion, inftead of an 
uniform one, it will readily appear, from the firft of 
the foregoing methods, that the required fluxion of 
;v», fuppofmg X to denote the meafure of the velocity 
at R, will, Jlilh be expounded by ixx. 

For the fpaccs rR (v) and jS {^xV'-'w) defcribed 
in the fame time, being to each other, in the ratio of 
i to 2**— vr, the mean celerities of the generating 
motions, at certain intermediate points between the 
extreme ones r, R, and j, S, muft be likewife, in 
that ratio: which ratio, when v becomes =o, and 
the points coincide, will become that of ^ to %xx. 
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PROPOSITION IL 

II. The Fluxions^ x and i, of two flowing ^anthies, 
X and yy being given ; It is propofed to determine the 
Fluxion of the Re^angle^ or Produ^y xy, of the fald 
Quantities. 

Let z be, always^ equal to the fum of the two pro- 
pofed quantities x and y : then, the fluxions of 
equal quantities being alfo equal, » muft be =jf+i. 
Moreover, fincc % is =a'+^, we fliall have %% = 
XX + 2xy 4- yy ; and therefore xy = j,%z — ^xx — iyy. 
But the fluxion of iz^-^ixx—iyy (and confequently 
that of its equal xy) appears, from the preceding 
proportion, to be zi^-^xxr-yy : which, by writing 
x-\'y^ and A^+i, in the room of their equals z and », 
w^ill become (x •\- y x x -{• y -^ xx — p) z^yx-j-xy, the 
required fluxion of xy. Hence it is apparent that the 
fluxion of the produft, or redlangle, of any two flowing 
quantities, is exprefled by the fum of the produfts 
arifuig from the multiplication of each quantity into 
the fluxion of the other. 

12. From the fluxion of a reftangle, above deter- 
mined, the fluxion of a fraftion, — , is very cafily 
deduced. 

For, by putting *= — (the propofed fraSion) and 

multiplying both fides of the equation by y we have 
Ar)'=z ; and therefore xy-hyx^-ii^ as af>ove^ (the 
fluxions of equal quantities being, neceflarily, equal.) 
From this equation, by tranfpofing xy^ and dividing the 

whole by ^, we get ir=— — ~: this, by writing 

— in the room of its equal *•, becomes Sc -^^—^ 
y y 

I i 2 V 
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yy "" yy 



which value is therefore the true fluxion 



of A", or» its equal, — » the fraction propofed. 

y 

13. Moreover, from the fluxion of a rc6langlc, the 
fluxion of the continual produ£l of three, four, five, 
or any other number, of flowing quantities, may be 
determined. 

. Thus, let the fluxion of y%u^ where the number 
of faftors is j, be firfl: required : then, by putting x 
=z«, our given expreflion will be reduced to yx\ 
and its fluxion will be j';r -f *> fhy Prop. 2.) But, 
pc being =zv, and therefore jtrrz'v+v* (by thi fame)^ 
if thcfe values be fubftituted in yx+xy, it will become 
y X %'0 •{- VK + %vy ^y%v +yxv + yzv, the true fluxion 
of yzuj required. 

Again, if the fluxion of yzviVy where the number 
of faftors is four, was to be demanded ; then, by- 
making x = zvw, the quantity propofed will be re- 
duced to yx; and its fluxion will therefore be ex- 
prefl[ed by y^+xy; which, becaufe x is ^zzvw, and 
.* = znmf + ZV1V + iinu fas appears from above) will 

be likewife exprefled by jX2vw+avw+»vw+zi^, 
or yztrw +yz'vw +y%*im) -^-yzirw. 

In the fame manner the fluxion ofyzvwsj will appear 
to be yzvws -{-yzv^s + yzvws +y»nmfs +yzvws : and 
fo of others. 

14. From the fluxions thus determined, the fluxion 
of any power of a variable quantity (whofe exponent 
is a whole pofitive number) is very readily obtained ; 
nothing more being herein required, than to con- 
fider all the fadors as equal among themfclves. Thus, 

the 
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the fluxion of yvw being found yvnv + yvwj 4- i»Wf 
it is plain, if both v and w be fuppofcd equal to 
yy that the fluent, or quantity propounded will becoii^ 
y^f and its Auxion yyy+yJ!y+Jyy=y''J'. 

Thus, alfo, bec^fe the fluxion of ys^vw is yzvw 
-¥ yzvw + yznriv + jzinv^ it appears that the fluxion 
of j^4 will be truly exprefled by ^y^j^. And, from the 
given fluxion o{ yzvwsy that of^^ will in like manner 
appear to be ^y^y. From whence the law of continu- 
ation is manifeft ; the fiuxi6n of y9 being univerfally 
expounded by ^^P—y. 

15. This laft general conclufion, which is of very 
great importance in the bufinefs of fluxions, being the 
refult of fcveral deduftions, whereby its truth and 
evidence may, perhaps, lofe a part of their force, a 
more direft inveftigation of the fame may not her6 
be amifs ; though the former method will, doubtlefs, 
appear the mofl: eafy and proper for beginners, to whom, 
the manner ef working by general indices, is not plain 
and familiar. 

Conceive two points m and n to move, at the fame 
time, from two other poihts A and C, along the right- 
lines AB and CD ; and let every thing be fuppofed 
as in Prop, i ; oniyj let the meafure of the diftancc 
defer ibed by the point n be, always^ equal to thep 
power, (inltead of the fquare) of that defcribed by th^ 
other point «, moving uniformly. 

I ^ , , -:: , 
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Then, fince by hypothefis, the value of CS is here 
= x^y and that of Cs = «'*, (fee the fecond fo- 
lution to the fyrefaid prop.) it is evident that the dif- 
tance iS, dcfcribcd in the fame time with rR ( = 
x—u)^ will be truly defined by *''—«% or its equal x—u 

Whence, fuppofing * to denote the meafure of the 
uniform velocity of w, it will appear, by reafoning as 
in the faid propofition, that the meafure of the ve- 
locity of «, at any place j, on this fide of S, muft be 

lefs than xXx^—i-^-x^^^^u + x^—Sii^ h«^— », and 

confequently lefs than x xpx^^^ ; feeing each of th« 
(p) terms of the faid feries (tlie firft only excepted) is 
lefs than x^—^y u being lefs than x* 

Again, by confidering / and / as two other, cotem- 
porary pofitions, beyond R and S, and reafoning in 
the fame manner, the meafure of the velocity at / will 
appear to be greater, now, than the abovcfaid quantity 
xxp:fi—i. 

Therefore, as the velocity increafes continually, 
and feeing the value thereof, before the point arrives 
at S, is every where lefs ; and afterwards, every where 
greater, than xxpx^^^ (or px^^^x) it is evident, that, 
at S, it muft be neither lefler nor greater, but exaSly 
equal to px^^^x : which quantity is therefore the 
true fluxion of x^ : and agrees exaftly with that 
determined above. 

16. In bringing out the foregoing fluxion of ;r% the 
value of py in both methods, was taken as a whole 
number : neverthelefs the conclufion itfelf holds equally 
true, when ^ is a fraftion, as in the notation of roots. 

To make this appear, let the quantity x^ ( =v^ ) 
be propounded, in order to determine the fluxion 
thereof; which, by writing i for />, in the general 

fluxion 
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fluxion ^*P— i;f , comes out i x^x. Now, to prove 
that this is the true fluxion, put j'=;v^, the quantity- 
given; and then, by fquaring both fides, you will 
haye/=*3 . ^hich, in fluxions, gives Q.yy='^}(^x (as 
has been already fhewn.) This, by fubftituting for 
y, becomes Q.x^y='ix^x, Whence, by divifion, y=z 
ix^x9 the very fame as before. 

But, . to dcmonfl:rate the fame thing in a general 

m 

manner, fuppofe the fluxion oi x'^ to be required {m 

m 
and n being any whole numbers, whatever) put^=;r^;, 
tind then, by raifing both fides to the power «, you will 
liave y"" = x^ : which, in fluxions, gives ny^—ij = 

m — I 

mx *; and, conlequcntly, y = — x -zr-^v 

m » 

- — ;: — ^—y^- — = — =— X — =— XX x^ 

m 
Which value, of the fluxion of ^'^, is evidently the 
very fame, as that arifing by expounding p in the 

general fluxion fpx^^^xj by — ; ivhich was to be provedm 



17. Now, from what has been thus far delivered, 
the following pra6lical rules, for determining the fluxions 
of algebraic quantities, are obtained, 

RULE I. 

To find the Fluxion of any given Power of a flowing 
Quantity. 

Multiply the fluxion of the root by the exponent of the 
. given power ^ and the produd into that power of the fame 

roct 
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root which artfes by fuhtratling unity fi;om the given 
exponent. 

The reafon df this rule is fcen above ; the rule 
itfcif being nothing more than ^jf*P—i (the fluxion of 
gc^) expreued in words* 

RULE II. 

To find the Fluxion of the Produ<a of fcveral variabk 
Quantities, multiplied together. 

Multiply the fuxion of each^ by the produfl of the reft 
tf the quantities ; fo fhall the Jum of all the produ^s 
thus arifing be (he true fluxion required. 

The reafon of which is, likewife, evident from what 
has been already delivered. See Art. 13. 

RULE III. 

To find the Fluxicn of a Fradion, afifing from the 
Divifion of Dne variable Quantity by another. 

From the fluxion of the numerator^ drawn into the 
denominator y fubtrad the fluxion of the denominator ^ drawn 
into the numerator % and divide the remainder by the 
fquare of the denominator. 

This appears from - ?* "" , the fluxion of — , deter- 
mmed in Art. 12. 

Though I might here, with propriety enough, put 
an end to this part, as my profefled defign therein 
extends nO farther than giving the young beginner 
feme account of the nature, and firft principles, of 
fluxions, .together with the inveftigatiort -^f the fun- 
damental rules exhibited above ; neverthelefs, as dif- 
ferent ,ways of bringing out the fame truths have often 
a very good effcft, and feeing fluxions of all quan- 
tities whatever (whether powers, fraftions, l^c.J are 
deducible from the fluxion of a ref^angle, I ihall, 
thefore, fubjoin a different method, whereby the faid 

fluxion 
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fluxion of a reftangle (given by Prop. 2.) may be in- 
veftigated : in order to which it will be requifitc, firft 
of all, to premife the following 



LEMMA. 

I§. The Fluxion of a curvilitieal Space ARS, generated hy 
the Ordinate RS (or the intercepted Part of a Rights 
line R V (moving paralM to itfelf^ is equal to the Rec- 
tangle (Rs) under the faid Ordinate^ .and the Fluxion 
(Kr) o/the JlfciJ/a AR. 

For, let a right-line mny of the faiTjje length with 
R$ in the propofed pofition FQ^ be conceivied to move 
from thence, parallel 
to itfelf, with the H 
*fame celerity that 
the generating line 
itfelf has in that po- 
fition : by which 
means the re6t angle 
PrsQ^ will be uni- 
formly generated, with 
the very . celerity by 
wliich it begins to 
be generated, or, by 
which the fpuce ARS 
is encreafed in the pro- 
pofed pofition PCXj fi"c:e both the length, and ve- 
locity of mny are the fame "as thofe of RS in the faid 
pofition. C-etKe the reftangle fo generated muft; con- 
fequently, be the true fluxion of the fpace ARS, by the 
definition. 

But the fame thing may be otherwifc made to ap- 
pear, from a different, and more logical method of 
arguing; by proving that the required fluxion can 
neither be greater, nor lefs, than the. faid reftangle. 

Kk * Thus, 
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Thus, if the line w« (while it moves uniformly on 
towards rsj be fuppofed to increafe in length, the area 
'VmnQ^^ generated thereby, will evidently be greater 

than that which would 
uniformly arife in the 
fame time, with the 
given length at the 
hrft pofition PQ^; finice 
the new parts, pro- 
duced each fucceeding 
moment (as the gene- 
rating line continlaes 
to lengthen) are greater 
and greater. 

,, . Arid, in the fame 

A. R ^' ' manner, if the line 

f«», generating the fluxion, be fuppofed to decreafe, 
in length, from the given pofition PQ^> it is equally 
plain that the generated fpace Pm»Q^will be lefs than 
the cotemporary fpace that would, uniformly, arife 
with the given length at the firft pofition FQ. 

Therefore, feeing the fluxion ^(or the fpace that 
would uniformly arife from the generating celerity at 
the propofed pofition) is lefs than any fpace that cati be 
defcribed, in the given time, when^sthe line »i« in- 
creafes, and greater than any fpace thatxan be defcribed, 
when the faid line decreafes ; it mud confequently be 
equal to that fpace which will arife, when the length 
of the faid line, from the given pofition, is fuppofed 
neither to increafe nor decreafe; that is, when the 
generated fpace VmnQl^ is a redangle, as in the prc^ 
ceding figure. V 
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PROPOSITION III. 

To determine the Fluxion of the Produ^ or ReiiangUf 
of two variable ^antities (x and y.) 

Let two right-lines DE and FG, perpendicular to 
each other, be conceived to move from two other 
right- lines BA and 



pa- 



A' 



BC, continually ^m- ^ 
rallel to thenifeives,, r 
and thereby generate 
the variable rediangic 
DF : let the path of 
their interFetSlion, or 
the place of the angle 
H, be the line BHR, 
dividing the generated 
re<9:angle DF in two 
parts, BDH and BHF: 
moreover let Dd (x)- 



B 



" - E| 


R 


y H 




X / 


: 


y/ 


! 







and Yf (y) be the fluxions of the Udes BD (x) and 
BF (y) ; and fuppofe dm and fn to be drawn parallel, 
and equal, to DH and FH, refj)e6lively. 

Then, fince, by the preceding lemma^ the fluxion of 
the fpace or area BDH, is truly expreflid by the rec- 
tangle Dm (=:<«i), and that of the fpace or area BFH, 
by the recStangle* F« (=>*•), it follows, becaufe equal 
quantities have equal fluxions, that the fluxion of the 
propofed redlangle xy (=^BDH+BFH) is truly ex- 
prefled by xy-^yx, the very expreffion before determined. 
See 4rt. ti, > 
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It may, perhaps, be expefted, that I fliould now 
give fome inftances of the ufc and application of the 
theory hitherto explained, in the rcfolution of pro- 
blems ; but, having infifted yery largely on this head 
in my Do^rine and application of Fluxions^ 1 ftiall 
take the liberty to recommend th>it work, to the 
perufal of fuch as are deiirous of farther informatioii 
in the matter. Thofe, for whofe ufe the above ac- 
count is in a more particular manner defigned, may 
have the opportunity of being inftru6ted in the pradlice, 
by proper examples, without the trouble of turning 
to other books. 
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